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Preface to revised edition

Since this book first appeared in 2000, it has been adopted by a number of
universities as a standard text for a graduate course in finance. As a result we
have produced this revised edition. The only differences in content between
this text and its predecessor are the inclusion of an additional chapter of
exercises with solutions, and the corrections of a number of errors.

Many of the exercise are variants of ones given to students of the M.Sc.
in Mathematical Finance at the University of Warwick, so they have been
tried and tested. Many provide drill in routine calculations in the interest-rate
setting.

Since the book first appeared there has been further development in the
modelling of interest rate derivatives. The modelling and approximation of
market models has progressed further, as has that of Markov-functional
models that are now used, in their multi-factor form, in a number of banks. A
notable exclusion from this revised edition is any coverage of these advances.
Those interested in this area can find some of this in Rebonato (2002) and
Bennett and Kennedy (2004).

A few extra acknowledgements are due in this revised edition: to Noel
Vaillant and Jgrgen Aase Nielsen for pointing out a number of errors, and
to Stuart Price for typing the exercise chapter and solutions.






Preface

The growth in the financial derivatives market over the last thirty years has
been quite extraordinary. From virtually nothing in 1973, when Black, Merton
and Scholes did their seminal work in the area, the total outstanding notional
value of derivatives contracts today has grown to several trillion dollars. This
phenomenal growth can be attributed to two factors.

The first, and most important, is the natural need that the products fulfil.
Any organization or individual with sizeable assets is exposed to moves in the
world markets. Manufacturers are susceptible to moves in commodity prices;
multinationals are exposed to moves in exchange rates; pension funds are
exposed to high inflation rates and low interest rates. Financial derivatives
are products which allow all these entities to reduce their exposure to market
moves which are beyond their control.

The second factor is the parallel development of the financial mathematics
needed for banks to be able to price and hedge the products demanded by
their customers. The breakthrough idea of Black, Merton and Scholes, that
of pricing by arbitrage and replication arguments, was the start. But it is
only because of work in the field of pure probability in the previous twenty
years that the theory was able to advance so rapidly. Stochastic calculus and
martingale theory were the perfect mathematical tools for the development of
financial derivatives, and models based on Brownian motion turned out to be
highly tractable and usable in practice.

Where this leaves us today is with a massive industry that is highly
dependent on mathematics and mathematicians. These mathematicians need
to be familiar with the underlying theory of mathematical finance and
they need to know how to apply that theory in practice. The need for a
text that addressed both these needs was the original motivation for this
book. It is aimed at both the mathematical practitioner and the academic
mathematician with an interest in the real-world problems associated with
financial derivatives. That is to say, we have written the book that we would
both like to have read when we first started to work in the area.

This book is divided into two distinct parts which, apart from the need to
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cross-reference for notation, can be read independently. Part I is devoted to the
theory of mathematical finance. It is not exhaustive, notable omissions being a
treatment of asset price processes which can exhibit jumps, equilibrium theory
and the theory of optimal control (which underpins the pricing of American
options). What we have included is the basic theory for continuous asset price
processes with a particular emphasis on the martingale approach to arbitrage
pricing.

The primary development of the finance theory is carried out in Chapters
1 and 7. The reader who is not already familiar with the subject but who has
a solid grounding in stochastic calculus could learn most of the theory from
these two chapters alone. The fundamental ideas are laid out in Chapter 1, in
the simple setting of a single-period economy with only finitely many states.
The full (and more technical) continuous time theory, is developed in Chapter
7. The treatment here is slightly non-standard in the emphasis it places on
numeraires (which have recently become extremely important as a modelling
tool) and the (consequential) development of the L' theory rather than the
more common L? version. We also choose to work with the filtration generated
by the assets in the economy rather than the more usual Brownian filtration.
This approach is certainly more natural but, surprisingly, did not appear in
the literature until the work of Babbs and Selby (1998).

An understanding of the continuous theory of Chapter 7 requires a
knowledge of stochastic calculus, and we present the necessary background
material in Chapters 2—6. We have gathered together in one place the results
from this area which are relevant to financial mathematics. We have tried to
give a full and yet readable account, and hope that these chapters will stand
alone as an accessible introduction to this technical area. Our presentation
has been very much influenced by the work of David Williams, who was a
driving force in Cambridge when we were students. We also found the books
of Chung and Williams (1990), Durrett (1996), Karatzas and Shreve (1991),
Protter (1990), Revuz and Yor (1991) and Rogers and Williams (1987) to be
very illuminating, and the informed reader will recognize their influence.

The reader who has read and absorbed the first seven chapters of the book
will be well placed to read the financial literature. The last part of theory we
present, in Chapter 8, is more specialized, to the field of interest rate models.
The exposition here is partly novel but borrows heavily from the papers by
Baxter (1997) and Jin and Glasserman (1997). We describe several different
ways present in the literature for specifying an interest rate model and show
how they relate to one another from a mathematical perspective. This includes
a discussion of the celebrated work of Heath, Jarrow and Morton (1992) (and
the less celebrated independent work of Babbs (1990)) which, for the first
time, defined interest rate models directly in terms of forward rates.

Part IT is very much about the practical side of building models for pricing
derivatives. It, too, is far from exhaustive, covering only topics which directly
reflect our experiences through our involvement in product development
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within the London interest rate derivative market. What we have tried to
do in this part of the book, through the particular problems and products
that we discuss, is to alert the reader to the issues involved in derivative
pricing in practice and to give him a framework within which to make his own
judgements and a platform from which to develop further models.

Chapter 9 sets the scene for the remainder of the book by identifying some
basic issues a practitioner should be aware of when choosing and applying
models. Chapters 10 and 11 then introduce the reader to the basic instruments
and terminology and to the pricing of standard vanilla instruments using
swaption measure. This pricing approach comes from fairly recent papers in
the area which focus on the use of various assets as numeraires when defining
models and doing calculations. This is actually an old idea dating back at least
to Harrison and Pliska (1981) and which, starting with the work of Geman
et al. (1995), has come to the fore over the past decade. Chapter 12 is on
futures contracts. The treatment here draws largely on the work of Duffie
and Stanton (1992), though we have attempted a cleaner presentation of this
standard topic than those we have encountered elsewhere.

The remainder of Part II tackles pricing problems of increasing levels of
complexity, beginning with single-currency European products and finishing
with various Bermudan callable products. Chapters 13—16 are devoted to
FEuropean derivatives. Chapters 13 and 15 present a new approach to this
much-studied problem. These products are theoretically straightforward but
the challenge for the practitioner is to ensure the model he employs in practice
is well calibrated to market-implied distributions and is easy to implement.
Chapter 14 discusses convexity corrections and the pricing of ‘convexity-
related” products using the ideas of earlier chapters. These are important
products which have previously been studied by, amongst others, Coleman
(1995) and Doust (1995). We provide explicit formulae for some commonly
met products and then, in Chapter 16, generalize these to multi-currency
products.

The last three chapters focus on the pricing of path-dependent and Amer-
ican derivatives. Short-rate models have traditionally been those favoured
for this task because of their ease of implementation and because they are
relatively easy to understand. There is a vast literature on these models,
and Chapter 17 provides merely a brief introduction. The Vasicek-Hull-White
model is singled out for more detailed discussion and an algorithm for its
implementation is given which is based on a semi-analytic approach (taken
from Gandhi and Hunt (1997)).

More recently attention has turned to the so-called market models,
pioneered by Brace et al. (1997) and Miltersen et al. (1997), and extended
by Jamshidian (1997). These models provided a breakthrough in tackling the
issue of model calibration and, in the few years since they first appeared, a vast
literature has developed around them. They, or variants of and approximations
to them, are now starting to replace previous (short-rate) models within most
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major investment banks. Chapter 18 provides a basic description of both the
LIBOR-~ and swap-based market models. We have not attempted to survey
the literature in this extremely important area and for this we refer the reader
instead to the article of Rutkowski (1999).

The book concludes, in Chapter 19, with a description of some of our own
recent work (jointly with Antoon Pelsser), work which builds on Hunt and
Kennedy (1998). We describe a class of models which can fit the observed
prices of liquid instruments in a similar fashion to market models but which
have the advantage that they can be efficiently implemented. These models,
which we call Markov-functional models, are especially useful for the pricing
of products with multi-callable exercise features, such as Bermudan swaptions
or Bermudan callable constant maturity swaps. The exposition here is similar
to the original working paper which was first circulated in late 1997 and
appeared on the Social Sciences Research Network in January 1998. A précis
of the main ideas appeared in RISK Magazine in March 1998. The final paper,
Hunt, Kennedy and Pelsser (2000), is to appear soon. Similar ideas have more
recently been presented by Balland and Hughston (2000).

We hope you enjoy reading the finished book. If you learn from this book
even one-tenth of what we learnt from writing it, then we will have succeeded
in our objectives.

Phil Hunt
Joanne Kennedy
31 December 1999
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1
Single-Period Option Pricing

1.1 OPTION PRICING IN A NUTSHELL

To introduce the main ideas of option pricing we first develop this theory
in the case when asset prices can take on only a finite number of values
and when there is only one time-step. The continuous time theory which we
introduce in Chapter 7 is little more than a generalization of the basic ideas
introduced here.

The two key concepts in option pricing are replication and arbitrage. Option
pricing theory centres around the idea of replication. To price any derivative
we must find a portfolio of assets in the economy, or more generally a trading
strategy, which is guaranteed to pay out in all circumstances an amount
identical to the payout of the derivative product. If we can do this we have
exactly replicated the derivative.

This idea will be developed in more detail later. It is often obscured in
practice when calculations are performed ‘to a formula’ rather than from first
principles. It is important, however, to ensure that the derivative being priced
can be reproduced by trading in other assets in the economy.

An arbitrage is a trading strategy which generates profits from nothing
with no risk involved. Any economy we postulate must not allow arbitrage
opportunities to exist. This seems natural enough but it is essential for our
purposes, and Section 1.3.2 is devoted to establishing necessary and sufficient
conditions for this to hold.

Given the absence of arbitrage in the economy it follows immediately that
the value of a derivative is the value of a portfolio that replicates it. To
see this, suppose to the contrary that the derivative costs more than the
replicating portfolio (the converse can be treated similarly). Then we can sell
the derivative, use the proceeds to buy the replicating portfolio and still be
left with some free cash to do with as we wish. Then all we need do is use
the income from the portfolio to meet our obligations under the derivative
contract. This is an arbitrage opportunity —and we know they do not exist.

All that follows in this book is built on these simple ideas!

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)



4 Single-period option pricing
1.2 THE SIMPLEST SETTING

Throughout this section we consider the following simple situation. There
are two assets, A1) and A, with prices at time zero A(()l) and ASQ). At time
1 the economy is in one of two possible states which we denote by w; and
wy. We denote by Agi)(wj) the price of asset ¢ at time 1 if the economy is
in state w;. Figure 1.1 shows figuratively the possibilities. We shall denote a
portfolio of assets by ¢ = (¢(1), ¢?)) where ¢(*), the holding of asset i, could
be negative.

Alo,)

t=0 t=1

Figure 1.1 Possible states of the economy

We wish to price a derivative (of A1) and A®)) which pays at time 1 the
amount X (wj) if the economy is in state w;. We will do this by constructing
a replicating portfolio. Once again, this is the only way that a derivative can
be valued, although, as we shall see later, explicit knowledge of the replicating
portfolio is not always necessary.

The first step is to check that the economy we have constructed is arbitrage-
free, meaning we cannot find a way to generate money from nothing. More
precisely, we must show that there is no portfolio ¢ = (¢(1),¢(2)) with one of
the following (equivalent) conditions holding:

() 6MAY + AP <0, pMAN () + 6P AP () 20, j=1,2,
(i) oA + @457 <0, WAL () + 6D AP (W) 20, =12,
where the second inequality is strict for some j.
Suppose there exist ¢(1) and ¢(?) such that
dD AN (W) + 6P AP () = Xy (wy), j=1,2. (1.1)

We say that ¢ is a replicating portfolio for X. If we hold this portfolio at time
zero, at time 1 the value of the portfolio will be exactly the value of X, no
matter which of the two states the economy is in. It therefore follows that a
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fair price for the derivative X (of AM and A(Q)) is precisely the cost of this
portfolio, namely
Xo = oMAGL + o2 A5

Subtleties

The above approach is exactly the one we use in the more general situations
later. There are, however, three potential problems:

(i) Equation (1.1) may have no solution.
(ii) Equation (1.1) may have (infinitely) many solutions yielding the same
values for Xj.
(iii) Equation (1.1) may have (infinitely) many solutions yielding different
values of Xj.

Each of these has its own consequences for the problem of derivative valuation.

(i) If (1.1) has no solution, we say the economy is incomplete, meaning that
it is possible to introduce further assets into the economy which are not
redundant and cannot be replicated. Any such asset is not a derivative
of existing assets and cannot be priced by these methods.

(ii) If (1.1) has many solutions all yielding the same value Xy then there
exists a portfolio ¥ # 0 such that

w'AOZO, w~A1<(Uj):O, _]:1,2

This is not a problem and means our original assets are not all
independent — one of these is a derivative of the others, so any further
derivative can be replicated in many ways.

(iii) If (1.1) has many solutions yielding different values for X, we have a
problem. There exist portfolios ¢ and 1 such that

(p—9)-Ag <0
(¢ — ) - Ar1(w)) = (X1(wj) — X1(wj)) =0, Jj=12.

This is an arbitrage, a portfolio with strictly negative value at time zero
and zero value at time 1.

In this final case our initial economy was poorly defined. Such situations can
occur in practice but are not sustainable. From a derivative pricing viewpoint
such situations must be excluded from our model. In the presence of arbitrage
there is no unique fair price for a derivative, and in the absence of arbitrage
the derivative value is given by the initial value of any replicating portfolio.

1.3 GENERAL ONE-PERIOD ECONOMY

We now develop in more detail all the concepts and ideas raised in the previous
section. We restrict attention once again to a single-period economy for clarity,
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but introduce many assets and many states so that the essential structure and
techniques used in the continuous time setting can emerge and be discussed.

We now consider an economy &£ comprising n assets with m possible states
at time 1. Let  be the set of all possible states. We denote, as before, the
individual states by w;,j = 1,2,...,m, and the asset prices by A(()I) and
A(lz) (w;). We begin with some definitions.

Definition 1.1 The economy & admits arbitrage if there exists a portfolio
¢ such that one of the following conditions (which are actually equivalent in
this discrete setting) holds:

(i) ¢-Ap <0 and ¢ - Ay(w;) > 0 for all 7,
(ii) ¢ - Ap <0 and ¢ - A1(w;) > 0 for all j, with strict inequality for some j.

If there is no such ¢ then the economy is said to be arbitrage-free.

Definition 1.2 A derivative X is said to be attainable if there exists some
¢ such that
X1(wj) = ¢+ A1(wj;) for all j.

We have seen that an arbitrage-free economy is essential for derivative
pricing theory. We will later derive conditions to check whether a given
economy is indeed arbitrage-free. Here we will quickly move on to show, in the
absence of arbitrage, how products can be priced. First we need one further
definition.

Definition 1.3 A pricing kernel Z is any strictly positive vector with the
property that
AO = Z ZjAl(wj). (12)
J
The reason for this name is the role Z plays in derivative pricing as
summarized by Theorem 1.4. It also plays an important role in determining
whether or not an economy admits arbitrage, as described in Theorem 1.7.

1.3.1 Pricing

One way to price a derivative in an arbitrage-free economy is to construct a
replicating portfolio and calculate its value. This is summarized in the first
part of the following theorem. The second part of the theorem enables us to
price a derivative without explicitly constructing a replicating portfolio, as
long as we know one exists.

Theorem 1.4 Suppose that the economy & is arbitrage-free and let X be
an attainable contingent claim, i.e. a derivative which can be replicated with
other assets. Then the fair value of X is given by

Xo=¢-4o (1.3)
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where ¢ solves
X1(wj) = ¢- A1(wj;) for all j.

Furthermore, if Z is some pricing kernel for the economy then Xy can also be
represented as

XO = ZZle(wj).
J

Proof: The first part of the result follows by the arbitrage arguments used
previously. Moving on to the second statement, substituting the defining
equation (1.2) for Z into (1.3) yields

Xo=¢-Ag= sz (¢ Ar(wy))= ZZle(wj)~

O

Remark 1.5: Theorem 1.4 shows how the pricing of a derivative can be
reduced to calculating a pricing kernel Z. This is of limited value as it stands
since we still need to show that the economy is arbitrage-free and that the
derivative in question is attainable. This latter step can be done by either
explicitly constructing the replicating portfolio or proving beforehand that
all derivatives (or at least all within some suitable class) are attainable. If all
derivatives are attainable then the economy is said to be complete. As we shall
shortly see, both the problems of establishing no arbitrage and completeness
for an economy are in themselves intimately related to the pricing kernel Z.

Remark 1.6: Theorem 1.4 is essentially a geometric result. It merely states
that if X and X;(w,) are the projections of Ag and A; (w;) in some direction
¢, and if Ay is an affine combination of the vectors A;(w;), then Xy is the
same affine combination of the vectors X;(w;). Figure 1.2 illustrates this for
the case n = 2, a two-asset economy.

1.3.2 Conditions for no arbitrage: existence of Z

The following result gives necessary and sufficient conditions for an economy
to be arbitrage-free. The result is essentially a geometric one. However, its
real importance as a tool for calculation becomes clear in the continuous time
setting of Chapter 7 where we work in the language of the probabilist. We
will see the result rephrased probabilistically later in this chapter.

Theorem 1.7 The economy & is arbitrage-free if and only if there exists a
pricing kernel, i.e. a strictly positive Z such that

AO = Z ZjAl(wj).

J
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Figure 1.2 Geometry of option pricing

Proof: Suppose such a Z exists. Then for any portfolio ¢,
640 =0 (3 ZiAu(wy)) = Zi(6- A(wy)). (1.4)
J J

If ¢ is an arbitrage portfolio then the left-hand side of (1.4) is non-positive,
and the right-hand side is non-negative. Hence (1.4) is identically zero. This
contradicts ¢ being an arbitrage portfolio and so £ is arbitrage-free.
Conversely, suppose no such Z exists. We will in this case construct an
arbitrage portfolio. Let C be the convex cone constructed from Aq(-),

C = {a ra= ZZjAl(wj);Z > 0}
J

The set C is a non-empty convex set not containing Ag. Here Z > 0 means
that all components of Z are greater than zero. Hence, by the separating
hyperplane theorem there exists a hyperplane H = {z : ¢ - x = (3} that
separates Ag and C,

¢o-Ay<pB<¢-a forallacC.
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The vector ¢ represents an arbitrage portfolio, as we now demonstrate.
First, observe that if a € C (the closure of C) then pa € C, p > 0, and

B <pu(¢-a).

Taking u = 0 yields 8 < 0, ¢ - Ag < 0. Letting p T 0o shows that ¢ -a > 0
for all @ € C, in particular ¢ - A1(w;) > 0 for all j. So we have that

¢-Ay<0<¢-Ai(w;) forallj, (1.5)

and it only remains to show that (1.5) is not always identically zero. But in
this case ¢ - Ag = ¢ - C = 0 which violates the separating property for H. [

Remark 1.8: Theorem 1.7 states that Ag must be in the interior of the convex

cone created by the vectors A;(w;) for there to be no arbitrage. If this is not
the case an arbitrage portfolio exists, as in Figure 1.3.

A(w,)
Arbitrage region
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Figure 1.3 An arbitrage portfolio

1.3.3 Completeness: uniqueness of 7

If we are in a complete market all contingent claims can be replicated. As we
have seen in Theorem 1.4, this enables us to price derivatives without having
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to explicitly calculate the replicating portfolio. This can be useful, particularly
for the continuous time models introduced later. In our finite economy it is
clear what conditions are required for completeness. There must be at least
as many assets as states of the economy, i.e. m < n, and these must span an
appropriate space.

Theorem 1.9 The economy &£ is complete if and only if there exists a
(generalized) left inverse A~! for the matrix A where

Ay = AP (w)).

Equivalently, £ is complete if and only if there exists no non-zero solution to
the equation Ax = 0.

Proof: For the economy to be complete, given any contingent claim X, we
must be able to solve

X1(wj) = ¢+ A1(wj;) for all j,

which can be written as
X, =ATy. (1.6)

The existence of a solution to (1.6) for all X is exactly the statement that
AT has a right inverse (some matrix B such that ATB : R™ — R™ is the
identity matrix) and the replicating portfolio is then given by

o= (AT)'X,.

This is equivalent to the statement that A has full rank m and there being no
non-zero solution to Az = 0. (]

Remark 1.10: If there are more assets than states of the economy the hedge
portfolio will not in general be uniquely specified. In this case one or more of
the underlying assets is already completely specified by the others and could
be regarded as a derivative of the others. When the number of assets matches
the number of states of the economy A~ is the usual matrix inverse and the
hedge is unique.

Remark 1.11: Theorem 1.9 demonstrates clearly that completeness is a
statement about the rank of the matrix A. Noting this, we see that there
exist economies that admit arbitrage yet are complete. Consider A having
rank m < n. Since dim(Im(A)+) = n — m we can choose Ag € Im(A)*, in
which case there does not exist Z € R™ such that AZ = Ay. By Theorem 1.7
the economy admits arbitrage, yet having rank m it is complete by Theorem

1.9.
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In practice we will always require an economy to be arbitrage-free. Under
this assumption we can state the condition for completeness in terms of the
pricing kernel Z.

Theorem 1.12 Suppose the economy & is arbitrage-free. Then it is complete
if and only if there exists a unique pricing kernel Z.

Proof: By Theorem 1.7, there exists some vector Z satisfying

Ao = ZZjAl(wj)- (L.7)

J

By Theorem 1.9, it suffices to show that Z being unique is equlvalent to there
being no solution to Az = 0. If Z also solves (1.7) then z = = 7 — Z solves
Az = 0. Conversely, if Z solves (1.7) and Az = 0 then Z = Z + ex solves
(1.7) for all € > 0. Since Z; > 0 for all j we can choose ¢ sufficiently small
that Zj > 0 for all j, yielding a second pricing kernel. (]

The combination of Theorems 1.7 and 1.12 gives the well-known result that
an economy is complete and arbitrage-free if and only if there exists a unique
pricing kernel Z. This strong notion of completeness is not the primary one
that we shall consider in the continuous time context of Chapter 7, where we
shall say that an economy & is complete if it is fﬁ—complete.

Definition 1.13 Let F{* be the smallest o-algebra with respect to which
the map A; :  — R™ is measurable. We say the economy & is Fi{'-complete
if every Fi{'-measurable contingent claim is attainable.

The reason why Fi! completeness is more natural to consider is as follows.
Suppose there are two states in the economy, w; and wj, for which A, (w;) =
Aq(wj). Then it is impossible, by observing only the prices A, to distinguish
which state of the economy we are in, and in practice all we are interested
in is derivative payoffs that can be determined by observing the process A.
There is an analogue of Theorem 1.12 which covers this case.

Theorem 1.14 Suppose the economy & is arbitrage-free. Then it is Fi{'-
complete if and only if all pricing kernels agree on F{, i.e. if ZW and Z®
are two pricing kernels, then for every F € F {4,

E[zW1p] = E[ZP1F].

Proof: For a discrete economy, the statement that X is Fj*-measurable is
precisely the statement that X;(w;) = X1 (w;) whenever A; (w;) = A1 (w;). If
this is the case we can identify any states w; and w; for which A; (w;) = A1 (w;).
The question of F{*-completeness becomes one of proving that this reduced
economy is complete in the full sense. It is clearly arbitrage-free, a property
it inherits from the original economy.
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Suppose Z is a pricing kernel for the original economy. Then, as is easily
verified,

Z :=E[Z|F{ (1.8)
is a pricing kernel for the reduced economy. If the reduced economy is
(arbitrage-free and) complete it has a unique pricing kernel A by Theorem
1.12. Thus all pricing kernels for the original economy agree on F{* by (1.8).
Conversely, if all pricing kernels agree on F{* then the reduced economy has
a unique pricing kernel, by (1.8), thus is complete by Theorem 1.12. |

1.3.4 Probabilistic formulation

We have seen that pricing derivatives is about replication and the results we
have met so far are essentially geometric in nature. However, it is standard
in the modern finance literature to work in a probabilistic framework. This
approach has two main motivations. The first is that probability gives a
natural and convenient language for stating the results and ideas required,
and it is also the most natural way to formulate models that will be a good
reflection of reality. The second is that many of the sophisticated techniques
needed to develop the theory of derivative pricing in continuous time are well
developed in a probabilistic setting.

With this in mind we now reformulate our earlier results in a probabilistic
context. In what follows let P be a probability measure on ) such that
P({w;}) > 0 for all j. We begin with a preliminary restatement of Theorem
1.7.

Theorem 1.15 The economy & is arbitrage-free if and only if there exists a
strictly positive random variable Z such that

Ao = E[ZA,]. (1.9)

Extending Definition 1.3, we call Z a pricing kernel for the economy &.

Suppose, further, that IP’(AY) > 0) = 1, A(()Z) > 0 for some i. Then the
economy & is arbitrage-free if and only if there exists a strictly positive random
variable k with E[x] = 1 such that

A, Ay
R—F — .
AP Al
Proof: The first result follows immediately from Theorem 1.7 by setting
Z(w;) = Z;/P({w;}). To prove the second part of the theorem we show that

(1.9) and (1.10) are equivalent. This follows since, given either of Z or k, we
can define the other via

E

(1.10)

AL

Z(wj) :ﬂ(wj)m-
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Remark 1.16: Note that the random variable Z is simply a weighted version of
the pricing kernel in Theorem 1.7, the weights being given by the probability
measure P. Although the measure P assigns probabilities to ‘outcomes’ wj,
these probabilities are arbitrary and the role played by P here is to summarize
which states may occur through the assignment of positive mass.

Remark 1.17: The random variable k is also a reweighted version of the
pricing kernel of Theorem 1.7 (and indeed of the one here). In addition to
being positive, £ has expectation one, and so k; = rk(w;)/P({w;}) defines a
probability measure. We see the importance of this shortly.

Remark 1.18: Equation (1.10) can be interpreted geometrically, as shown in
Figure 1.4 for the two-asset case. No arbitrage is equivalent to Ay € C where

C= {a ra= ZZjAl(wj);Z > 0}
J

Rescaling Ap and each A; (w;) does not change the convex cone C and whether
or not Ag is in C, it only changes the weights required to generate Ag from
the A;(w;). Rescaling so that Ay and the A;(w;) all have the same (unit)
component in the direction 7 ensures that the weights «; satisfy Ej k; = 1.

Aj(w,)

A0y 1 A% w,) Ay AP A(0,) /A0,

Figure 1.4 Rescaling asset prices
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We have one final step to take to cast the results in the standard
probabilistic format. This format replaces the problem of finding Z or k by one
of finding a probability measure with respect to which the process A, suitably
rebased, is a martingale. Theorem 1.20 below is the precise statement of what
we mean by this (equation (1.11)). We meet martingales again in Chapter 3.

Definition 1.19 Two probability measures P and Q on the finite sample
space §2 are said to be equivalent, written P ~ Q, if

P(F) =0 < Q(F) =0,

for all F C Q. If P ~ Q we can define the Radon—Nikodym derivative of P
with respect to Q, %, by

P, P(S)
9= a6

Theorem 1.20 Suppose IP’(Agi) > 0) =1, A(()i) > 0 for some i. Then the
economy & is arbitrage-free if and only if there exists a probability measure
Q; equivalent to P such that

Eq,[A1/A{"] = Ao /A (1.11)
The measure Q; is said to be an equivalent martingale measure for AW,

Proof: By Theorem 1.15 we must show that (1.11) is equivalent to the
existence of a strictly positive random variable x with E[x] = 1 such that

A | Ao

A(lz) Agl)

Suppose £ is arbitrage-free and such a x exists. Define Q; ~ P by Q;({w;}) =
k(w;j)P({w;}). Then

K

Eq, [41/A{] = E[xA4, /A
= Ag/AY)

as required.
Conversely, if (1.11) holds define r(w;) = Q;({w;})/P({w;}). It follows
easily that x has unit expectation. Furthermore,

E|sil| - |94
Ag’) dP Ag’)
= Eq,[41/A}"]
= Ao/AY,
and there is no arbitrage by Theorem 1.15. (I

We are now able to restate our other results on completeness and pricing
in this same probabilistic framework. In our new framework the condition for
completeness can be stated as follows.
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Theorem 1.21 Suppose that no arbitrage exists and that IP’(A(li) > 0) =

1, A(()i) > 0 for some i. Then the economy & is complete if and only if there
exists a unique equivalent martingale measure for the ‘unit’ A®).

Proof: Observe that in the proof of Theorem 1.20 we established a one-to-one
correspondence between pricing kernels and equivalent martingale measures.
The result now follows from Theorem 1.12 which establishes the equivalence
of completeness to the existence of a unique pricing kernel. O

Our final result, concerning the pricing of a derivative, is left as an exercise
for the reader.

Theorem 1.22 Suppose & is arbitrage-free, ]P’(A(li) >0) =1, A(()i) > 0 for
some i, and that X is an attainable contingent claim. Then the fair value of
X is given by

where Q; is an equivalent martingale measure for the unit A®.

1.3.5 Units and numeraires

Throughout Section 1.3.4 we assumed that the price of one of the assets, asset
1, was positive with probability one. This allowed us to use this asset price as
a unit; the operation of dividing all other asset prices by the price of asset @
can be viewed as merely recasting the economy in terms of this new unit.

There is no reason why, throughout Section 1.3.4, we need to restrict the
unit to be one of the assets. All the results hold if the unit A® is replaced
by some other unit U which is strictly positive with probability one and for
which

U = Ep(ZU7) (1.12)

where Z is some pricing kernel for the economy. Note, in particular, that we
can always take Uy = 1, Q{w;}) = 1/n and Ui (w;) = 1/(nZ;P({w;})).

Observe that (1.12) automatically holds (assuming a pricing kernel exists)
when U is a derivative and thus is of the form U = ¢ - A. In this case we
say that U is a numeraire and then we usually denote it by the symbol N in
preference to U. In general there are more units than numeraires.

The ideas of numeraires, martingales and change of measure are central to
the further development of derivative pricing theory.

1.4 A TWO-PERIOD EXAMPLE

We now briefly consider an example of a two-period economy. Inclusion of
the extra time-step allows us to develop new ideas whilst still in a relatively
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simple framework. In particular, to price a derivative in this richer setting we
shall need to define what is meant by a trading strategy which is self-financing.

For our two-period example we build on the simple set-up of Section 1.2.
Suppose that at the new time, time 2, the economy can be in one of four
states which we denote by w;-, j =1,...,4, with the restriction that states
w] and w) can be reached only from w; and states w} and w) can be reached
only from ws. Figure 1.5 summarizes the possibilities.

t=0 t=1 =2

Figure 1.5 Possible states of a two-period economy

Let © now denote the set of all possible paths. That is, Q = {&k, k =
1,...,4} where & = (w1,w},) for k =1,2 and @y = (w2, w},) for k = 3,4. The
asset prices follow one of four paths with Agl)(d)k) denoting the price of asset
1 at time t = 1, 2.

Consider the problem of pricing a derivative X which at time 2 pays an
amount X»(@y). In order to price the derivative X we must be able to replicate
over all paths. We cannot do this by holding a static portfolio. Instead, the
portfolio we hold at time zero will in general need to be changed at time 1
according to which state w; the economy is in at this time. Thus, replicating
X in a two-period economy amounts to specifying a process ¢ which is non-
anticipative, i.e. a process which does not depend on knowledge of a future
state at any time. Such a process is referred to as a trading strategy. To find
the fair value of X we must be able to find a trading strategy which is self-
financing; that is, a strategy for which, apart from the initial capital at time
zero, no additional influx of funds is required in order to replicate X. Such a
trading strategy will be called admissible.

We calculate a suitable ¢ in two stages, working backwards in time. Suppose
we know the economy is in state w; at time 1. Then we know from the one-
period example of Section 1.2 that we should hold a portfolio ¢;(w1) of assets
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satisfying
d1(wr) - Az(wf) = Xa(@j), j=1,2.

Similarly, if the economy is in state wy at time 1 we should hold a portfolio
¢1(w2) satisfying

d1(w2) - Az(w}) = Xa(@;), J=3,4.

Conditional on knowing the economy is in state w; at time 1, the fair value
of the derivative X at time 1 is then X;(w;) = ¢1(w;) - A1(w;), the value of
the replicating portfolio.

Once we have calculated ¢; the problem of finding the fair value of X at
time zero has been reduced to the one-period case, i.e. that of finding the fair
value of an option paying X;(w;) at time 1. If we can find ¢y such that

¢o - Ar(w;) = Xa(wj), J =12
then the fair price of X at time zero is
Xo = ¢o - Ao.
Note that for the ¢ satisfying the above we have
do - Ar(wj) = ¢1(w;) - Ar(w;), 7 =1,2,

as must be the case for the strategy to be self-financing; the portfolio is merely
rebalanced at time 1.

Though of mathematical interest, the multi-period case is not important in
practice and when we again take up the story of derivative pricing in Chapter
7 we will work entirely in the continuous time setting. For a full treatment of
the multi-period problem the reader is referred to Duffie (1996).






2

Brownian Motion

2.1 INTRODUCTION

Our objective in this book is to develop a theory of derivative pricing in
continuous time, and before we can do this we must first have developed
models for the underlying assets in the economy. In reality, asset prices are
piecewise constant and undergo discrete jumps but it is convenient and a
reasonable approximation to assume that asset prices follow a continuous
process. This approach is often adopted in mathematical modelling and
justified, at least in part, by results such as those in Section 2.3.1. Having
made the decision to use continuous processes for asset prices, we must now
provide a way to generate such processes. This we will do in Chapter 6 when
we study stochastic differential equations. In this chapter we study the most
fundamental and most important of all continuous stochastic processes, the
process from which we can build all the other continuous time processes that
we will consider, Brownian motion.

The physical process of Brownian motion was first observed in 1828 by the
botanist Robert Brown for pollen particles suspended in a liquid. It was in
1900 that the mathematical process of Brownian motion was introduced by
Bachelier as a model for the movement of stock prices, but this was not really
taken up. It was only in 1905, when Einstein produced his work in the area,
that the study of Brownian motion started in earnest, and not until 1923 that
the existence of Brownian motion was actually established by Wiener. It was
with the work of Samuelson in 1969 that Brownian motion reappeared and
became firmly established as a modelling tool for finance.

In this chapter we introduce Brownian motion and derive a few of its more
immediate and important properties. In so doing we hope to give the reader
some insight into and intuition for how it behaves.

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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2.2 DEFINITION AND EXISTENCE
We begin with the definition.

Definition 2.1 Brownian motion is a real-valued stochastic process with the
following properties:

(BM.i) Given any ty <t < ... <t, the random variables {(W;, — W;,_,),
t=1,2,...,n} are independent.

(BM.ii) For any 0 < s <t,W, — W, ~ N(0,t— s).

(BM.iii) Wy is continuous in t almost surely (a.s.).

(BM.iv) Wy =0 a.s.

Property (BM.iv) is sometimes omitted to allow arbitrary initial distribu-
tions, although it is usually included. We include it for definiteness and note
that extending to the more general case is a trivial matter.

Implicit in the above definition is the fact that a process W exists with
the stated properties and that it is unique. Uniqueness is a straightforward
matter —any two processes satisfying (BM.i)—(BM.iv) have the same finite-
dimensional distributions, and the finite-dimensional distributions determine
the law of a process. In fact, Brownian motion can be characterized by a
slightly weaker condition than (BM.ii):

Al or any t > 0, h > 0, the distribution of W}, — W; is independent
BM.ii") F 0,h > 0, the distributi f W, W, is ind d
of t,E[W;] = 0 and var[W,] = t.

It should not be too surprising that (BM.ii') in place of (BM.ii) gives an
equivalent definition. Given any 0 < s < t, the interval [s, t] can be subdivided
into n equal intervals of length (¢ — s)/n and

Wy — Wy = Z Ws+(t—s)i/n - Ws-&-(f,—s)(i—l)/m

i=1

i.e. as a sum of n independent, identically distributed random variables. A
little care needs to be exercised, but it effectively follows from the central limit
theorem and the continuity of W that W; — W must be Gaussian. Breiman
(1992) provides all the details. The moment conditions in (BM.ii") now force
the process to be a standard Brownian motion (without them the conditions
define the more general process ut + ocW;).

The existence of Brownian motion is more difficult to prove. There are many
excellent references which deal with this question, including those by Breiman
(1992) and Durrett (1984). We will merely state this result. To do so, we must
explicitly define a probability space (€2, F,P) and a process W on this space
which is Brownian motion. Let Q = C = C(R*,R) be the set of continuous
functions from [0, 00) to R. Endow C with the metric of uniform convergence,
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ie. for z,y € C

pla,y) = i <;)” %

n=1

where
pn,(xay) = sup ‘.’K(t) - y(t)|

0<t<n
Now define F = C = B(C), the Borel o-algebra on C induced by the metric p.

Theorem 2.2  For each w € C,t >0, define Wi(w) =w;. There exists a
unique probability measure W (Wiener measure) on (C,C) such that the

stochastic process {Wy, t > 0} is Brownian motion (i.e. satisfies conditions
(BM.i)-(BM.iv)).

Remark 2.3: The set-up described above, in which the sample space €2 is the
set of sample paths, is the canonical set-up. There are others, but the canonical
set-up is the most direct and intuitive to consider. Note, in particular, that
for this set-up every sample path is continuous.

In the above we have defined Brownian motion without reference to a
filtration. Adding a filtration is a straightforward matter: it will often be taken
to be {FV}° := o(Wy,s <t), but it could also be more general. Brownian
motion relative to a filtered probability space is defined as follows.

Definition 2.4 The process W is Brownian motion with respect to the
filtration {F:} if:

(i) it is adapted to {F;};

(ii) for all 0 < s <t, W, — Wj is independent of Fs;

(#3) it is a Brownian motion as defined in Definition 2.1.

2.3 BASIC PROPERTIES OF BROWNIAN MOTION
2.3.1 Limit of a random walk

If you have not encountered Brownian motion before it is important to develop
an intuition for its behaviour. A good place to start is to compare it with
a simple symmetric random walk on the integers, S,. The following result
roughly states that if we speed up a random walk and look at it from a
distance (see Figure 2.1) it appears very much like Brownian motion.

Theorem 2.5 Let {X;,i > 1} be independent and identically distributed

random wvariables with P(X; =1) =P(X; = —1) = ;. Define the simple
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Figure 2.1. Brownian motion and a random walk
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symmetric random walk {S,,n >1} as S, =1 ,X;, and the rescaled
random walk Z,(t) := ﬁstnﬂ where |x| is the integer part of x. As n — oo,

Zn = W.

In the above, W is a Brownian motion and the convergence = denotes weak
convergence. In this setting this is equivalent to convergence of finite-dimen-
sional distributions, meaning, here, that for any ti,ts, ..., t; and any z € R*,

P(Zn(ti) SZZ', 221,7]{/‘)—)[@(th SZZ‘, 7,:1,,/{i)

as n — Q0.

Proof: This follows immediately from the (multivariate) central limit theo-
rem for the simple symmetric random walk. O

2.3.2 Deterministic transformations of Brownian motion

There is an extensive theory which studies what happens to a Brownian
motion under various (random) transformations. One question people ask is
what is the law of the process X defined by

X = WT(t)a
where the random clock 7 is specified by
7(t) =1inf{s > 0:Y; > t},

for some process Y. In the case when Y, and consequently 7, is non-random the
study is straightforward because the Gaussian structure of Brownian motion
is retained. In particular, there are a well-known set of transformations of
Brownian motion which produce another Brownian motion, and these results
prove especially useful when studying properties of the Brownian sample
path.

Theorem 2.6 Suppose W is Brownian motion. Then the following trans-
formations also produce Brownian motions:

(i) Wy = Wy for any ¢ € R\{0}; (scaling)
(ii) Wy :=tWy for t >0, Wy :=0; (time inversion)
(111) Wy := {Wips — W5 :t >0} for any s € RY. (time homogeneity)

Proof: 'We must prove that (BM.i)—(BM.iv) hold. The proof in each case
follows similar lines so we will only establish the time inversion result which
is slightly more involved than the others.
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Given any fixed t¢ < t;1 < ... < t, it follows from the Gaussian

structure of W that (Ws,,... ,th) also has a Gaussian distribution. A
Gaussian distribution is completely determined by its mean and covariance
and thus (BM.i) and (BM.ii) now follow if we can show that E[W;] = 0 and
E[W,W;] = s At for all s, t. But this follows easily:

E[Wt] = E[twl/t] = tE[Wl/t] =0,
E[W,W,] = E[stWy Wy, = st((1/t) A (1/s)) = s A L.

Condition (BM.iv), that Wo = 0, is part of the definition and, for any ¢ > 0,

the continuity of W at t follows from the continuity of W. It therefore only
remains to prove that W is continuous at zero or, equivalently, that for all
n > 0 there exists some m > 0 such that supg i</, [Wil < 1/n. The

continuity of W for t > 0 implies that

sup |[Wil= sup W,
0<t<1/m q€QN(0,1/m]

and so

IP’(}i_I)I(l)f/IV/t = O) :]P’(ﬂU{ sup |Wq| < 1/n}>

n m 49€QN(0,1/m]

:]P’(ﬂU N {|Wq|<1/n}). (2.1)

nm ¢eQN(0,1/m]

There are a countable number of events in the last expression of equation
(2.1) and each of these involves the process W at a single strictly positive
time. The distributions of W and W agree for ¢ > 0 and therefore this last
probability is unaltered if the process W is replaced by the original Brownian
motion W. But W is a.s. continuous at zero and so the probability in (2.1) is
one and W is also a.s. continuous at zero. (]

2.3.3 Some basic sample path properties

The transformations just introduced have many useful applications. Two of
them are given below.

Theorem 2.7 If W is a Brownian motion then, as t — oo,
— =0 a.s.

Proof: Writing Wt for the time inversion of W as defined in Theorem 2.6,
P(lim;—, o0 % = 0) = P(lims_,0 W5 = 0) and this last probability is one since

W is a Brownian motion, continuous at zero. O



Basic properties 25

Theorem 2.8 Given a Brownian motion W,

P <supI/Vt = +o0,inf W; = —oo) =1.
t>0 t>0
Proof: Consider first sup,», W;. For any a > 0, the scaling property implies
that

P (sup Wy > a) =P (sup Wie > a)

t>0 t>0

=P (sup W, > a/c) .
s>0

Hence the probability is independent of a and thus almost every sample path

has a supremum of either 0 or oco. In particular, for almost every sample

path, sup;-, W; = 0 if and only if W) < 0 and sup;;(W; — W;) = 0. But then,

defining Wt =Wy — W,

p:=P <sup W, = 0>

>0

=P (W1 < 0,sup(W; — Wy) = o>

t>1

=P(W; < 0)P <sup W, = 0>

t>0

We conclude that p =0. A symmetric argument shows that P(inf;>o W; =
—0o0) = 1 and this completes the proof. O
This result shows that the Brownian path will keep oscillating between pos-
itive and negative values over extended time intervals. The path also oscillates
wildly over small time intervals. In particular, it is nowhere differentiable.

Theorem 2.9 Brownian motion is nowhere differentiable with probability
one.

Proof: Tt suffices to prove the result on [0, 1]. Suppose W.(w) is differentiable
at some ¢ € [0, 1] with derivative bounded in absolute value by some constant
N/2. Then there exists some n > 0 such that

h<d/n = |[Wyn(w)—Wi(w)| < Nh. (2.2)

Denote the event that (2.2) holds for some t € [0,1] by A, y. The event that
Brownian motion is differentiable for some ¢ € [0,1] is a subset of the event
Ux U, An v and the result is proven if we can show that P(A, x) = 0 for all
n, N.
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Fix n and N. Let A, (k) = Wi1y/n — Wiy, and define kf' = inf{k : k/n >
t}. If (2.2) holds at ¢ then it follows from the triangle inequality that
|A, (K + )] < TN/n, for j =0,1,2. Therefore

AnJV g U m{|An(k +.7)| S 7N/’II}7

k=0 j=0

B(d,n) < B(U {1800k +4)] < TN/n})

k=0 j=0

< -+ DP({IA.0)] < TN/n})

= (n -+ DE({|A,(0)] < TN/n))

<( +1)<14N >3
n

- V2
— 0 as n — 00,

the last equality following from the independence of the Brownian increments.
If we now note that A, y is increasing in n we can conclude that P(A4, 5) =0
for all N,n and we are done. O
The lack of differentiability of Brownian motion illustrates how irregular
the Brownian path can be and implies immediately that the Brownian path
is not of finite variation. This means it is not possible to use the Brownian
path as an integrator in the classical sense. The following result is central to
stochastic integration. A proof is provided in Chapter 3, Corollary 3.81.

Theorem 2.10 For a Brownian motion W, define the doubly infinite
sequence of (stopping) times T} via

To =0, Tf,, = inf{t > T} Wy — Wiy | > 277},
and let
Wi(w) :== 77113016 Z[WMT; (W) = Winzy (w)].
=1

The process [W] is called the quadratic variation of W, and [W] =1t a.s.

2.4 STRONG MARKOV PROPERTY

Markov processes and strong Markov processes are of fundamental
importance to mathematical modelling. Roughly speaking, a Markov process
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is one for which ‘the future is independent of the past, given the present’; for
any fixed ¢ > 0, X is Markovian if the law of {Xs — X; : s > t} given X, is
independent of the law of {X; : s < ¢}. This property obviously simplifies the
study of Markov processes and often allows problems to be solved (perhaps
numerically) which are not tractable for more general processes. We shall,
in Chapter 6, give a definition of a (strong) Markov process which makes
the above more precise. That Brownian motion is Markovian follows from its
definition.

Theorem 2.11 Given any t > 0, {W, — W, : s > t} is independent of
{Ws : s <t} (and indeed F; if the Brownian motion is defined on a filtered
probability space).

Proof: This is immediate from (BM.i). O

The strong Markov property is a more stringent requirement of a stochastic
process and is correspondingly more powerful and useful. To understand
this idea we must here introduce the concept of a stopping time. We will
reintroduce this in Chapter 3 when we discuss stopping times in more detail.

Definition 2.12 The random variable T, taking values in [0, 00|, is an {F}
stopping time if
{T<t}={w:T(w) <t} e F,

for all t < co.

Definition 2.13 For any {F;} stopping time T, the pre-T c-algebra Fr is
defined via

Fr={F: foreveryt < oco, FN{T <t} € F;}.

Definition 2.12 makes precise the intuitive notion that a stopping time is
one for which we know that it has occurred at the moment it occurs. Definition
2.13 formalizes the idea that the o-algebra Fr contains all the information
that is available up to and including the time 7.

A strong Markov process, defined precisely in Chapter 6, is a process which
possesses the Markov property, as described at the beginning of this section,
but with the constant time ¢ generalized to be an arbitrary stopping time
T. Theorem 2.15 below shows that Brownian motion is also a strong Markov
process. First we establish a weaker preliminary result.

Proposition 2.14 Let W be a Brownian motion on the filtered probability
space (2, {F:}, F,P) and suppose that T is an a.s. finite stopping time taking
on one of a countable number of possible values. Then

Wy = Wior — Wr

is a Brownian motion and {Wt :t > 0} is independent of Fr (in particular,
it is independent of {W; : s <T}).
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Proof: Fixty,...,t, >0,F,...,F, € B(R),F € Frandlet {r;,j > 1} denote
the values that T can take. We have that

P(W, € Fii=1,....m;F)=Y P(W, € Fi=1,... .0 F;T=r)

i=1

=Y P(Wyr, ~W, €Fi=1,...,n)P(F;T=1))
!
=P(W, € F,i=1,...,n)P(F),

the last equality following from the Brownian shifting property and by
performing the summation. This proves the result. O

Theorem 2.15 Let W be a Brownian motion on the filtered probability space
(Q,{F}, F,P) and suppose that T is an a.s. finite stopping time. Then

Wt = Wyr—Wr

s a Brownian motion and {AW-/t :t > 0} is independent of Fr (in particular, it
is independent of {W, :s <T}).

Proof: As in the proof of Proposition 2.14, and adopting the notation
introduced there, it suffices to prove that

P(W,, € Fiyi=1,...,n;F) =P(W, € F,,i=1,...,n)P(F).
Define the stopping times T} via

—1
dogp I <crc L

Tk: ? 1 2k S 2k.

Each T}, can only take countably many values so, noting that T, > T and thus
F e Fr,, Proposition 2.14 applies to give

P(W} e F,i=1,....,n; F) =P(W}' € F,i=1,...,n)P(F), 93
where Wtk = Wi, — Wr.. As k — 00, Tp(w) — T(w) and thus, by the almost
sure continuity of Brownian motion, W} — W, for all ¢, a.s. The result now
follows from (2.3) by dominated convergence. O
2.4.1 Reflection principle

An immediate and powerful consequence of Theorem 2.15 is as follows.
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Theorem 2.16 If W is a Brownian motion on the space (0, {F:}, F,P) and
T = inf{t > 0: W; > a}, for some a, then the process

—~ W, t<T
Wt =
QG*Wt, tZT

is also Brownian motion.

=

Time

Figure 2.2 Reflected Brownian path

Proof: Tt is easy to see that T is a stopping time (look ahead to Theorem
3.40 if you want more details here), thus W;* := Wy, — Wr is, by the strong
Markov property, a Brownian motion independent of Fr, as is —W;* (by the
scaling property). Hence the following have the same distribution:

(i) Wilpery + (a+Wip)lusr
(i) Welgeery + (@ = W) Listy-

The first of these is just the original Brownian motion, the second is W, SO
the result follows. g

A ‘typical’ sample path for Brownian motion W and the reflected Brownian
motion W is shown in Figure 2.2.

Ezample 2.17 The reflection principle can be used to derive the joint
distribution of Brownian motion and its supremum, a result which is used ffo\{
the analytic valuation of barrier options. Let W be a Brownian motion and W
be the Brownian motion reflected about some a > 0. Defining M; = sup,; W,
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(and M similarly), it is clear that, for z < a,

{w: Wi(w) < 2, My(w) > a} = {w: W,(w) >2a — 2, M)(w) > al,
and thus, denoting by ® the normal distribution function,

P(W; < 2, M; > a) = P(W; > 20 — 2, M; > a)
=P(W, > 2a — z)

_1@<2a\/zx>7

the second equality holding since 2a — x > a. For = > a,

P(W, >z, M; > a) = P(W; > z)

-a(3)

From these we can find the density with respect to z:

exp(—(2a — x)%/2t)

, r<a
V2
P(W, € dz, M, > a) = N mt
exp(—x*/2t) v a
2nt ’

The density with respect to a follows similarly.
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Martingales

Martingales are amongst the most important tools in modern probability.
They are also central to modern finance theory. The simplicity of the
martingale definition, a process which has mean value at any future time,
conditional on the present, equal to its present value, belies the range and
power of the results which can be established. In this chapter we will introduce
continuous time martingales and develop several important results. The value
of some of these will be self-evident. Others may at first seem somewhat
esoteric and removed from immediate application. Be assured, however, that
we have included nothing which does not, in our view, aid understanding or
which is not directly relevant to the development of the stochastic integral in
Chapter 4, or the theory of continuous time finance as developed in Chapter 7.

A brief overview of this chapter and the relevance of each set of results
is as follows. Section 3.1 below contains the definition, examples and basic
properties of martingales. Throughout we will consider general continuous
time martingales, although for the financial applications in this book we only
need martingales that have continuous paths. In Section 3.2 we introduce
and discuss three increasingly restrictive classes of martingales. As we impose
more restrictions, so stronger results can be proved. The most important class,
which is of particular relevance to finance, is the class of uniformly integrable
martingales. Roughly speaking, any uniformly integrable martingale M, a
stochastic process, can be summarized by M., a random variable: given
M we know My, given M, we can recover M. This reduces the study
of these martingales to the study of random variables. Furthermore, this
class is precisely the one for which the powerful and extremely important
optional sampling theorem applies, as we show in Section 3.3. A second
important space of martingales is also discussed in Section 3.2, square-
integrable martingales. It is not obvious in this chapter why these are
important and the results may seem a little abstract. If you want motivation,
glance ahead to Chapter 4, otherwise take our word for it that they
are important.

Section 3.3 contains a discussion of stopping times and, as mentioned

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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above, the optional sampling theorem (‘if a martingale is uniformly integrable
then the mean value of the martingale at any stopping time, conditional on
the present, is its present value’). The quadratic variation for continuous
martingales is introduced and studied in Section 3.4. The results which we
develop are interesting in their own right, but the motivation for the discussion
of quadratic variation is its vital role in the development of the stochastic
integral. The chapter concludes with two sections on processes more general
than martingales. Section 3.5 introduces the idea of localization and defines
local martingales and semimartingales. Then, in Section 3.6, supermartingales
are considered and the important Doob—Meyer decomposition theorem is
presented. We will call on the latter result in Chapter 8 when we study term
structure models.

3.1 DEFINITION AND BASIC PROPERTIES

Definition 3.1 Let (2, F,P) be a probability triple and {F;} be a filtration
on F. A stochastic process M is an {F;} martingale (or just martingale when
the filtration is clear) if:

(M.i) M is adapted to {Fi};
(M.ii) E[|M,|] < oo for all t > 0;
(M.iii) E[M;|Fs] = Ms a.s., for all 0 < s < ¢.

Remark 3.2: Property (M.iii) can also be written as E[(M; — M,)1r] = 0 for
all s <t, for all F € Fs. We shall often use this representation in proofs.

Ezample 3.3 Brownian motion is a rich source of example martingales. Let
W be a Brownian motion and {F;} be the filtration generated by W. Then it
is easy to verify directly that each of the following is a martingale:

(i) {W:,t > 0};
(if) {W7 —t,t >0}
(iii) {exp(AW; — 3A%t),¢ > 0} for any A € R (Wald’s martingale).
Taking Wald’s martingale for illustration, property (M.i) follows from the

definition of {F;}, and property (M.ii) follows from property (M.iii) by setting
s = 0. To prove property (M.iii), note that for ¢ > 0,

% —u?/2t)
B = [ expOu— 2z SR04
M= [ expou = 52 SR

/°° exp(—(u — At)?/2t) du
o V2nt
1.
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Thus, appealing also to the independence of Brownian increments, E[M; —
M,|F] = E[M; — M,] = 0, which establishes property (M.iii).
We will meet these martingales again later.

Ezample 3.4 Most martingales explicitly encountered in practice are Markov
processes, but they need not be, as this example demonstrates. First define a
discrete time martingale M via

My=0
M, = M,_1 + oy, n>1,

where the «,, are independent, identically distributed random variables taking
the values +1 with probability 1/2. Viewed as a discrete time process, M is
Markovian. Now define M = M), where [t] is the integer part of . This is
a continuous time martingale which is not Markovian. The process (M, t) is
Markovian but it is not a martingale.

Ezample 3.5 Not all martingales behave as one might expect. Consider the
following process M. Let T be a random exponentially distributed time,
P(T > t) = exp(—t), and define M via

1 ift—T cQ",
M; = { 0 otherwise,
QT being the positive rationals. Conditions (M.i) and (M.ii) of Definition 3.1
are clearly satisfied for the filtration {F;} generated by the process M. Further,
for any t > s and any F € F,

E[M1r] < E[ly-_req+y] = 0 = E[M,1g].
Thus E[M;|F,] = M; a.s., which is condition (M.iii), and M is a martingale.

Example 3.5 seems counter-intuitive and we would like to eliminate from
consideration martingales with behaviour such as this. We will do this by
imposing a (right-) continuity constraint on the paths of martingales that we
will consider henceforth. We shall see, in Theorem 3.8, that this restriction is
not unnecessarily restrictive.

Definition 3.6 A function z is said to be cadlag (continu a droite, limites
a gauche) if it is right-continuous with left limits,

Limz;p, = x4
hl0 +

lim x;_;, exists.
hl0

In this case we define x;— := limp g x—p (which is left-continuous with right
limits).

We say that a stochastic process X is cadlag if, for almost every w, X. (w)
is a cadlag function. If X. (w) is cadlag for every w we say that X is entirely
cadlag.
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The martingale in Example 3.5 is clearly not cadlag, but it has a cadlag
modification (the process M = 0).

Definition 3.7 Two stochastic processes X andY are modifications (of each
other) if, for all t,
PX;=Y:) =1.

We say X and Y are indistinguishable if

P(X;=Y;, forallt)=1.

Theorem 3.8 Let M be a martingale with respect to the right-
continuous and complete filtration {F;}. Then there exists a unique (up to
indistinguishability) modification M* of M which is cadlag and adapted to
{F:} (hence is an {F;} martingale).

Remark 3.9: Note that it is not necessarily the case that every sample path
is cadlag, but there will be a set (having probability one) of sample paths,
in which set every sample path will be cadlag. This is important to bear in
mind when, for example, proving several results about stopping times which
are results about filtrations and not about probabilities (see Theorems 3.37
and 3.40).

Remark 3.10: The restriction that {F;} be right-continuous and complete is
required to ensure that the modification is adapted to {F:}. It is for this
reason that the concept of completeness of a filtration is required in the study
of stochastic processes.

A proof of Theorem 3.8 can be found, for example, in Karatzas and Shreve
(1991). Cadlag processes (or at least piecewise continuous ones) are natural
ones to consider in practice and Theorem 3.8 shows that this restriction is
exactly what it says and no more — the cadlag restriction does not in any
way limit the finite-dimensional distributions that a martingale can exhibit.
The ‘up to indistinguishability’ qualifier is, of course, necessary since we can
always modify any process on a null set. Henceforth we will restrict attention
to cadlag processes. The following result will often prove useful.

Theorem 3.11 Let X and Y be two cadlag stochastic processes such that,
for all t,
P(X:=Y:) =1,

i.e. they are modifications. Then X and Y are indistinguishable.

Proof: By right-continuity,

{X: #Y, some t} = U {Xq #Yq},

q€Q
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and thus
P(X; # Y;, some t) < EIP’(Xq £Y,)=0.
qeQ

O
So we can safely restrict to cadlag processes, and henceforth whenever
we talk about a martingale we will mean its cadlag version. The finite-
dimensional distributions of a martingale (indeed, of any stochastic process)
determine its law, and this in turn uniquely determines the cadlag version
of the martingale. Thus questions about the sample paths of a martingale
are now (implicitly) reduced to questions about the finite-dimensional
distributions. Consequently it now makes sense to ask questions about the
sample paths of continuous time martingales as these will be measurable
events on the understanding that any such question is about the cadlag version
of the martingale.

3.2 CLASSES OF MARTINGALES

We now introduce three subcategories of martingales which are progressively
more restrictive. These are L£!-bounded martingales, uniformly integrable
martingales and square-integrable martingales. The concept of uniform
integrability is closely tied to conditional expectation and hence to the
martingale property (see Remark 3.23). Consequently the set of uniformly
integrable martingales is often the largest and most natural class for which
many important results hold. Note that Brownian motion is not included in
any of the classes below.

3.2.1 Martingales bounded in £!
First a more general definition which includes £*.

Definition 3.12 We define LP to be the space of random variables Y such
that

E[lYP] < 00.

A stochastic process X is said to be bounded in LP (or in LP) if

sup B [| X¢[P] < o0.
>0

If the process X is bounded in £? we say X is square-integrable.

We will often also use LP to denote the space of stochastic processes bounded
in LP.
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Here we are interested in £'-bounded martingales. Note that if M is a
martingale then E[|M;|] < oo for all t. Further, it follows from the conditional
form of Jensen’s inequality that, for s <,

E[|M;|] = EE[|My||Fs] > E|E[M,|F,]| = E[|M]] .

Hence sup,~, E[|M:|] = lim; 00 E[|M;|] and a martingale being bounded in
L' is a statement about the martingale as t — co.

The restriction of L£!-boundedness is sufficient to prove one important
convergence theorem. We omit the proof which, although not difficult, would
require us to introduce a few extra ideas. A proof can be found, for example,
in Revuz and Yor (1991).

Theorem 3.13 (Doob’s martingale convergence theorem) Let M be a
cadlag martingale bounded in £L'. Then M., (w) := lim;_,o, M;(w) exists and
is finite almost surely.

Remark 3.14: 1t follows from Fatou’s lemma that E[|Mu|] < liminf E[|M;|] <
00. One might be tempted to conclude that

(i) My — My in £', meaning E[|M; — M|] — 0 as t — oo,
and
(i) M, = E{Mu| ]

Neither of these is true in general. If they are to hold we need to work with
the more restrictive class of uniformly integrable martingales.

3.2.2 Uniformly integrable martingales

The two properties described in Remark 3.14 are very useful when they hold.
We shall use the representation M; = E[M|F:] in Chapter 4 when we develop
the stochastic integral. The point is that this representation allows us to
identify a martingale M which is a stochastic process, with a random variable,
M. To this end we introduce the idea of a uniformly integrable martingale.

Definition 3.15 A family C of (real-valued) random variables is uniformly
integrable (UI) if, given any € > 0, there exists some K. < oo such that

E[lX[1x>k.y] <e€

for all X € C.
A martingale M is UI if the family of random variables {M},t > 0} is UL

Remark 3.16: The effect of imposing the uniform integrability assumption
is to control the tail behaviour of the martingale. It is just sufficient for
Theorem 3.18, the convergence result described in Remark 3.14, to hold.
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Clearly sup;sg E[|Mt\] < 14 K for a UI martingale, so uniform integrability
is indeed a stronger requirement than £!-boundedness. Note the following
result, however, which shows that, in one sense at least, uniform integrability
is only just stronger than £!-boundedness.

Theorem 3.17 Suppose M is a martingale bounded in LP for some p > 1.
Then M is uniformly integrable.

Proof: Let A = sup,soE|[|M;|?]. Defining K. = *~y/A/e, we have

M, |P7!
E[|M;|1 <supE |[M;| | =] 1
SUp B[IM:[1jan -] < sup [ el % (1M > K}
My A
<supE { t_ll] =—3=
>0 | K? K?

O
And now for the theorem that shows UI martingales to be exactly the right
concept.

Theorem 3.18 For a cadlag martingale M the following are equivalent:

(i) M; — My, in L' (for some random variable M, ).
(ii) There exists some My, € L' such that M; = E[My|F;] a.s. for all t.
(iii) M is uniformly integrable.

Proof: (i) = (ii): Given t > 0 and F € Fy, for all s >,

E[(Mu — My)1p] = E[(M, — My)1p] + E[(Mu — M,)15]
— E[(Mo — M,)15]
E

as s — oo. This holds for all F € F;, and M, is F;-measurable, thus we
conclude that E[M|F:] = M.

(ii) = (iii): Note the following three results.

(a) E[|M|1m,>x3] < E[|Moo|lfjar, >ky] (by Jensen’s inequality and the
tower property).

(b) KP(|M;| > K) < E[|M;|] < E[|[Mw|] (by truncating the expectation
and Jensen’s inequality, respectively).

(c) If X € £, then for any & > 0, there exists some § > 0 such that

P(F) <6 =E[|X|lp] <e.
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Given any € > 0, choose ¢ such that (c) holds for X = M, and choose K.
in (b) so that P(|M;| > K.) < 4. It follows from (a) and (c) that

E[|M|Lga, >3] <€

for all ¢, hence M is uniformly integrable.

(iii) = (i): Since M is uniformly integrable, it is bounded in £! (Remark
3.16), hence M; — My, a.s. for some My, € L' (Theorem 3.13). Almost sure
convergence of a Ul process implies £! convergence, so (i) holds. (|

Exercise 3.19: Establish condition (c) in the above proof: if X € £, then for
any € > 0, there exists some § > 0 such that

P(F) <§ = E[|X|1r] <e.

Ezercise 3.20: Establish the convergence result used to prove (iii) = (i) above:
suppose X; € L! for eacht > 0 and X € £!. Then X; — X in £! if and only
if the following hold:

(i) X: — X in probability;

(i) the family {X;,¢ > 0} is UL

Ezercise 3.21: Prove the following which we shall need later: if {X,,n > 1}
is a UI family of random variables such that X,, — X a.s. as n — oo, then
X € £ (and thus X,, — X in £! by Exercise 3.20).

A proof of these standard results can be found in Rogers and Williams
(1994).

Remark 3.22: Given any uniformly integrable martingale, we can identify it
with an £! random variable X = M. Conversely, given any random variable
X € L' we can define a UI martingale via

For each ¢, the random variable M, in (3.1) is not unique, but if M; and
M both satisfy (3.1) then M; = M; a.s. That is, if M and M* are two
martingales satisfying (3.1) for all ¢, they are modifications of each other. By
Theorem 3.8, if {F;} is right-continuous and complete, and we will insist on
this in practice, then there is a unique (up to indistinguishability) martingale
M satistying (3.1) that is cadlag.

Remark 3.23: A slight modification of the above proof of (ii)=-(iii) establishes
the following result: for X € L£! the class

{E[X|G] : G a sub-o-algebra of F}

is uniformly integrable.
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Two important examples of Ul martingales are bounded martingales
(obvious from the definition) and martingales of the form M; := M;.,, where
M is a martingale and n is some constant (using property (ii) of Theorem
3.18).

3.2.3 Square-integrable martingales

We are working towards the ultimate goal, in Chapter 4, of defining the
stochastic integral, and it is for this reason that we introduce the space
of square-integrable martingales. The motivation for this is as follows. In
constructing the stochastic integral we will need to consider the limit M of a
sequence of martingales M (™). We require this limit also to be a martingale, so
we need to introduce a space of martingales that is complete. If we restrict to
a subclass of Ul integrable martingales we are able to identify each martingale
M with its limit random variable M, and the problem of finding a complete
(normed) space of martingales reduces to finding a complete (normed) space
of random variables. Such a space is well known, the space L? of (equivalence
classes of ) square-integrable random variables. Those not familiar with square-
integrable random variables and their properties can find all the important
results in Appendix 2.

Definition 3.24 The martingale spaces M?, M3, cM? and cM3 are defined
as follows.

M? = {martingales M : M, € £*}
ME={Mec M?: My=0 as.}
eM? ={M € M?: M is continuous a.s.}
M3 ={M € M?*: My =0, M is continuous a.s.} .
We will need the following result in the special case p = 2. It can be found
in any standard text on martingales.
Theorem 3.25 (Doob’s LP inequality) Let M be a cadlag martingale,

bounded in L?, for some p > 1, and define

M* :=sup | M| .

>0

Then M* € LP and

E[(M*)p} < (%)psupE[(Mt)P} .

t>0
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Corollary 3.26 Suppose M is a cadlag martingale bounded in LP, for some
p>1. Then
M, — My, a.s. and in LP

and
supE[(M;)?] = lim E[(M,)"] = E [(M-)"].

t>0

Proof: Tt is immediate that M € £', hence M; — M, a.s. by Theorem 3.13.
Further, applying Doob’s £ inequality,

|M, — My |P < (2M*)" € £

so M; — M in LP by the dominated convergence theorem. Now, for all s < ¢,
the conditional form of Jensen’s inequality implies that

E[|M,["] = E[[E[M;|F]["] < E[|M;["]

so E[|M,|?] is increasing in ¢. This establishes the first equality. The second
equality follows immediately from £P convergence. (]

Theorem 3.27 The spaces M? M3, cM?* and c M are Hilbert spaces for
the norm

D=

M|z = (E[MZ])? .
(So the corresponding inner product on this space is (M, N) = E[MNy).)

Remark 3.28: Recall that a Hilbert space is a complete inner product space.
We shall use the inner product structure in Chapter 5.

Remark 3.29: To be strictly correct we need to be a little more careful in
our definitions before Theorem 3.27 can hold. Let || - || denote the classical
L? norm || X|| = (E[X?])"/2. The problem is that if X and Y are two random
variables which are a.s. equal, then || X —Y|| =0 but, in general, X #Y.
Hence || - || is not a norm on the space £2. For this to be true we must identify
any two random variables which are almost surely equal. Similarly here, we
must identify any two martingales which are modifications of each other. In
common with most other authors, we will do this without further comment
whenever we need to. Appendix 2 contains a fuller discussion of the space L?.

Proof: In each case the trick is to identify a martingale with its limit random
variable M, € £%, which we can do by Theorems 3.17 and 3.18. All the
properties of a Hilbert space are inherited trivially from those of L?, with
the exception of completeness. We prove this for cM3.
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To prove cM? is complete we must show that any Cauchy sequence M ")
converges to some limit M € cM3. So let M be some Cauchy sequence with
respect to || - ||z in eM3 and let (recalling Remark 3.29),

My, = lim Mo(g) in £2.

n—00

M, .= E[My|F],

where the limit exists since L? is complete and each Még ) € £2. It is immediate
from the definition of the norm || - || on L? that lim, [ M) — M2 =0, so
it remains only to prove that M € c/\/lg. That M is a martingale is immediate
from its definition, so it suffices to prove that it is continuous and null at zero.
But, for each n, M — M is bounded in £2, so Corollary 3.26 implies that

sup B[(M," — M,)?) = | M — M|)5 (3.2)

t>0

which converges to zero as n — oo, thus My = 0. Further, it follows from (3.2)
and Doob’s £? inequality that there exists some subsequence n;, on which

sup [ M, (w) — My(w)| — 0

t>0

for almost all w. But the uniform limit of a continuous function is continuous,
hence M is continuous almost surely. O

Ezercise 8.30: Convince yourself of the final step in this proof; if X,, — X
in £P then X,, — X in probability, and if X,, — X in probability then there
exists some subsequence X, such that X,, — X a.s.

The space c/\/lg will be of particular relevance for the development of
the stochastic integral. It is convenient in that development to start with
martingale integrators which start at zero, hence the reason for not working
in the more general space cM?2.

3.3 STOPPING TIMES AND THE OPTIONAL
SAMPLING THEOREM

3.3.1 Stopping times

Stopping times perform a very important role in both the theory of stochastic
processes and finance. The theory of stopping times is a detailed and deep one,
but for our purposes we can avoid most of it. Roughly speaking, a stopping
time is one for which ‘you know when you have got there’. Here is the formal
definition of a stopping time.



42 Martingales

Definition 3.31 The random variable T, taking values in [0, 0], is an {F;}
stopping time if
{T<t}={w:T(w) <t} eF

for all t < co.

Definition 3.32  For any {F:} stopping time T, the pre-T o-algebra Fr is
defined via

Fr=A{F € F: for every t < oo, FN{T <t} € F}.

Technical Remark 3.33: Definition 3.31 is as we would expect. Note that the
inequalities are not strict in either definition; if they were the time T would
be an optional time. If the filtration {F;} is right-continuous, optional and
stopping times agree. See Revuz and Yor (1991) for more on this.

Remark 3.34: The pre-T o-algebra is the information that we will have
available at the random time 7. In particular, if 7 is the constant time ¢,
fT = ft.

Exercise 3.35: Show that the following are stopping times:
(i) constant times;

(i) SAT,SVT and S+ T for stopping times S and T
(iii) sup, {T,} for a sequence of stopping times {7, };

(iv) inf,{T,} when {F;} is right-continuous.

Ezercise 8.836: Show that if § and T are stopping times, then Fgy=
Fs N Fr. Also, if {F;} is right-continuous and T,, | T are stopping times then
Fr=N, Fr,-

The most important stopping times for the development of the stochastic
integral will be hitting times of sets by a stochastic process X, that is stopping
times of the form

Hr(w) :=inf{t > 0: X;(w) € T} (3.3)

Note the strict inequality in this definition. The story is different if the
inequality is softened (see Rogers and Williams (1987), for example). Times
of the form (3.3) are not, in general, stopping times. The following results
are sufficient for our purposes and give conditions on either the process X
or the filtration {F;} under which Hr is a stopping time. Indeed, for our
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applications X will always be a.s. continuous and the filtration will always be
complete.

Theorem 3.37 Let " be an open set and suppose X is {F;} adapted; if
X is entirely cadlag, or if X is cadlag and {F} is complete, then Hr is an
{Fi+} stopping time.

Proof: Tt suffices to prove that {Hr < t} € F; for all ¢ since then {Hp <t} =
Nocti+1/mnolHr < ¢} € Fiyay, for all n > 0. Taking the intersection over all
n > 0 shows that {Hp <t} € Fi;.

Denote by Q* the set of w for which X (w) is cadlag and by A; the set

At = U {w E F}

qe(0,t)NQ

:UX

7€(0,)NQ

Note that A; € F; since T is open, and on Q* the events {Hr < t} and A;
coincide. Thus we can write

{Hr <t} = (Q* N{Hr < t}) U ((Q*)c N{Hr < t})
= <Q* N At> U <(Q*)C N{Hr < t}). (3.4)

When X is entirely cadlag, Q* =Q and {Hr <t} = A; € F;. When {F;} is
complete both Q* and the second event in (3.4), which has probability zero,
are in F;, as is Ay, hence {Hr < t} € F; as required. O

Corollary 3.38 Suppose, in addition to the hypotheses of Theorem 3.37,
that {Fi} is right-continuous. Then Hy is an {F;} stopping time.

Ezercise 3.39: Let T be an open set and let X be adapted to {F;}. Suppose

that X is entirely continuous, or that X is a.s. continuous and {F;} is
complete. Show that Hp need not be an {F,;} stopping time.

Theorem 3.40 Let T be a closed set and suppose X is {F;} adapted. If X
is entirely cadlag, or if X is cadlag and {F;} is complete, then

Hi:=inf{t >0: X;(w) €T or X;_(w) €T’}

is an {F:} stopping time.
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Proof: We prove the entirely cadlag version of the result. The simple argument
used in Theorem 3.37 extends this result to the cadlag case. Let p(x,T) :=
inf{|z —y| : y € T}. Defining the open set I', = {z: p(x,T) <n~1}, those
points within distance n=! of I', we have I = ), T'n, and so

{H;:gt}—{XteF}u{X,,eF}u(ﬂ U {qufn}>€ff,. .

n qe(0,)NQ

Corollary 3.41 If X is entirely continuous (or if X is continuous and {F;}
is complete), {F;} adapted, T' a closed set, then Hr is an {F;} stopping time.

Ezample 3.42 Consider a Brownian motion W on its canonical set-up
(Theorem 2.2), and let

T=inf{t >0: W, +t¢ [—a,b]}

for some a,b> 0. The set (—o0,a)U (b,00) is an open subset of R and
W is entirely continuous, so T is an {F;} stopping time by Corollary 3.39
above.

FEzample 3.43 Now let W be a two-dimensional Brownian motion on a
complete space (2, {F;},F,P) and let

T=inf{t>0: W, ¢ D}

where
D ={(a,y): a* + 3 < K}.

Now, since Brownian motion is a.s. continuous and {F;} is complete, we can
apply Corollary 3.41 to deduce that T is an {F;} stopping time.

Given the intuitive interpretation of Fr as the amount of information
available at the stopping time T, we would also hope that Xr € Frif X is a
process adapted to {F;}. It is true in certain circumstances.

Theorem 3.44 Let X be adapted to {F} and let T be some {F;} stopping
time. If X is entirely cadlag, or if X is cadlag and {F:} is complete, then Xr
is Fr-measurable.

Remark 3.45: Theorem 3.44 holds more generally when X is progressively
measurable, as defined later in Theorem 3.60. This is a joint measurability
condition which holds when X is cadlag and adapted and {F;} is complete.
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Remark 3.46: If T(w) = 0o and Xoo(w) exists, we define Xr(w) = Xoo(w). If
T(w) = 00 but X does not exist, we take X7 (w) = 0 by convention.

An important idea for the results to come is that of a stopped process.

Definition 3.47 Given a stochastic process X and a stopping time T, the
stopped process XT is defined by

XtT(w) = Xiar(w).

There is a natural and immediate extension of Theorem 3.44 to processes
as follows.

Corollary 3.48 If T is an {F:} stopping time and if X is {F;}-adapted
and entirely cadlag (or cadlag and {F;} is complete), then the process X T is
{Finr} adapted (and therefore also {F;}-adapted).

3.3.2 Optional sampling theorem

Now that we have met the concept of a martingale and a stopping time, it
is time to put the two together and ask the question: does the martingale
property

M, = E[Mrp|F]

hold if T' is a stopping time? In general the answer is no, as can be seen by
taking M to be Brownian motion and 7' = inf{t > 0 : M; > 1}. There is an
important situation when it is true, however — when M is a Ul martingale.
Indeed, this property is a characterizing property of Ul martingales, as
Theorems 3.50 and 3.53 demonstrate.

We must first prove a restricted version of the result.

Theorem 3.49 Suppose S < T are two stopping times taking at most a
finite number of values (possibly including o), and let M be some U, cadlag
martingale. Then

MS = E[MT‘fs] = E[Moo‘fs] a.s.

Proof: Tt suffices to prove the first equality since the second then follows by
applying it to the stopping time T = oco. Let 0 =t( < ... < ¢, < o0 be a set
of values containing all those that S and T can take. For any F' € Fg we have

n

(Mr — Mg)lp = <Z(Mtj - Mtjl)]l{S<tj§T})]]-F

j=1
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and thus
E{(Mr — MS)]IF} = ZE[(Mtj - Mtj—l)]l{(5<ta‘ST)}]lF}
j=1

n

= ZEE {(Mt]‘ - Mtj—l)]]'{s<thT}]lF|ftj—1:|

j=1

- ZE{]I{SQ%ST}]IF]E [(Mtj - Mtjl)ftle

j=1
=0.
This holds for all F € Fg, and Mg is Fs-measurable; hence
E[MT|.7:5] = E[Ms‘}-s] = MS a.s.
O
It is now a short step to prove the more general result.
Theorem 3.50 If M is a uniformly integrable, cadlag martingale and S < T
are two stopping times, then
MS = E[MT‘fs] = E[Moo‘fs] a.s.
Proof: If suffices to prove that, for any stopping time S,
Mg = E[My|Fs], (3.5)
since then
E[Mr|Fs] = E|E[Muc| Fr]|Fs | = E[Muo | Fs] = M.
To establish (3.5), we need to show that, for all F' € Fg, E[Mslp] = E[Ms1F].
Define the sequence of {F;} stopping times Sy | S as k — oo via
+oo if S >k,
Sk = : g—1 q
Since M is UI, M exists and, for each k, the pair of stopping times {S, oo}
satisfy the conditions of Theorem 3.49. Thus,
Mg, = E[Mx|Fs,] as. (3.6)
Conditioning on Fg (C Fg, ), we deduce that
E[Ms, |Fs] = E[Mos|Fs],

ie. E[Ms,1r] = E[Mlp] for all F € Fg. The result now follows if we
can show that, for all F' € Fg, E[Mg,1r] — E[Mslp] as k — oo, i.e. that
Mg, — Mg in an L' sense. But the representation in (3.6) and Remark 3.23
show that the family {Mg, } is UL, and the right-continuity of M ensures that
Mg, — Mg a.s. These two conditions combined ensure the £ convergence
that we require (Exercise 3.21). O

The following result was established as part of this last proof and will be
needed shortly.
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Corollary 3.51 If M is a uniformly integrable, cadlag martingale and S is
a stopping time, then E[|Mg]|] < oo.

Remark 3.52: There are several special cases of the optional sampling theorem
which are often stated in slightly different form. For example, we can drop
the UI requirement on M if the stopping time T is bounded by some n since
M™ is a Ul martingale. Also, if M is bounded up until the stopping time T'
the result also holds since M 7T is UI (and we shall shortly prove that it is also
a martingale).

There is a very useful partial converse to the optional sampling theorem
which characterizes UI martingales as precisely those for which the optional
sampling theorem holds.

Theorem 3.53 Let M be some cadlag and adapted process such that, for
every stopping time T,

E[|Mr|] <oo and E[Mg]=0.

Then M is a uniformly integrable martingale.

Proof: As per our earlier convention, define Mo, (w) = lim; 00 Mi(w) if the
limit exists, Mo, (w) = 0 otherwise. Note that M, thus defined is in £! (taking
T = oo in the hypothesis of the theorem). By Theorem 3.18, it suffices to show
that My = E[My|F:], i.e. for all t > 0, all F € F,

E[M1r] = E[Moo1r]. (3.7)
Define the stopping time T via

t fwekF
o ifwe F°.

7() = {

Applying the hypotheses to stopping times T and co yields

E[Moo] = E[Moole] + E[Moo]ch] =0,
E[M7]| = E[M1p] + E[M1pe] = 0.

Combining these two yields (3.7) as required. O
This provides the final result needed to prove the following important

proposition.

Proposition 3.54 Let M be an {F;} martingale and T be an {F;} stopping

time. If M is entirely cadlag, or if M is cadlag and {F;} is complete, then MT

is also an {F;} martingale. That is, the class of martingales is stable under

stopping.
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Proof: We must verify properties (M.i)—(M.iii) of Definition 3.1. The first, that
MT is adapted, is an immediate consequence of Corollary 3.48. To establish
property (M.ii), note that M? is a UI martingale (since M! = E[MZ |F]
for all s), and thus Corollary 3.51 implies that E[|ML|] = E[|[MT|] < oo as
required. It remains to show that M7 has the martingale property, (M.iii).
This is clearly equivalent to showing that, for all 0 < s <'t,

E[M | F] = M

)

and we do this by showing that M7/t is a UI martingale. We appeal to
Theorem 3.53. Since M? is UI, the optional sampling theorem implies that,
for all stopping times S,

Mo = E[Mf,s] = E[M5"],

and Corollary 3.51 implies that E[|MZ"|] = E[|M%,4|] < co. We are done. [J

Ezample 3.55 Let W be a Brownian motion and define T' = inf{¢t > 0: W, ¢
[—a,b]}, a,b > 0. We will show that:

(i) T < o0 as,;
(i) P(Wr = b) = af(a+b);
(iii) E[T] = ab.
To do this we will consider stopped versions of each of the martingales
introduced in Example 3.3. Consider first the martingale M} = exp ()\Wt AT —

A2t A T)) which is bounded by zero below and by exp(A(a + b)) above, so
is certainly UI. Applying the optional sampling theorem at the stopping time
T yields

1 = E[MQ] = Elexp(AWr — 3A%T)]

= Elexp(A\Wr — 33°T)Lir<o0y]
— Ell{7<o0}]

as A — 0 by the dominated convergence theorem. This proves (i) (which also
follows from Theorem 2.8). Now applying the optional sampling theorem to
the UI martingale W7 yields

0 = E[Wy] = E[WZ]
= E[b]l{WT:b} - @]l{WT:fa}]

which is (ii). Finally, apply the optional sampling theorem to the UI
martingale M[* := W72, — (t An) at the stopping time T to obtain

0=E[W3,, — (T An)].
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Asn — oo, TAn t T as., and W2, < (a+ b)? so applications of the
monotone and dominated convergence theorems yield
ab? + ba?

E[T] = E[W3] = s " ab.

3.4 VARIATION, QUADRATIC VARIATION AND
INTEGRATION

We are approaching the point where we can start to define the stochastic
integral. Before we can do so, there is one more idea which we must introduce,
that of quadratic variation. First we will introduce the more classical concept
of total variation and review its role in integration.

3.4.1 Total variation and Stieltjes integration

Definition 3.56 Let {X:, t > 0} be some stochastic process. The total
variation process Vx of X is defined, for each t > 0, as

n(A)
Vx(t,w) = sgp Z | X (ti,w) — X (ti—1,w)],
i=1

where A = {to =0 <ty <...<tya) =t} is a partition of [0,1].

Remark 3.57: Clearly this is a sample path definition and, for each w, it agrees
with the classical definition of total variation for functions.

Proposition 3.58 If X is {F:}-adapted and entirely cadlag (or cadlag and
{F:} is complete) then Vx is also entirely cadlag (respectively cadlag) and
{F:}-adapted.

Proof: We prove the result when X is entirely cadlag, the cadlag result then
following along the lines of the proof of Theorem 3.37. Given any w and t we
have, since X (w) is cadlag, that

(2] +1
Vx (t,w) = sup Z | X (A (i/27),0) = X(EA ((E—1)/27),w)|-

This is straightforward to verify and is left as an exercise for the reader. For
each n the approximating sum is clearly F;-measurable, and the supremum
of a countable number of measurable functions is itself measurable, thus Vx
is {F:}-adapted. The cadlag property is immediate. O
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Definition 3.59 The process X is said to be of finite variation if the
following conditions hold:

(i) Vx(t,w) < +oo for all t, a.s.;
(ii) X is cadlag;
(iii) X is {F;}-adapted.

The first property is the main defining characteristic of a finite variation
process. The other two are conditions we have imposed and will continue to
impose on all the processes that will interest us.

The advantage of a process being of finite variation is that it is easy to
define a stochastic integral with respect to a finite variation process. This is
done as for Stieltjes integration, as summarized by the following theorem.

Theorem 3.60 Let X be some finite variation process. Then there exist
increasing, adapted and cadlag processes X T and X~ such that

X=Xt"—-X" as

Furthermore, since both X+ and X~ are cadlag, we can define the stochastic
integral H « X for any bounded B(R™) ® F-measurable integrand H to be

(Ho X)y(w) = /0 Hoy(w)dXF () — /0 Hoy(w)dX - () (3.8)

(set it to zero if X (w) is not cadlag) where the integrals in (3.8) are Lebesgue—
Stieltjes integrals. The stochastic integral (H o X) satisfies conditions (i) and
(ii) of a finite variation process.

A process H is called progressively measurable with respect to {F;} if, for
each t, the map (s,w) — H(w) from [0,t] x @ — (R, B(R)) is B([0,t]) @ {F+}-
measurable. If H is bounded and progressively measurable then H ¢ X is also
{Fi}-adapted, hence H » X is of finite variation.

Proof: The functions X+ = £(X + Vx), X~ = 3(X — Vx) have the desired
properties, as is easily verified. It is then standard integration theory that
(3.8) is well defined for any bounded H. That Vi« x(t) < oo follows from the
boundedness of H over [0,t] and the finite total variation of X  and X~ over
[0,t]. That H e X is cadlag and (when H is progressively measurable) adapted
is straightforward. O

Remark 3.61: Note in the above proof that the definition of the integral is not
dependent on the particular decomposition of X (which is not unique).

What we have succeeded in doing is to define the stochastic integral of a
bounded process with respect to a finite variation integrator, and we have
done this on a pathwise basis using no more than standard integration theory.
The boundedness condition on the integrand is easily weakened, but we shall
defer this until Chapter 4. The question now is, which processes are of finite
variation? Does this technique allow us to define H « W for a Brownian motion
w?
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Theorem 3.62 The only continuous martingales of finite variation are a.s.
constant.

Proof: Let M be some continuous finite variation martingale and, without
loss, suppose My = 0. We further suppose, by augmentation if necessary, that
the filtration is complete (note that M is still a martingale for this larger

filtration). We show that M = 0 where M = M7 and
T=inf{t>0:Vy(t) > K},
for some arbitrary K. This is clearly sufficient.
Since M is continuous, to prove that M = 0 a.s. it suffices to prove that

J/\/fq =0 a.s. for all ¢ € QT. This follows if we can establish that E[]\//EZ] =0
for all ¢ > 0. But for any partition A of [0, ¢] we have

n(A)
MP =) (Mg - M)
j=1
n(A) . . n(A) . . .
= (My, — My, )*+2 Y (M, — My, )M, _,. (3.9)
j=1 j=1

Since T is a stopping time (Corollary 3.39), M T is a martingale (Proposition
3.54) and so the second term in (3.9) has expectation zero. Thus

n(A)

E(3?] = E[Z (3T, H)}
j=1
<E[Vg(t) sw |M;, - M,

i<n(A)
< KE[ sup | M, —Mtjfl\} .
i<n(A)

Taking a successively finer submesh, this supremum decreases a.s. to zero by
the continuity of M , hence, by dominated convergence, the expectation also
decreases to zero as required. O

So if we want to define a stochastic integral relative to a martingale
integrator we will have to work harder. All non-trivial continuous martingales
are of infinite variation. However, they are all of finite quadratic variation,
and it is this property that will allow us to define the stochastic integral for
continuous martingale integrators in Chapter 4.

3.4.2 Quadratic variation

The fact that the only continuous martingales of finite variation are constant
means we will not be able to define the stochastic integral relative to
martingales as in the previous section. We will also need to replace the
variation process with something, and this is quadratic variation.
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Definition 3.63 Let X be some continuous process null at zero. Define the
doubly infinite sequence of times T} (or T}*(X) when we need to be explicit)
via

I3 =0, Ti'yy = inf{t > Ty : | Xy — Xpn| > 27"},

The quadratic variation of the process X, written [X], is defined to be

[X]t(w) := nli_)H;oZ[Xt/\TI? (w) — Xt/\T;?ﬂ(w)f 7

k>1

or +o0o when the limit does not exist.

Remark 3.64: We have in this definition been very specific about the sequence
of meshes to be used to define the quadratic variation. In particular, they are
all nested. It is also possible to define quadratic variation using other nested
meshes and similar results hold to the ones that we prove in this and the next
chapter. The reason for our particular choice is that we will be able to prove
several almost sure results, whereas when using other definitions the results
are only true in probability. It makes no essential difference to the theory, but
almost sure results are often easier to appreciate.

Remark 3.65: The restriction in the definition of quadratic variation that
the meshes be nested differs from the classical definition (for a function)
under which the quadratic variation of any non-trivial continuous martingale
is infinity. This contrasts with our next result.

Theorem 3.66 For any continuous martingale M the quadratic variation
process [M] is adapted and a.s. finite, continuous and increasing.

Remark 3.67: As usual, continuous here means entirely continuous or a.s.
continuous on a complete filtered space. We need this to ensure that the
T (M) are stopping times in the proof below.

Proof: We will for now only prove the result for the case when M is bounded
(and thus, in particular, M € cM3). The general result, and more, follows
easily once we have met the idea of localization in Section 3.5, by the inclusion
of the phrase ‘By localization we may assume M is bounded’ at the start of
this proof.

We make the following definitions:

k= UATE(M),
sy = su_p{t;-“1 : t;.’*l <tp},
j
A = Mgy — My,
H = My — My ,
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and note that

[Hp| <27 h,

The times s} and ¢} are illustrated in Figure 3.1.

T
2 n_n-1_.n_ _

5 L=t "=8;=..=55
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Figure 3.1 The times si and ¢}

Defining

A =D (Mig = My,)"

E>1

it is readily seen that

A} = M7 — 2N}

where

N =" My (Mg — My )

E>1

=2 My (Myes

k>1

n+1) .
k—1

- /2”* 77777777777777777777777777777777777777777777777

(3.11)
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Invoking the notation above, Ny — Nj"™' =37, | H [ AT*!, whence
BNy — Ny = B B AT AL
k1
— Y EE(HH AT AT e ]
k=1

= E[HZ)X A

k>1

<4 Y E(ALT

k>1
< 47"E[ME.

Taking limits as t — oo, and applying Corollary 3.26 to both sides of the
above, yields
E[(NY, — N%™)? < 4"E[MZ),

and thus, for all m > n,

1
—4n1

So {N"} is a Cauchy sequence in c M3 and converges in £* to some continuous
limit N € eM32. But it follows from the bound in (3.12) and the first
Borel-Cantelli lemma that the convergence is also almost sure. Hence, from
(3.11), A™ converges a.s., uniformly in ¢, to some adapted and continuous
process [M].

It remains to prove that [M] isincreasing. For eachw and any fixed s < ¢, define
k(m,w) = max{k : T"(w) < s}, k(m,w) = min{k : T"(w) > t}. Note that, as

m — 00 T(mw)Ts <sT’? ) L t* > t, and that

E[(N" — N™)? < —E[M2)]. (3.12)

[M]o(w) = [M]o(w) = (M () — [M].e ()
= i i A )~ A Tinay) 2 0

O
We will need the following corollary in the next chapter.

Corollary 3.68 Let M be some continuous martingale null at zero. If S}
18 any doubly infinite sequence of stopping times, increasing in k, such that,
for each n,

(i) {7}k = 0} € {5}, k > 0},

(i) {Sp, k >0} C {Sp*! k >0},

where {T}'} is as in Definition 3.63, then, for almost every w,

(M) = lim 3 [Ming; (@) = Minsy ()] (3.13)
k>1
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Proof: The proof of Theorem 3.66 goes through, with S} replacing T},
unaltered except for (3.10), which becomes

[Hji| <277,

and subsequent consequential changes to future inequalities in the proof. We
thus conclude that the right-hand side of (3.13) has the properties of [M] as
stated in Theorem 3.66. But [M] is the only process with these properties, as
we show in Meyer’s theorem below. O

Remark 3.69: Note that quadratic variation is a sample path property. If
we change the probability measure on our space from P to some equivalent
probability measure Q (so P(F) = 0 < Q(F) = 0), the quadratic variation of
M will not change and remains a.s. finite.

We now give a very important result which follows almost immediately from
what we have done above. This is a special case of the Doob—Meyer theorem,
the full version of which we meet in Section 3.6.

Theorem 3.70 (Meyer) The quadratic variation [M] of a continuous
square-integrable martingale M 1is the unique increasing, continuous process
such that M?* — [M] is a UI martingale.

Proof: We saw in the proof above that for M € cMZ, [M] has the required
properties, so it remains only to prove the uniqueness. Suppose A is another
process with these properties. Both [M] and A are increasing, hence A —
[M] is of finite variation. Further, A — [M] = (M? — [M]) — (M? — A) is a
continuous martingale, null at zero. By Theorem 3.62 it must therefore be
identically zero. O

3.4.3 Quadratic covariation

The definition of the quadratic covariation of two processes is an obvious
extension of the quadratic variation for a single process.

Definition 3.71 Let X and Y be continuous processes null at zero and
let the doubly infinite sequence of times T} (X) and T{(Y) be as defined in
Definition 3.63. Now define the doubly infinite sequence Si' to be the ordered
union of the T(X) and T (Y),
[7)L =0,
- inf{t € {TH(X): k> 0y U{T(Y): k>0}:t> s;;_l}, k> 0.

The quadratic covariation of the processes X and Y, written [X,Y], is defined
to be

X, Y]i(w) = lim Y [Xinsy (@) = Xensy, ()] [Yonsy () = Yinsy, (@),
k>1

or +oo when the limit does not exist.
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Theorem 3.72 (Polarization identity) For almost every w,
[M, N](w) = 3([M + N] = [M] = [N])(w).

Proof: This is an easy consequence of Corollary 3.68 and is left as an exercise.
O

The polarization identity reduces most results about quadratic covariation
to the analogous results for the quadratic variation. An important example
is the following generalization of Theorem 3.70. The proof is left as an exercise.

Corollary 3.73 Let M and N be continuous square-integrable martingales.
The quadratic covariation [M, N] of M and N is the unique finite variation,
continuous process such that MN — [M, N] is a Ul martingale. Thus, the
process M'N is a UI martingale if and only if [M, N] = 0.

3.5 LOCAL MARTINGALES AND SEMIMARTINGALES

Many of the processes that we meet in finance are martingales, but this class
of processes is certainly too restrictive. In this section we extend this class,
eventually to semimartingales. All the processes that we shall encounter will
be semimartingales. First we shall meet local martingales and the idea of
localization, a simple yet, as we shall see repeatedly, very powerful technique.

3.5.1 The space c M.

We have seen that the class of (continuous) martingales is stable under
stopping (Proposition 3.54). We now define the class of processes which are
reduced to My, the class of martingales null at zero, by an increasing sequence
of stopping times. This technique, of taking a stochastic process and using an
increasing sequence of stopping times to generate a sequence of processes with
some desirable property, is what we mean by localization.

Definition 3.74 Let M be an adapted process null at 0. Then M is called
a local martingale null at 0, and we write M € Mo oc, if there exists an
increasing sequence {T,} of stopping times with T;, T 0o a.s. such that each
stopped process M ™ is a martingale (null at 0). If M is also continuous we
write M € cMo1oc. The sequence {T),} is referred to as a reducing sequence
for M (into My).

A process M is called a (continuous) local martingale, written M € Mo
(respectively M € cMoe), if My is Fo-measurable and M — My € Mo oc
(respectively M — My € c M joc)-

Remark 3.75: Observe that no integrability condition is imposed on the
random variable M.
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Remark 3.76: A martingale is a local martingale but the converse is not true.
It is a common misconception to believe that if we have integrability (i.e.
E[|M;|] < oo for all ¢t > 0) then this will ensure that a local martingale is a
martingale. Indeed a Ul local martingale need not be a martingale. A counter-
example to this and other related examples can be found in Revuz and Yor
(1991, p. 182).

Remark 3.77: In contrast to Remark 3.76, uniform integrability can sometimes
help establishing that a local martingale is a true martingale. If M is a local
martingale and for each ¢t > 0 the family {M tT "} is UI then the dominated
convergence theorem can be applied to show that E[M:|F;] = My, so M is a
martingale.

In Chapter 4, we shall define the stochastic integral for integrators in cM 3
and then use localization to extend the theory to more general continuous
integrators. Should we not, therefore, consider processes which localize to this
smaller class? The answer lies in the following simple lemma. This lemma
is an example of the simplification that comes from restricting to continuous
integrators. Let CMg,lo . be the space of local martingales which can be reduced

to martingales in cM3.
Lemma 3.78 Let M € cMy,oc and, for each n € N, define
Sp :=1inf{t > 0: M| > n}.
Then for each n, MS» is an a.s. bounded martingale, whence
eMoloc = CM(2),10C-

Proof: Suppose {T}} is a reducing sequence for M and that we stop the
martingale M7+ at the stopping time S,. Recalling that the space cMg is
stable under stopping, the stopped process (M T’“)S" = MTNSn is also a
martingale (null at 0) and for s < ¢ we have

Mz nsuns = E[Mr,as, at]Fs] -
As k1 0o, Mp as, At = Mg, A+ a.s. and, since M is continuous,
| M As, At <N

almost surely for all k. It now follows from the dominated convergence
theorem that
Ms, ns = E[Ms, nt|Fs,

and we are done. O
Noting that S,, T oo, it is clear from the lemma that we can always use the
sequence {S,} to check if a given continuous adapted process is in cM joc.
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This sequence can also be used to complete the proofs of Theorems 3.62
and 3.66. Indeed, these results can both be extended to local martingales,
as summarized in the following two theorems.

Theorem 3.79 For any M € cMyjoc, the quadratic variation process [M]
is adapted and a.s. finite, continuous and increasing. Furthermore, [M] is the
unique adapted, continuous, increasing process such that

M? — [M] € cMgoc- (3.14)

Proof: For each n € N, define S, as in Lemma 3.78. Each M® is bounded,
hence Theorem 3.66 holds and shows that [M*] is finite, adapted, continuous
and increasing. That [M] is adapted now follows since, given any ¢ > 0,
[M]¢(w) = sup, [M*"];(w), and the supremum of a countable measurable family
is itself measurable.

Let E; be the event that [M] is continuous and increasing over the interval
[0, t], and let E} be the corresponding event for [M*"]. Theorem 3.66 shows
that P(E}) =1 for all n and t. Since M;(w) = lim,jo M (w) for almost all
w,1g | 1, and thus

P(E,) = lim P(E}) =1,
as required.

Property (3.14) follows by a similar argument. The uniqueness claim for
[M] is immediate from the next result, which extends Theorem 3.62 (and
completes that proof). a

Theorem 3.80 Suppose M € cMgioc. If M has paths of finite variation
then M =0 a.s.

Proof: Let V) denote the total variation process of M. Stopping M at the
stopping time T,, = inf{¢ > 0 : Vj/(¢) > n} reduces the claim here to the case
covered by Theorem 3.66, i.e. when M is a bounded continuous martingale
with paths of bounded variation. O
A simple corollary identifies the quadratic variation of Brownian motion.

Corollary 3.81 If W is a Brownian motion then [W]; =t.

Proof: Example 3.3 established the fact that W72 —t is a martingale. The
result thus follows from Theorem 3.79. O

We conclude this section with the extension of Theorem 3.79 to the
corresponding result for the quadratic variation of two local martingales. The
proof follows from the polarization identity.

Corollary 3.82 Let M,N € cMyjoc. The quadratic covariation [M, N] of
M and N is the unique finite variation, continuous process such that M N —

[M, N] € cMyoc. Thus, the process MN is a continuous local martingale if
and only if [M,N]=0.
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3.5.2 Semimartingales

The class of semimartingales is a relatively minor extension of the class of
local martingales but it is, in fact, of fundamental importance. It is a very
general class of processes and it is, in a sense, the largest class of integrators
for which the stochastic integral can be defined (Theorem 4.27).

Definition 3.83 A process X is called a semimartingale (relative to the
set-up (Q,{F:}, F,P)) if X is an adapted process which can be written in the
form

X=Xo+M+A, (3.15)

where X is an Fy-measurable random variable, M is a local martingale null
at zero and A is an adapted cadlag process, also null at zero, having paths of
finite variation.

We denote by S the space of semimartingales and by ¢S the subspace of
continuous semimartingales.

We shall usually be considering only continuous semimartingales (certainly
when we define the stochastic integral). The continuity assumption simplifies
the theory. It turns out that when X is continuous, the processes M and
A in the decomposition (3.15) can also be taken to be continuous. It then
follows from Theorem 3.80 that this continuous decomposition is unique up
to indistinguishability (but see Remark 3.85). This allows us to make the
following definition.

Definition 3.84 If X is a continuous semimartingale and the decomposition
(3.15) is taken to be such that M and A are continuous, we call M the
continuous local martingale part of X and denote it by M = X'°°.

Remark 3.85: Note that the decomposition (3.15) is not unique (even when
X is continuous) if we allow M and A to have discontinuities since there are
non-trivial discontinuous (local) martingales which are of finite variation.

To complete our study of semimartingales we now consider the quadratic
variation of a continuous semimartingale which is, of course, defined via
Definition 3.63. The following lemma allows us to show that, if X is a
continuous semimartingale then [X] = [X!°¢], so we already know all about
[X]. We omit the proof of the lemma. The result is an obvious extension of the
equivalent result for a martingale given in Corollary 3.68 once one has seen
the proof of the integration by parts result given in Section 4.6. The reader
who wants to prove this now should look ahead to equation (4.22).

Lemma 3.86 Let X be a continuous semimartingale and let {T'} be as
in Definition 3.63. If S} is any doubly infinite sequence of stopping times,
increasing in k, such that, for each n,

(1) {T} :k>0} C{S}: k> 0},
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(i) {Sp:k >0} C{Sp™:k >0},
then, for almost all w,

(X]u(w) = lim 3" [Xonsy (@) ~ Xensp , ()]

E>1

2 (3.16)

Theorem 3.87 For any continuous semimartingale X € ¢S,
[X] = [x7°]
and, if Y is another continuous semimartingale,
[X, Y} _ [Xloc’ Yloc] .

Proof: The second equality follows by applying polarization to the first.

By stopping X at the time T' = inf{¢t > 0 : V4(¢) > K}, where A is the
finite variation part of X, we may assume that V4 < K; the general result
then follows by localization. Suppose X has decomposition (3.15) and consider
the doubly infinite sequence of times S} defined, for each n, via

S =0,
Sr :inf{t e {TMX): k>0 U{TH(M): k>0}:t> S;;,l}, k>0,

where {T}'(X)} (respectively {T}'(M)}) are the defining stopping times in
the definition of [X] (respectively [M]). Letting s} := S}’ At, we now have by
Lemma 3.86,

X)) = lm 3 (X (@) — Xop_ (@)

2

E>1
- tim [ (a1 ()~ b1 ()
E>1
+y (2(Msg (W) = My (@) + (Agp (@) — Agp (w)))
E>1

< (Ag(w) - Ay, (w))} |

for almost all w. For each w, the first term on the right-hand side converges
to [M]; by Corollary 3.68. The remaining term is, for each n, bounded by
3 x 27™Vy4(t) <3 x 2 "K — 0 as n — oo. This completes the proof. O

Remark 8.88 (Change of filtrations and measure): The definition of quadratic
variation is a sample path definition and is in no way dependent on the
probability measure P or the filtration {F;}. Clearly the statement that the
quadratic variation is a.s. finite and increasing does depend on the probability
measure, but if [X] is a.s. finite and increasing under P it will also be a.s. finite
and increasing for any Q ~ P.
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Remark 3.89: Suppose X is a continuous semimartingale on (92, {F;}, F,P).
What happens to X if we change {F;} or P? We shall see in Chapter 5 that
if Q@ ~ P then X is also a semimartingale for Q, but the decomposition (3.15)
will, in general, change.

Clearly X will not necessarily remain a continuous semimartingale if we
change the filtration {F;}, to a finer filtration for example.

3.6 SUPERMARTINGALES AND THE DOOB-MEYER
DECOMPOSITION

Supermartingales are an obvious generalization of martingales and will play
an important role in the development of term structure models in Chapter 8.

Definition 3.90 Let (2, F,P) be a probability triple and {F;} be a filtra-
tion on F. A stochastic process X is an {F;} supermartingale if:

(i) X is adapted to {Fi};
(i)  E[|X|] < oo for all t > 0;
(iii)  E[X:|Fs] < X5 a.s., for all 0 < s < ¢t.

If — X is a supermartingale then we say that X is a submartingale.

Remark 3.91: A supermartingale is a process which ‘drifts down on average’.
Clearly any martingale is also a supermartingale (indeed a process is a
martingale if and only if it is both a supermartingale and a submartingale).
It is also an immediate consequence of Fatou’s lemma that if X is a local
martingale bounded below by some constant then X is also a supermartingale.

Many of the results stated in this chapter for martingales also hold more
generally for supermartingales. We shall not explicitly need most of these
more general results. Note, in particular, however, that Theorem 3.8 holds for
a supermartingale X (it has a cadlag modification if {F;} is right-continuous
and complete), as does Doob’s (super)martingale convergence theorem.

We finish this chapter with a result of great importance within probability
theory, the Doob—Meyer decomposition theorem (we have already met a
special case of this decomposition in Theorem 3.70). There are many different
statements of this result and the one given here is particularly suited to an
application in Chapter 8. A proof can be found in Elliott (1982, p. 83).

Theorem 3.92 (Doob—Meyer) Suppose {X:}, t € [0,00], is a cadlag
supermartingale. Then X has a unique decomposition of the form

X, = M, — A,. (3.17)



62 Martingales

Here A is an increasing predictable process null at zero a.s., and there is an
increasing sequence {T,} of stopping times such that T, 1 co a.s. and each
stopped process M™ is a uniformly integrable martingale.

Remark 3.93: We will define the concept of a predictable process in Defini-
tion 4.2. In particular, ‘predictable’ implies ‘adapted’ which is enough for our
uses later.

Corollary 3.94 If X is an a.s. positive cadlag local martingale integrable
at zero then the conclusions of Theorem 3.92 hold.

Proof: Being a positive local martingale integrable at zero, X is a super-
martingale. Therefore the hypotheses of Theorem 3.92, and consequently the
conclusions, hold. O

Remark 3.95: Note that equation (3.17) ensures that the supermartingale X
is also a semimartingale.
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Stochastic Integration

In Chapter 3 we often needed a filtration to be complete and right-continuous.
We shall throughout the remainder of this book, unless otherwise stated,
assume this to be the case. We note that a filtration can always be augmented
so that these properties hold as described in Appendix 1.

4.1 OUTLINE

It is easy to get lost in the details of any account of stochastic integration,
so before we begin we will take this opportunity to step back and put all
the results to follow into perspective. At the end of this chapter we will have
assigned a meaning to expressions of the form

I=(HeX) = /Ot H,dX, (4.1)

for a broad class of integrand processes H and integrators X. All the ideas
presented in this outline are introduced with more detailed discussion in
later sections.

The integrators: continuous semimartingales

Throughout we will restrict attention to integrators which are continuous. A
deeper theory is required if we wish to drop this restriction and it is totally
unnecessary to do so for our purposes —remember the integrators will be asset
price processes and we will insist that they are continuous.

Recall that by a semimartingale we mean a process of the form X = X, +
M + A where X is a random variable, M is a continuous local martingale (null
at zero) and A is a finite variation process (also null at zero). It turns out that
the class of semimartingales is, in a sense made precise in Theorem 4.27, the
largest class of integrators for which the stochastic integral can be defined.
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The integrands: predictable processes

Suppose we wish to interpret the stochastic integral (4.1) as the gain from
trading in the asset X, and that H; is the holding at ¢ of that asset. At the
very least we want (4.1) to have a meaning when H is a simple process, one
for which there are only a finite number of time points at which we change
the amount of asset X that we hold. Clearly we must also insist that H
does not look into the future otherwise there will be arbitrage, so H must at
the very least be adapted. In continuous time, even being adapted is not (in
general) enough to give (4.1) a reasonable interpretation. The problem is that
in continuous time the future and the past meet at the present (see Example
4.1) so we must be more careful.

Consider for a moment the simple integrands H. If we insist that H is
left-continuous we have already decided just before ¢ what the integrand will
be at t. An immediate consequence of this is that, if H is simple and left-
continuous and if X is a martingale, then H ¢ X is also a martingale. This
is exactly what we want because it rules out arbitrage in the economy. We
shall in Section 4.3.1 give a more precise definition of a simple process and
shall include left-continuity as a requirement. Of course, simple integrands are
not enough for a complete theory of stochastic integration so we must extend
the class. If we do so, in a natural way, we end up with exactly the class
of predictable processes. This class is, in a sense we make explicit in Section
4.2, the smallest reasonable class of integrands that contains all simple left-
continuous integrands. All left-continuous processes are predictable. We shall
see (from the martingale representation theorem in Chapter 5) that this class
of integrands is large enough to encompass all the processes that might be of
interest.

The predictability restriction is what prevents the integrand from
anticipating the future. We must also ensure that the stochastic integral
does not explode, just as we must when defining a classical Lebesgue—Stieltjes
integral. We will discuss two ways of doing this. The first is to make H locally
bounded, meaning there is a sequence of stopping times T}, 1 co such that H”»
is bounded. The second, which only works for a local martingale integrator
M, is to insist that H € II(M) (see Section 4.5.1). More on this later.

Constructing the integral

The construction of the stochastic integral is done in two stages. The first step
is to define the integral for the case when both H and X are bounded. This is
the majority of the work, and we will outline it shortly. The second step, which
is more straightforward, is to extend from bounded H and X to the general
case. This is achieved using the idea of localization which was introduced in
Section 3.5. The argument goes as follows. Suppose H and X = Xo+ M + A
are general and let {7',} be an increasing sequence of stopping times, T, 1 oo,
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such that H1(0,T,] and MT are bounded. We define the general stochastic
integral H « X via

/H ) dXu( /H ) dM,( /H )dA, (w)

tATy (w)

tATy (w)
= liTm H,(w) dM,(w) —I—/ H,(w)dA,(w)
t

= lim [ H,(w)1(0,Tp(w)] dMI) ()

ntoo Jo
N /0 H, ()1(0, Ty (w)] dA, () -

The final term on the right-hand side is a classical Lebesgue—Stieltjes
integral, so we know what that means (Theorem 3.60 has already covered this).
All that remains to complete the definition is to define H e M for bounded
predictable H and bounded local martingales M, i.e. bounded martingales
M. This is the crux of the construction and the topic of Section 4.3.

Construction of the stochastic integral for integrators in cM3

We need only construct the integral for bounded M € cM3, but the technique

we use works for any M € cM3.

The construction, which has many features in common with the
construction of the classical integral, is completed as follows.

(1) Define the integral He M in an ‘obvious’ way for a class of simple
integrands which are piecewise constant (between a finite number of
stopping times). We denote by U the space of all such integrands.

(2) Define the integral for a general H € U (the closure of &) by continuity,

HeM:= lim H"e M, (4.2)
n—oo
where H" € Y. What we mean by the closure of & and the limit in (4.2) is
made precise in Section 4.3. The construction is complete once we observe
that U contains all bounded predictable integrands.

4.2 PREDICTABLE PROCESSES

A theory of stochastic integration must include integrands which are constant
until some stopping time 7" and are then zero. But should we allow integrands
H of the form

H = 1(0,T] (4.3)
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or of the form
H=1(0,T),

or both? Both these processes are adapted, but the following example, taken
from Durrett (1996), shows that (for a general theory) we should restrict to
the former.

Ezample 4.1 Let (Q,F,P) be a probability space supporting two random
variables T and & defined by

Define the cadlag process X via
X =¢&1[T, o],

and define the filtration {F;} by F; = 0(X,,u < t). Note that X is an {F;}
martingale and consider the ‘stochastic integral’ I; = fg X dXy. The integral
I can, in this example, be defined pathwise as a Lebesgue—Stieltjes integral,
so the stochastic integral must (surely!) be defined to agree with this,

t
Lw) = / X () dXu(®) = Loz = Ly -
0

The integral I is not a martingale and the ‘trading strategy’ H = X has
generated a guaranteed unit profit by time one.

The problem in this example is that the integrand is right-continuous and
thus able to take advantage of the jump in the integrator. Of course, this
problem cannot occur when the integrator is continuous, which is the case
for which we present the theory, but the point is well made. See Remark 4.4
below for more on this point.

We will develop a theory that excludes right-continuous integrands and
contains integrands of the type (4.3) and finite linear combinations thereof.
To do this we view a general integrand as a map

H:(0,00) xQ2—R
(t,w) — Ht(w).

We will define a o-algebra on the product space (0,00) x € and insist that
all integrands are jointly measurable with respect to this c-algebra. In so
doing we are reducing a stochastic process (a collection of measurable maps
indexed by t) to a single measurable map from a larger space, and thus we
are able to view the integrands as members of a classical (L?) Hilbert space.
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This identification is important in extending the definition of the integral from
simple integrands to more general bounded integrands.

The above joint measurability is strictly stronger than the requirement that
H be adapted. There is no unique choice for the o-algebra to impose on the
product space. The one we shall work with, as given by the following definition,
is the smallest o-algebra which is sufficient for the development of the general
theory. See Remark 4.4 for further comment.

Definition 4.2 The predictable o-algebra P on (0,00) x Q is the smallest
o-algebra on (0, 00) x § such that every adapted process having paths which
are left-continuous with limits from the right is P-measurable.

A process H with time parameter set (0,00) is called predictable if it is
P-measurable as a map from (0,00) x Q to (R, B(R)), and we write H € P.
We say H € bP if H is also bounded.

Technical Remark 4.3: The astute reader will notice that we have not defined a
predictable process at zero. We do not need the integrand there and excluding
it avoids troublesome technicalities.

In fact, in the definition of the predictable o-algebra we can replace left-
continuous processes by bounded linear combinations of processes of the
simple form (4.3). We will build up the definition of the stochastic integral
starting with this most basic type of integrands.

Technical Remark 4.4: For continuous integrators it is possible to define a
theory of stochastic integration for a wider class of integrands. In the extreme,
the integrand can be merely adapted if the integrator satisfies extra regularity
conditions (Karatzas and Shreve (1991)), and this includes the case when
Brownian motion is the integrator. Without these restrictions, continuity of
X is sufficient to develop a theory for integrands which are progressively
measurable as defined in Theorem 3.60. This is the approach of Revuz and
Yor (1991). However, as they point out, extending the class of integrands in
this way is of no real advantage since the stochastic integral of a progressively
measurable integrand is indistinguishable from the stochastic integral of a
corresponding predictable integrand.

4.3 STOCHASTIC INTEGRALS: THE L? THEORY

We are now in a position to develop the stochastic integral with respect to
an integrator M € cM3. This is the heart of the definition of the general
stochastic integral; after this section the rest is plain sailing.

Throughout we will restrict attention to a fixed integrator M € cM32 (recall
e M3 is the space of continuous square-integrable martingales null at zero). As
noted in Section 4.1, at this stage we need to define the stochastic integral with
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respect to M at least for all integrands H which are bounded and predictable.
In so doing we shall actually define the integral for more general integrands.

The first stage in the construction is to define the stochastic integral for a
class U of simple integrands for which the desired definition is obvious and can
be done pathwise. The next step is to extend this definition by a continuity
argument to U, the ‘closure’ of . However, before we can talk about the
closure of U we need to define a norm (or at least a topology) on the space of
integrands, and to talk about continuity we further need a norm (topology)
on the space of resultant stochastic integrals.

For the space of stochastic integrals the norm is easily defined. We will
show that for any H € U, the square-integrability property of M ensures
that H e M € cM2, and for cM32 we have already defined the norm || - |2 in
Section 3.2.3. The existence of the increasing process [M] is what allows us to
define a norm || - |5 for H € P, and this we do in Section 4.3.2. With these
definitions we shall see that the continuous linear map

I:U—cM}
Hvws HeM

is an isometry and thus can be extended uniquely to a map I : U — c/\/l%.
Clearly the space U depends on M via the norm | - |5 As Theorem 4.10
states, this is precisely the Hilbert space L?(M) which we introduce shortly.

4.3.1 The simplest integral

Fix M € cM}. For H of the form (4.3) we make the obvious pathwise
definition for the stochastic integral H o M := [ HdM as

(H + M) () = ( / t HdM) (@) = (Minr — Mo) (w).

That is,
HeM =M" (since My = 0).

Note that clearly H e M € cMs3.
We now extend the definition of the stochastic integral by linearity to the
space of finite linear combinations of 1(0, T|-type processes.

Definition 4.5 For two stopping times S and T, denote by 1(S,T] the
process
_J1 if S(w) <t <T(w)
LS, Tt w) = {0 otherwise,
and let U be the space of simple processes H of the form
H(t7 L(J) = Z ci*ll(ﬂfh 1—‘1] (tu (AJ)

i=1
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where {T}.} is a finite sequence of stopping times with 0 <To <T; <...<T,
and {cy} is a finite sequence of constants.
For any H € U, we define H « M (by the obvious extension of (4.4)) as

(H + M) = Y- i [Mne @) = Mr_pa(@)] (4.5)

It is easy to check that the space U is indeed the space of linear combinations
of 1(0, T)-type processes, and furthermore the definition (4.5) is independent
of the particular representation chosen for any H € . The following obvious
result will prove useful shortly.

Lemma 4.6 Fix M € cM3 and let H € U. Then H e M € cME and

|H e M3 =E[(H«M)Z] = B[S (M3 - ME_,)].
=1

Remark 4.7: Note that it is vital at this point that {F;} be complete for
HeM to be adapted to {F;} (Corollary 3.48). This is the only point in
the construction of the stochastic integral at which we need to appeal to
completeness.

4.3.2 The Hilbert space L*(M)

We proved in Theorem 3.66 that the quadratic variation [M] is an increasing
process, and this property gives us a candidate norm || - || oy on the space of
predictable processes P, namely

1
2

Il = (5 [ m2don),)"

There is one problem with this, however, one we have met before, which is the
fact that any H which is indistinguishable from zero, yet is not strictly zero,
will have ||H||pr = 0. Thus || - || ar is not strictly a norm on P. The problem
also arises more generally if [M] is not strictly increasing. To get around this
we must identify any processes H and K for which |H — K|/ »r = 0. We will
do this whenever necessary without further comment. The only concession we
shall make is to stick to the convention, as best we can, that we refer to spaces
of equivalence classes using Roman font and actual processes using script font.
We make the following definitions.

Definition 4.8 The spaces L?(M) and L*(M) are defined to be

L3(M) := {H € P such that ||H| < oo},
L*(M) := {equivalence classes of H € P such that |H|| pr < oo} .
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Technical Remark 4.9: With this definition || - ||s is a true norm for the space
L*(M), and under this norm L?(M) is actually a Hilbert space. To see this,
we view L?(M) as the space L*((0,00) x Q,P, p1,,) where p,, is the unique
measure on ((0,00) x Q,P) such that

Mm([svt] X F) = E[([M]t - [M]s)lF}

for s < t, F € F,. See Appendix 2 for more detail on L?.

Equipped with a norm we can now identify the closure of U, the set
of integrands to which we can hope to extend the stochastic integral by
considering sequences of simple integrands. Standard results from analysis
allow us to state the following result. A proof can be found in Rogers and
Williams (1987).

Theorem 4.10 Viewed as a subspace of L*(M), the closure of U under the
norm || - | is precisely L*(M).

Remark 4.11: Note that we have the relationships 4 C bP C U = L*(M) (in-
terpreting U as a set of processes again). Thus £3(M) is the smallest ‘closed’
space, for the norm || - ||as, containing all bounded predictable processes. Note,
however, that if we change M then £?(M) also changes.
4.3.3 The L? integral
Given M € cMZ, how do we extend the definition of the stochastic integral
H e+ M to include as integrands all H in £*(M)? The following extension of
Lemma 4.6 is crucial.
Lemma 4.12 Fiz M € cM3. For any H € U, H « M € cM3 and

[« M|z = [ H|[ar, (4.6)

i.e. the map Ing: U, | - |a) — (M3, | - |l2) is an isometry. In particular, if
{H"} is a Cauchy sequence in U, then {H"« M} is Cauchy in cM3.

Proof: From Lemma 4.6 we have that H e M € cM2 and that
|H M3 =E | ¢ (M7 - Mz
i1

But M? — [M] is a uniformly integrable martingale (Theorem 3.70) and so for
each i € {1,...,n} we have

E[Mz7 — M;_ | Fr, ] = E[[M]7, — [M]z, | Fr,_,].
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Thus

M3 = B[S (M~ M) = [ 2o

as required.
The Cauchy property is immediate from (4.6). O

We will shortly apply this result to complete the definition of the L? sto-
chastic integral. Before we do so we take a brief pause for thought. To define
the integral in general, ideally we would like to do this on a pathwise basis as
follows:

(i) For each H € £%(M) identify an approximating sequence {H"} C U for
which ||[H" — H||p — 0 as n — oo.

(ii) Show that the corresponding sequence of stochastic integrals H™e M
converges a.s. to some limit H ¢ M. On the null set where the sequence
does not converge, define H « M = 0.

Given any Cauchy sequence H" € L2(M) it follows from Lemma 4.12
that the sequence H™ e M converges in £2, hence converges a.s. along a fast
subsequence, so step (ii) presents no problem. Furthermore, the ezistence of
a suitable sequence for step (i) is not in doubt — it follows from the fact
that L2(M) is complete (Appendix 2). However, there are many possible
approximating sequences which could be used in step (i) and the remaining
problem is to identify one in particular which will be used for the definition.
In the special case when H is left-continuous there is an obvious choice of
approximating sequence, as we show in the next section, and this completes
the construction. However, for general H € £2(M) there is no constructive
way to define the approximating sequence H™. This would not be a problem
if the limit were independent of the approximating sequence, but given
any two approximating sequences {H"} and {K™}, the limits (along a fast
subsequence) H ¢ M and K ¢ M will in general disagree on a null set. Thus
our inability to explicitly and uniquely identify an approximating sequence
of integrands procludes us from defining the stochastic integral as a pathwise
limit (but see Section 4.3.4 for what is true pathwise).

These observations force us to be less ambitious in constructing the
stochastic integral. The following result essentially completes that definition.
It defines the stochastic integral but only up to an equivalence class. When we
need to consider the stochastic integral as a true stochastic process and not
just as an equivalence class, as we do when considering sample path properties,
we choose some (appropriate) member of the equivalence class.

Recall that we can identify cM3 with a classical L? space by imposing the
norm || - ||2 and taking equivalence classes. For the remainder of this section
we denote this space of equivalence classes by L?(cM3).
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Theorem 4.13 Given M € cM2 and H € L*(M), there exists a sequence
{H"} CU and N € cM3 such that

|H™ — H|ar — 0 (4.7)
|H™ e M — N2 — 0 (4.8)

as n — oo. Furthermore, if M and N lie in the same equivalence class of cM3
as M and N respectively, and if H and H lie in the same equivalence class of
L2(M), then (4.7) and (4.8) hold for M, N and H.

Viewing M and H as elements of LQ(CMZ) and L*(M) respectively, we
define the stochastic integral HeM € L?(cME) to be the unique N €
L?(eM3) for which (4.7) and (4.8) hold. Viewing M and H as elements of
eM3 and L?(M), we define the stochastic integral H e M € cM3 to be some
N € eM§3 for which (4.7) and (4.8) hold.

Proof: By Theorem 4.10, given any H € L?(M) = U, we can find a sequence
{H"} C U such that H™ — H in L?(M). The sequence { H"} is Cauchy hence,
by Lemma 4.12, {H" e M} is a Cauchy sequence in L?(cM3) which, since
L?(cM3) is complete, converges to a limit in L?(cM3). We define H ¢ M to be
this limit. That H e M is well defined (as an equivalence class), i.e. independent
of the approximating sequence {H"}, follows from (4.6) for H™ € U. This
completes the construction at the equivalence class level. The remainder of
the theorem is obvious. O

Corollary 4.14 For any M € cM2 and H € L*(M), He M € cM3 and

B[+ M%) = [+ MIE = |13 = B( [ mEaba.).

4.3.4 Modes of convergence to H M

It is worth spending a little more time understanding in more detail the way
in which the integrals H™ e M, H™ € U, converge to H ¢ M. Theorem 4.13
states that, given any H € L£2(M), there exists some continuous martingale
H e M € cM3 such that

E[(H"eM — HeM)?] — 0 (4.9)

whenever
|H™ — H||pm — 0.

Suppose we consider all the equivalence classes of cM2 and select one element
within each class. We define this process to be the stochastic integral H « M
of all H for which (4.7) and (4.8) hold. The convergence in (4.9) is L?
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convergence. An immediate consequence of this is convergence in probability,
so we can replace (4.9) by

IP’(sup|(H"0M— HeM)| > 5) =0
t>0
as n — oo for any € > 0.

As mentioned above, what one would like ideally is almost sure convergence.
But convergence in probability implies almost sure convergence along a
subsequence, so we can conclude, given any H € L2?(M), that there exists
a sequence {H "/} C U such that, for almost every w,

(H™ o M)y(w) — (H o M)s(w).

Thus, at least along a fast subsequence, once we have defined the stochastic
integral, any approximating sequence converges a.s. to this stochastic integral.
However, any two convergent subsequences will misbehave on different null
sets, and it is this that prevents us from defining the stochastic integral as a
pathwise limit.

There is a special case when the stochastic integral can be defined pathwise.
When H is bounded and left-continuous we have the following result which
explicitly identifies the stochastic integral, on a pathwise basis, as the limit of
a Riemann sum.

Theorem 4.15 Let M € cMZ and H € bP be left-continuous. Define the
doubly infinite sequence of stopping times {T}'} via

Ig =0, Ty =inf{t > T} : |H — Hrp| > 27"}

Then, for almost every w,

/ H, dM = lim Y Hinrp (W) [Minrp (@) = Miary | (@)] -

n—o00
k>1

Proof: The method of proof is similar to that used in Theorem 3.66. We leave
this as an exercise for the reader. (|

Remark 4.16: We shall shortly define the stochastic integral for a wider class of
integrands and integrators; all the comments in this section hold in this greater
generality. In particular, Theorem 4.15 holds if M is a general continuous
semimartingale and H is locally bounded and left-continuous.
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4.4 PROPERTIES OF THE STOCHASTIC INTEGRAL

We now review some basic properties of the stochastic integral. These extend
to the more general integral which we define shortly, and indeed some of them
are needed to be able to carry out that extension.

The first result shows how the stochastic integral behaves with respect
to stopping and plays a key role in its extension by localization in the
next section. The second identifies the quadratic variation of the L2
stochastic integral. One property we expect is that integration be associative,
He(KeM) = (HK)eM. This is the fourth result we prove, and to do so
we need first to establish the Kunita-Watanabe characterization, the third
theorem.

The first result proves that stopping the stochastic integral is the same as
stopping either the integrand or the integrator.

Theorem 4.17 Fix M € cM3. Then for any H € L?(M) and any stopping
time T,
(HeM)T = H1(0,T] s M = Ho M™.

Proof: For general H € L2(M), let {H™} C U be such that |[H™ — H||ps — 0
as n — oo. For H € U the result is straightforward, thus in particular

(H" e M)T = H"1(0,T)o M = H" e M”.
The general result is now immediate from the following observations,

(i) Using the optional sampling theorem and Jensen’s inequality, it is clear
that cM3 is stable under stopping (that is, if M € ¢M3 and T is a
stopping time, then MT € cM3). Thus,

|(H™ e M)T — (H « M|} = E[(H" o M — H « M)} ]

- E[(E[(H" oM - H-M)Oo\]-“TDQ}
<B[(H"+ M — H o M)
=|H"eM — HeM|3—0

(the second equality is the optional sampling theorem, the inequality
is Jensen and the convergence is from the definition of the stochastic
integral);

(ii) ||H™1(0,T) — H1(0,T)||ar < ||[H™ — H||ps — 0, thus ||[H™1(0,T] e M —
H]-(OvT] .M||2 —0;

(iii) MT € eM3, ||[H™ — H||p — 0 thus [|[H? e MT — He MT||y — 0. O

For integrands H € £2(M) we have seen that H ¢ M € cM3. The following
result identifies the quadratic variation process of H ¢ M and the covariation
of any two stochastic integrals in terms of certain Lebesgue—Stieltjes integrals.
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Theorem 4.18 (Quadratic variation, quadratic covariation) Fix
M € cM3. For any H € L*(M),

t
(o)t - [ 2D,
0
is a continuous UI martingale and thus
t
[H o M]; :/ HZd[M],. (4.10)
0
Further, if N € eM2 and K € L?(N), then
t
[HoM,K-N]t:/ H,K,dM,N],. (4.11)
0

Proof: Let .
X; = (HoM)? —/ H2d[M
0
Clearly X is continuous. To prove X is a Ul martingale we use Theorem 3.53.

Let T be a stopping time. Since H ¢ M is UI (being in c¢M3), the optional
sampling theorem combined with Jensen’s inequality shows that

E[(H « M)3] < E[(H+M)2].

Further, fOT H2d[M], < fooo H?2 d[M],, which is integrable by Corollary 4.14,

and thus we can conclude that the random variable fOT H?2 d[M], is integrable
and so

E[|X7|] < E[(H e+ M)2] +E{/OTH3d[M]u} <o0.

Next observe, by Corollary 4.14 and Theorem 4.17, that

w | i

[/ HlOT)d[M]u}
[H10T M)Z]
[[(H
[(H

l’]

E
E|(
El|
E|(

]

Thus E[X7] = 0 and X is indeed a UI martingale by Theorem 3.53.
The identity (4.10) follows from Theorem 3.70. To establish (4.11) it is
sufficient to show

[H oM, N], = /Ot H, d[M,N],. (4.12)
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Equation (4.12) can be proved by again using Theorem 3.53 to show that
(HeM)N — He[M,N]

is a continuous UI martingale. The details are left to the reader as an exercise.

O

As our next result indicates, Lebesgue—Stieltjes integration can be used to

form the basis of an alternative characterization of the stochastic integral. This

is, in fact, how the L? stochastic integral was originally defined by Kunita and
Watanabe (1967).

Theorem 4.19 Let M € ¢cM3 and H € L£L?(M). The stochastic integral
H o M is the unique (up to indistinguishability) martingale in cM3% such that

[H e M,N] = He[M,N] (4.13)

for every N € cM32.

Proof: We already know from (4.12) above that H e M satisfies (4.13). To
show uniqueness, suppose X is some other martingale in cM 3 such that

[X,N]=He[M,N]| (4.14)
for every N € eM32. Subtracting (4.13) from (4.14) we have, for each t > 0,

that
[X —HeM,N];=0 as.

In particular, taking N = X —H ¢ M, we have that [X—H e M, X—H e M| =0
and so E[(X — H ¢ M)?] = 0 by Theorem 3.70. Hence X = H ¢ M a.s. O

Corollary 4.20 (Associativity) Fix M € cM3. If K € L*(M) and
H e L?(KeM), then HK € L£L?(M) and

(HE)e M = H o (K » M).
Proof: Since, by Theorem 4.18, [K « M] = [ K2 d[M], for all t > 0, we have
¢ ¢
E{/ H2K? d[M]u} - E{/ H2 d[K-M]u}
0 0

and so HK € £*(M).
By Theorem 4.19, for any N € cM32 we know that

[K-M,M/Otffud[M,N]u
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and so, appealing to the associativity of Stieltjes integrals,

[(HK)eM,N] = /OtHuKud[M,N]u

t
:/ H,d[K «M,N],
0

— [H+(K +M),N].

The result now follows from the uniqueness in Theorem 4.19. ([

4.5 EXTENSIONS VIA LOCALIZATION

The theory we have developed so far for the stochastic integral, though elegant
and self-contained, is too restrictive. For example, the class of integrators
c./\/lg does not include Brownian motion and we certainly need to extend the
theory to include this for our applications. Fortunately localization allows us
to extend the stochastic integral without much difficulty.

Our first use of localization is to extend the class of integrators to continuous
local martingales null at zero, cMjo.. This is not the final class of integrators
for our theory; for that we must wait until Section 4.5.2.

4.5.1 Continuous local martingales as integrators

We are now ready to extend the definition of the stochastic integral to the
class of integrators cMgo.. The class of integrands we shall use again depends
on the integrator M and we denote it by II(M). This class is defined as follows:

t
(M) := {H € P such that / H?d[M], < o a.s., for all t} . (4.15)
0

Observe that if M € cMZ, in which case £2(M) is defined, we have
L3(M) CTI(M).

Thus the definition of the stochastic integral given below broadens the class
of integrands as well as the class of integrators.
Fix M € cMgjoc and let H € II(M). For n € N, let

Sy = inf{t > 0: | M| > n},
t
R, :=inf{t > 0: / H?d[M], > n}, (4.16)
0

T, = Ry AN Sy.
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For each n, T, is a stopping time and 7T, T co a.s. Further, note that
M e e M2,
H1(0,T,) € L*(M™),
and so, using Theorem 4.13, for each n we may define the stochastic integral
(H1(0,T,]) s M € cM3.

It is immediate from Theorem 4.17 that, for 1 < n < m, we have
T,
((m(o,zn]) MT) = (H1(0,T,]) « M". (4.17)

Equation (4.17) tells us we can use localization to provide a consistent
definition of the stochastic integral H ¢ M.

Definition 4.21 Let M € cMyjo. and H € II(M). We define the stochastic
integral H « M to be the process in cMgjoc defined by

H e M(w) = lim (H1(0,T,])(w) « M (@),

where {T,} is defined by (4.16).

Remark 4.22: Note the statement included in this theorem that the stochastic
integral with respect to a local martingale integrator is itself a local
martingale. This fact is used repeatedly in calculations and applications (see
Example 4.37 for one example).

Given M € ¢ My joc, II(M) is in fact the largest possible class of integrands
we can take. The interested reader is referred to Rogers and Williams (1987)
or Karatzas and Shreve (1991) for an explanation of why this is the case.

With the obvious modifications, the properties of the L? stochastic integral
established in Section 4.4 carry over to this more general case.

4.5.2 Semimartingales as integrators

The final step in our construction of the stochastic integral is to extend
the class of integrators to continuous semimartingales. In order to discuss
integration with respect to a semimartingale we replace the obvious choice,
II(X) (as defined in (4.15)), by a slightly smaller class of integrands that does
not depend on X', the space of locally bounded predictable processes. We
need to do this because II(X) does not depend on the finite variation part of
X and so, in general, denoting the finite variation part of X by A, the integral
H e+ A will not exist for H € II(X). As will be clear from the definition, the
new space we introduce is independent of X and as such can be used as part
of a more general stochastic calculus.
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Definition 4.23 A process H is called locally bounded and predictable, and
we write H € (bP, if it is predictable and if there exists an increasing sequence
{T,.} of stopping times with T, T oo a.s. and a sequence {c,} of constants
such that, for all w,

|H1(0,T3]| < cn . (4.18)

The sequence {T,} is referred to as a reducing sequence as H1(0,T,] € bP.
Remark 4.24: Since {F;} is assumed to be complete it is sufficient that (4.18)

hold for almost all w. To see this, let Q* be the set of paths for which (4.18)
holds. Now define the stopping times {Tn} by

To(w) = { Th(w) we*

0 otherwise.
This is a reducing sequence of stopping times for H.

All cadlag processes H such that limsup, |, |H;| < oo a.s. are seen to be in
¢bP by taking
T, =inf{t > 0: |H¢| > n}, (4.19)

which ensures that (4.18) holds a.s. Furthermore, we have the following
important result alluded to above.

Lemma 4.25 For any M € cMg 1oc (or more generally X € ¢S),
P CII(M).

Proof: Given H € (bP, take the reducing sequence (4.19) and observe that
Tn
/ HZ2d[M], <n*[M]r, < oo as.
0

O

The lemma means that, for H € {bP, M € cMg joc, We can define H ¢ M as

in Section 4.5.1. Clearly, for H € ¢bP and A a continuous adapted finite

variation process, we can define H e A as the pathwise Lebesgue—Stieltjes
integral (as we did in Chapter 3 for bounded H)

(HoA)(w) = /O Hy(w) dA, ().

Noting that H € P implies H is progressively measurable, Theorem 3.60
ensures that H e A is again continuous adapted and of finite variation. Thus
we have the following extension of the stochastic integral.
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Definition 4.26 For X a continuous semimartingale as at (3.15) and for
H € (bP we define the stochastic integral H « X to be the continuous
semimartingale (null at zero) given by

/Huqu =HeX:=HoeM+ HoA.

4.5.3 The end of the road!

The concept of a semimartingale was originally arrived at by ad hoc means.
However, it can be argued that any reasonable integrator is a semimartingale
as follows. Recall that we began the development of the stochastic integral by
taking as integrand the class U of simple predictable processes of the form

n
H= Zci—ll(Ti—laTi] .
i=1

For any continuous adapted process X and any H € U, we could define a
‘stochastic integral’ H ¢ X in the obvious way via

(HeX): =Y ci1(Xnnt — X1y nt) -

i=1

Let H and the sequence {H"} be in U. For a general X, even if we have
uniform convergence of {H"} to H (a very strict form of convergence) this
is not enough to ensure the weak requirement that we have convergence in
probability of (H™ e X); to (H ¢ X);. The following result tells us that it is
precisely the class of semimartingales for which the map H — H ¢ X satisfies
this mildest continuity condition, and thus for which a sensible extension of
this map is possible. A proof of this result can be found in Dellacherie and
Meyer (1980).

Theorem 4.27 Suppose X is a continuous adapted process such that,
whenever {H™} is a sequence in U with

sup |[H"(t,w)| — 0,

t,w

as n — oo, then for each t
(H"eX); =0

in probability. Then X is a continuous semimartingale.
The converse result is also true.
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4.6 STOCHASTIC CALCULUS: ITO’S FORMULA

4.6.1 Integration by parts and It6’s formula

Having defined the stochastic integral we now need to develop the rules by
which it can be manipulated, i.e. stochastic calculus. The main tool is a change
of variable formula for stochastic integrals known as It6’s formula. We begin
by proving a special case of the result, the integration by parts formula, which
shows that the equivalent classical result must be amended when dealing with
stochastic integrals to include a correction term.

Theorem 4.28 (Integration by parts formula) Let X and Y be
continuous semimartingales (with respect to (Q,{F:},F,P)). Then, a.s., for
allt >0,

X.Y; = XoYo + /Ot X, dY, + /Ot Yy dX, + [X,Y];. (4.20)
In particular,
X2 X§+2/0tXu dX, + [X];. (4.21)
Proof: We first prove (4.21) from which we can deduce (4.20) by polarization,
XYy = 3 (X +v)? - X2 - V2).

Suppose X has decomposition (3.15). It suffices, by use of the reducing
sequence S, = inf{t > 0 : |Xy| + |M¢| > n}, n > 1, to assume that both
X and M are bounded. Using the notation of Theorem 3.66, we can write

XP = X§ = (XE - XG )42 Xy (X = X )

k>1 k>1
— 2 2
=D (Xfp = X% )+2) Xy (Mg - My )
k>1 k>1
+2) X (A —Aw ). (4.22)
k>1

For each w, the first term on the right-hand side converges to [X]: by
definition, and the second converges a.s. to X ¢ M by Theorem 4.15 and
Remark 4.16. The final term is, for each w, merely a discrete approximation
to the Lebesgue—Stieltjes integral [ X, dA, (which is also continuous), thus
converges to X e A by the classical (Lebesgue) dominated convergence theorem
(recall X is bounded). O

Remark 4.29: Observe that if X or Y is of finite variation then (4.20) reduces
to the ordinary integration by parts formula for Lebesgue-Stieltjes integrals
since in that case [X,Y]; = 0.
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Remark 4.30: From the particular case (4.21), if M is a local martingale we
now have an expression for the local martingale M2 — [M] (see Theorem 3.79)
in terms of a stochastic integral,

t
Mff[M]t:Mng?/ M, dM, .
0

Equation (4.21) shows that if X; is any continuous semimartingale and
f(x) = 2% then f(X;) is also a continuous semimartingale. It6’s formula tells
us that this is the case for any function f which is C? and provides the
decomposition for the continuous semimartingale f(X).

Theorem 4.31 (Ité’s formula) Let f : R — R be C? and let X be a
continuous semimartingale. Then, a.s., for all t > 0,

F(X)) = f(Xo) / F(Xy)dXy + 3 / (X (4.23)

In particular, if X has the decomposition X = Xo+ M + A then f(X;) has
the decomposition

F(X2) = F(Xo) + /f W) d, +{ /f YdA, + 3 /f” M.},

(4.24)
and is thus a continuous semimartingale.

Remark 4.32: Note that f'(X;) is a continuous adapted process in £bP and so
the stochastic integral is well defined. The second integral in (4.23) is to be
understood in the Lebesgue—Stieltjes sense.

Proof: The second result is a simple consequence of the first. To prove the
first, note that (4.23) trivially holds for f(z) = 1 and f(z) = z. Further, if
(4.23) holds for f and g, then it also holds for f 4 g and, by Theorem 4.28,
for fg. We can conclude that the result holds for all polynomial functions.

We now prove the result for general f. By localization we may assume that
X, [M] and V4 are bounded, by K say. By the continuity of (4.24) in ¢, we
need only prove that, for all ¢ > 0 and all € > 0,

P(IG)l > <) =0,

where (Gf); is the difference between the left- and the right-hand sides of
(4.23). We prove this by polynomial approximation.
Fix € > 0, and let p,, be a polynomial such that

S [pn(@) = £(@)] + [ph(2) = F'(@)] + P (2) = f(@)| <n™h. (4.25)
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We have just shown that (Gpy,): = 0, a.s., so (Gf): = (G(f — pn))e a.s. It
follows from (4.25) and the bounds on M and V4 that

2+ 2K ¢
6 —pnl < =25+ | [ = £y an,

n

For n sufficiently large (> 2(2 + 3K)/e),
P(|(Gf)| > &) =P(G(f — pn)e > €)
SIP’(‘/O W, — 1) dM, >s/2>

4B o @ — ) dM.[?]

< = (Chebyshev)
4[| fy w, — £') dlM]u]

fr— — 62
4K

= Tl2—€2 ’

the last equality following from the isometry property, Corollary 4.14. Taking
n sufficiently large, we may make this as small as we wish. O

4.6.2 Differential notation
A shorthand for It6’s formula is to write it in differential notation as
df(X) = f'(X)dX + 3" (X)d[X].

To facilitate computations using It6’s formula (especially in the multidimen-
sional case to follow) we make the following definition. For continuous semi-
martingales X and Y, let

(i) dXdY =d[X,Y] (=dYdX).
Since
(ii) dXdA =0 if A is of finite variation,

if Z is also a continuous semimartingale, we have
(iii) (dXdY)dZ =dX(dYdZ) =0,

and similarly for higher-order multiples. If, in addition, H, K € £bP, recalling
from Theorem 4.18 that

dHeX,K+Y] = HKd[X,Y],
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we have
(iv) (HdX)(KdY)=HKdXdY .

Properties (ii)—(iv) allow us to perform calculations easily, treating each
term ‘as if it were a scalar’, but cancelling terms involving three or more
differentials, or two differentials if at least one is of finite variation.

A simple example relates the quadratic variation of a continuous
semimartingale to that of its local martingale part. If X has the decomposition
X =Xy+ M+ A, we have

(dX)? = (dM + dA)* = (dM)* + 2dMdA + (dA)* = (dM)?.

We shall make free use of this type of differential notation in our calculations.
Using this formalism we can rewrite [t6’s formula as

df(X) = f'(X)dX + 3"(X)(dX)*.

This suggests one could base an alternative direct proof for It6’s formula on
Taylor’s theorem. The interested reader is referred to Karatzas and Shreve
(1991) for a treatment along these lines.

Ezample 4.33 Let W be a standard Brownian motion relative to
(Q,{F:},F,P) and let H € II(W). Then, for ¢ > 0, we can define

t t
G ;:/ Huqu—%/ H2ds.
0 0

Consider the process
Zy = exp((y) -
Applying Itd’s formula to the semimartingale ¢, we have, for f € C2,
df (Ge) = (GG + 31" (G (dGr)?

where
(dCt)2 = (HidW; — %szt)2 = HtQ(th)Q = Htht~

Taking f(z) = exp(z), we obtain
dZy = Z,(H dW, — 3 H2dt) + 5 Z,H2dt
= ZHidW; .

Noting Zy = 1 and writing this in integral form, we have shown that, for all
t > 0, Z; satisfies

t
Zi=1+ / ZyHy dW,, . (4.26)
0
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In fact Z is the unique solution to (4.26). We prove this as follows. Suppose
X is some other solution to (4.26) and define Y; := Z; ' = exp(—(;). Apply
1t6’s formula to obtain

dY; = ~Y,HdW; + Y:H2dt
and consider the process XY. From the integration by parts formula we have
d(X:Y;) = X;dY; + YidX; +d[X, Y] = X, Y, HZdt + d[X,Y]; .
Further,
d[X, Y], = (X HidWy) (=Y HidW;) = — X, Y Hp dt

and so d(X:Y;) =0,
XY =XoYo=1.

Thus, X; = Z; a.s. for all t > 0.

Finally, observe from (4.26) that Z; = exp({:) is a local martingale. A
natural question to ask is for which processes H € II(W) is Z a true
martingale? We will return to this question in connection with Girsanov’s
Theorem in the next chapter.

4.6.3 Multidimensional version of Itd’s formula

We now state a version of Itd’s formula for functions of several semimartingles.
We will need this multidimensional version for later applications.

Definition 4.34 A process X = (XM ... X)) defined relative to
(Q,{F:}, F,P) with values in R" is called a continuous semimartingale if each
coordinate process X () is a continuous semimartingale.

Theorem 4.35 (It6’s formula) Let f : R® — R be C*(R") and let
X = (XM, ..., X™) be a continuous semimartingale in R™. Then, a.s., f(X;)
is a continuous semimartingale and

f(X:) = f(Xo) Jrz/ 83: ()

@ x )
+QZ/8%6%X dx®, x@n,

3,5=1

The proof goes through as for the one-dimensional case with only the
notation being more difficult. We mention two extensions of It6’s formula
which are not difficult to prove.
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Extension 1: If some of the X are of finite variation then the function f
need only be of class C! in the corresponding coordinates. In particular, if
X is a continuous semimartingale in R, if A is a continuous process of finite
variation, also in R!, and f is C?!(R,R) then

F(Xes Ar) = F(Xo, Ao) + ?(Xu, A,)dX.,
0 T

tof L [P
+/O %(Xu,Au)dAquz/O 77 (Xu, Au) d[X ..

Ezample 4.36 (Doléan’s exponential) Let X be a continuous semimartingale
with Xy = 0 and define

E(X): = exp(Xy — 3[X]e).

Then £(X); is the unique (continuous) semimartingale Z such that

t
Z, :1+/ ZydX, . (4.27)
0

Note that we proved a special case of this result in Example 4.33 where we
took X; = (H «W);. This time, apply It6’s formula to the two-dimensional
semimartingale (X, [X]) with f(z,y) = exp(z — 3y) to obtain

dE(X); = E(X)1dX, — 3E(X)d[X]; + 5E(X),d[X];

The uniqueness can be proved as in Example 4.33. The process £(X) is
called the exponential of X and (4.27) is known as an exponential stochastic
differential equation.

Extension 2: It6’s formula still holds if the function f is defined and in C?
only on an open set and if X takes its values a.s. in this set. This means that
we can apply It6’s formula to log(X:), for example, if X; is a strictly positive
process.

Ezample 4.37 Let (X,Y) be a two-dimensional Brownian motion started at
(Xo,Yo) # (0,0), and set
Vi= X2+ Y2

By Ito’s formula
dVy = 2(Xd Xy + Y1 dYy) + 2dt
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and so
d[V]; = 4(X} + Y72)dt = 4Vidt .

Next define T,, := inf{t > 0 : V; < n=2} where we assume Vy > n~2, and
consider the stopped process M; = log(VtT"). For the stopped process V71,
which is a.s. strictly positive, we have

dv;"" = 1(0,T,]dV;
and so, by It6’s formula applied to M,

dM, = 1(0, T, (M;lth - %Mt’Qd[V]t)
=1(0,T,,)2V; H( X dX, + Y,dY}). (4.28)
From (4.28) we see that M = log(V ") defines a local martingale (Remark
4.22). We can use this to establish the following facts:

(i) two-dimensional Brownian motion hits any open set containing the origin
with probability one;

(ii) two-dimensional Brownian motion hits the origin itself with probability
Zero.

To show this, define
Sy =inf{t >0:V; > N?}

where N is chosen large enough so that Vo < N2. Now M*¥ is a bounded local
martingale, hence a UI martingale, and so by the optional sampling theorem
we conclude

E{log(VTn/\sN)} = log(Vp) . (4.29)
We know from Theorem 2.8 that Sy < co a.s., so (4.29) yields
log(N?)pp,n +log(n™?)(1 — pa,n) = log(Vo),
where p, v = P(Sy < T},), and thus

_ log(Vo) +2log(n)
~ 2log(N) + 2log(n)

Dn,N
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Given any open set A containing the origin, the open ball {(z,y) : z2+y? <
n~2} lies strictly within A for some n, hence by the continuity of Brownian
motion the probability of hitting A is greater than p, n. Further,

{T, < oo} = J{T0 < N},

so the monotone convergence theorem implies that

P(T,, < o) :]g%goanv =1,

which establishes (i).
To prove (ii), note that, for N > /Vj, n > 1//V,

]P’(HO < OO) = IygoP(HO < SN)

= lim lim P(T), < Sy) =0.

NToo nToo

4.6.4 Lévy’s theorem

Lévy’s theorem is a powerful and extremely useful result which shows that
if X is a continuous local martingale with quadratic variation [X]; = ¢,
then X must be Brownian motion. Here we present the elegant proof of this
result provided by Kunita and Watanabe (1967), a simple application of Itd’s
formula.

Theorem 4.38 Let X be some continuous d-dimensional local martingale
adapted to the filtration {F;}. Then X is an {F;} Brownian motion if and
only if

[X(Z),X(J)}t = (S”t a.s.
for all i,j and t.

Proof: If X is a Brownian motion the result is merely a d-dimensional version
of Corollary 3.81. The converse is a little more involved. Given an arbitrary
A € R?, define the (complex-valued) continuous semimartingale f(X;,t) to be

F(Xe,t) == exp(iX - Xy + 5|A[%t)
= exp(3]A[*t) (cos(\ - X;) +isin(\ - X3)) .
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By It6’s formula,

d
af(Xta ) (k) 6f(Xtat)
df (Xp,t) = — X,
— 8X k) ot
d

O*f( X, 1) (k) 3ur(0)

+ ——— = dX,"dX

2 k221 5X(k)5 ([) t t

———=dt

d
= > i f(Xe, )AX ) + FIAP (X 1) dt
k=1
d
— % Z )\k)\g(skef(Xt,t) dt
k=1
d

Thus f is a local martingale. But, given any T > 0, f is bounded (in absolute
value and thus in each component) on [0,7] by exp(5|A|2T) (which is its
modulus at time T') so f is, in fact, a true martingale. Therefore, given any
s <t,

E[f(X:,8)|Fs] = f(Xs,8)  as.

which can be rewritten as
Elexp(iX - (X; — X,))|Fs] = exp(—3[\*(t —5))  as. (4.30)

Equation (4.30), which holds for all A € R%, shows that X;— X is independent
of Fs. Taking expectations in (4.30) yields

Elexp (iX - (X; — X))] = exp(—3|A(t — 9)),
which is the characteristic function of a N(0,¢ — s) random variable. Thus we

have established the remaining requirement of Definition 2.4 for X to be a
Brownian motion. O
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Girsanov and Martingale
Representation

This chapter is devoted to two important results in the study of financial
models, Girsanov’s theorem and the martingale representation theorem. The
common theme to these results is the study of change of probability measure.

Girsanov’s theorem shows how the law of a semimartingale changes when
the original probability measure P is replaced by some equivalent probability
measure Q. It turns out that a semimartingale remains a semimartingale and
Girsanov’s theorem relates the semimartingale decomposition under each of
the measures P and Q to the Radon — Nikodym derivative of Q with respect
to P. This is useful when pricing derivatives because, as we saw in Chapter 1,
it is convenient to work in some probability measure where the assets of the
economy are martingales.

The martingale representation theorem gives necessary and sufficient
conditions for a family of (local) martingales to be representable as stochastic
integrals with respect to some other (finite) set of (local) martingales. This
result is important in a financial context because it provides conditions under
which a model is complete.

5.1 EQUIVALENT PROBABILITY MEASURES AND
THE RADON-NIKODYM DERIVATIVE

In this section we collect together some basic results concerning equivalent
probability measures which will be used extensively in later sections, partic-
ularly the discussion of Girsanov’s theorem. Recall that we met the idea of
equivalent measures in the discrete setting of Chapter 1.

5.1.1 Basic results and properties

Let us begin our discussion with a formal definition.

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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Definition 5.1 Let P and Q be two probability measures on the measurable
space (2, F). We say that Q is absolutely continuous with respect to P (with
respect to the o-algebra F), written Q < P, if for all F € F,

P(F)=0 = Q(F)=0.

If both P <« Q and Q <« P then P and Q are said to be equivalent (with
respect to F), written P ~ Q.

Remark 5.2: The measures P and QQ could, and often will, be defined on some
o-algebra G strictly larger than F. Equivalence of P and Q with respect to
F C G does not imply equivalence with respect to G, but the converse is
trivially true.

If two measures P and Q are equivalent we can freely talk about results
holding almost surely without specifying which of the two measures we are
working with, and this we shall do throughout. Many of the results which
we are about to present for equivalent measures also hold when the measures
are not equivalent but when one is absolutely continuous with respect to the
other. In this latter case it is important to qualify an almost sure statement
to include the measure under which the result is true. You are referred to
Protter (1990) and Revuz and Yor (1991) for the more general statement of
those results.

Equivalent probability measures can be related to each other via a positive
random variable, and this is the content of the Radon-Nikodym theorem.
This is a classical result in measure theory and we state it here without proof
(which can be found, for example, in Billingsley (1986)).

Theorem 5.3 Suppose P and Q are equivalent probability measures on
the space (2, F). Then there exists a strictly positive random variable p €
LY(Q, F,P) which is a.s. unique and is such that, for all F € F,

QF) = [ pde =Erlptr). (5.1)
Further, p~! € £Y(Q, F,Q) and
P(F) = [ o0 = Bolp 1], (5.2)
F

Conversely, given any strictly positive random variable p € L1(Q, F,P) such
that Ep[p] = 1, there exists some unique measure Q ~ PP for which equations
(5.1) and (5.2) hold.

This result allows us to make the following definition.
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Definition 5.4 The random variable p of Theorem 5.3 is referred to as (a
version of) the Radon—Nikodgm derivative of Q relative to P on (Q, F). Noting
that any two versions agree a.s., we write

aQF_ s
a|, P
Similarly, we have
—dP =p ! as
a0, P .S.

Remark 5.5: These last two results take on a very concrete form in the case
when  is a finite set, {w; : ¢ = 1,2,... ,n}. In this case we may as well assume
(the general case being a trivial extension) that F comprises all subsets of Q.
Whenever P(w;) > 0 the random variable p is now just

@(wi)
P(w;) ’

plwi) =

which is finite and strictly positive. For all other w; we can set p(w;) to be any
value, zero for example. These latter w; have probability zero (under both P
and Q) so the ambiguity in this case is immaterial.

Remark 5.6: Suppose we only know that QQ is absolutely continuous with
respect to P. In this case the Radon—Nikodym theorem states that there exists
a positive random variable p € £1(Q, F,P) such that (5.1) holds (P-a.s.).
Since we now only know that p > 0 (P-a.s.) we cannot necessarily recover
P from Q and p, i.e. (5.2) does not hold in general. To see this, consider
F={we:pw)=0}. From (5.1)

Q(F) = Ep[plp] =0,

and so the random variable p is strictly positive Q-a.s. and p~! is well-defined
under Q. But if QQ is absolutely continuous with respect to P but not equivalent
then P(F) > 0. If, in addition, (5.2) were to hold then we would have

B(F) = Eglp~1¢] = 0,

a contradiction.

A straightforward application of (the usual) monotone class arguments
(see, for example, Rogers and Williams (1994)) extends (5.1) and (5.2) to
corresponding statements for random variables.
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Proposition 5.7 Let X be some random variable defined on (2, F) and
suppose that P ~ Q with respect to F. Then, in each case provided the
expectation exists, expectations under P and Q are related via

Eq[X] = Ep[pX]

and
Ep[X] = Eqlp™"X],
where
_4dQ
p= P f~

Our intention to study equivalent measures on filtered probability spaces
leads us to ask what happens when we start with two measures P ~ Q with
respect to some o-algebra F and consider the o-algebra G C F. We find the
following result which extends Theorem 5.3 and Proposition 5.7.

Theorem 5.8 Let P and Q be two probability measures on the space (2, F)
and suppose G C F is some o-algebra. If P ~ Q with respect to F then P ~ Q
with respect to G and

where
dQ
dP |z
Furthermore, given any X € £L}(Q,G,Q), Y € £1(Q,G,P),
Eq[X] = Be[pX]
Es[Y] = Eql5 Y]

p a.s.

where
. dQ
p=—-
dP g
Proof: That P and Q are equivalent with respect to G is immediate. From
(5.1) and the tower property we have, for all G € G C F,

Q(G) = Ep[plc] = Ep [Er[p | G]1c].

Since Ep[p|G] is a G-measurable random variable we conclude from Theorem
5.3 (applied to G) that

dQ|
P g— Ep[p|G] a.s.

The proof of the rest of the theorem follows similarly. O
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Corollary 5.9 Let P,Q and p be as in Theorem 5.8. Given any X €
LY(Q,F,Q), and a o-algebra G C F,
Ep[pX|G]
Eo[X|G] = ———— a.s. 5.3
olX10] = 50 )
Proof: Given any G € G, since the right-hand side of (5.3) is G-measurable,
it follows from Theorem 5.8 that
)

Eq [11 M} —Ep []1GL[PX|@ (@

“ Eplpl0] Es[olG] \ dP
= Ep [1Ep[pX |G]]
= Ep[lgpX]
=Eqg[leX].
Thus, by the definition of conditional expectation, the right-hand side of (5.3)
is indeed Eqg[X|G]. O

5.1.2 Equivalent and locally equivalent measures on a filtered
space

It is interesting and, as we shall see shortly, very important to consider how
Theorem 5.3 and Proposition 5.7 can be refined when the space (Q,F) is
further endowed with a filtration {F;}. We have already provided the basis
for this extension with Theorem 5.8 and Corollary 5.9. Our first result extends
Theorem 5.3 and motivates the rest of this section.

Theorem 5.10 Let P and Q be probability measures on the filtered space
(Q,{F:},F), and suppose that Q ~ P with respect to F. Suppose further that

the filtration {F;} satisfies the usual conditions. Then, for all t € [0, 0],
_d
dP | z,

defines an a.s. strictly positive UI {F;} martingale under P.

Pt

Proof: Since P and QQ are equivalent with respect to F, there exists a strictly
positive random variable p € £(£,F,P) such that p = % - Define the
uniformly integrable martingale p, := Ep[p|F], t € [0,00]. It follows from
Theorem 5.8 that p; = %’ F, &S 8O all that remains is to prove that the
martingale p is a.s. strictly positive.

Since {F;} satisfies the usual conditions p has a cadlag version (Theorem
3.8). Given any fixed ¢ > 0 it is clear that p; is strictly positive, being
the conditional expectation of a strictly positive random variable. Combining
these two observations, we see that

P(p; > 0, alltZO):IP’(U pq>0>:1.
qeQt
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Remark 5.11: 1t is clear from the above proof that when the usual conditions
do not apply, p: is a.s. strictly positive for any given t > 0. However, p(w) will
not necessarily be a.s. strictly positive for all ¢ simultaneously.

The martingale p plays a crucial role in Girsanov’s theorem, Theorem
5.20, a result which extends Proposition 5.7 to processes and explains how
semimartingales behave under a change of probability measure. This will be
discussed in Section 5.2.

The remainder of this section will be devoted to proving various converse
statements to Theorem 5.10. This is important because it will enable us to
start with some probability measure P and construct some other equivalent
measure Q by using a P martingale.

The converse to Theorem 5.10 is not as straightforward as one might at
first hope. Indeed it is immediate that if F is richer than F, it is not possible
to recover %’ F from the martingale p. The nearest thing to a converse for
Theorem 5.10 is the following result, a consequence of Theorems 5.3 and 5.10.

Theorem 5.12 Let P be a probability measure on (2, {F:},F). Given any
a.s. strictly positive UI ({F:},P) martingale p with Ep[ps] = 1,

Q|
dP 1z, = P>

defines (via equation (5.1)) a measure Q ~ P with respect to F .

So given a strictly positive UI ({F;},P) martingale it is possible to use this
to define some other measure Q ~ P with respect to Fo,. But what if p is a
strictly positive martingale but not a UI martingale (which is a much more
restrictive requirement)? In this case the situation is somewhat more subtle,
as the following results demonstrate. Note, however, that if we are working
only on some finite time horizon [0,7] then any cadlag martingale is UI so
the complications below (with regard to completing filtrations in particular)
do not arise.

Definition 5.13 Two probability measures P and Q defined on the filtered
space (Q,{F:},F) are said to be locally equivalent (with respect to the
filtration {F;}) if, for all t > 0, P ~ Q with respect to Fy, i.e. for all

Fe Ute[o,oo) Fi,
P(F)=0 < Q(F)=0.

Theorem 5.14 Let P and Q be probability measures on (2, {F:},F), and
suppose that Q is locally equivalent to P with respect to {F;}. Then

_4Q
-

t

Pt
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defines an {F;} martingale under P which is a.s. strictly positive for each
t > 0. If, in addition, {F;} satisfies the usual conditions under P then p has
an a.s. strictly positive version.

Conversely, if p is a strictly positive martingale on the probability space
(Q,{F:}, F,P), then for each T > 0,

dQT ,
AV I
dP |,

defines a probability measure QT ~ P on (Q, Fr). Furthermore, the family
{QT : T > 0} is consistent, meaning that if T > S and F € Fg, then
Q"(F) = Q%(F).
Proof: This result is an immediate consequence of Theorems 5.10 and 5.3. [J
The natural question to ask now, and the final one we shall address in
this section, is: given a strictly positive ({F;},P) martingale, as in Theorem
5.14, does there exist some Q defined on F,, such that Q(F) = QT (F)
for all FF € Fp, all T > 0, i.e. does p define some probability measure
Q on F. which is locally equivalent to P? In general the answer to this
question is no, as Example 5.28 below demonstrates. It does, however, hold
in one important special case. This result follows from Theorem 5.14 and the
Daniel-Kolmogorov consistency theorem. For a detailed proof see Karatzas
and Shreve (1991, p. 192).

Theorem 5.15 Suppose p is a strictly positive martingale on the probability
space (Q,{F:}, F,P) and that FY = o(X, : u < t) for some process X
(note crucially that the filtration is not complete). Then there exists some
probability measure Q defined on F3, which is locally equivalent to P with
respect to {F?} and is such that

Q) _
P ]?tO_ pt a.s.

5.1.3 Novikov’s condition

We will see, in Section 5.2, how the law of a P-continuous semimartingale
changes under a locally equivalent measure Q. Often in practice we find
ourselves in some measure P with a given continuous semimartingale and
we want to find some other measure (Q under which this continuous
semimartingale has particular properties. For example, in a financial context
it is important to find a measure under which a continuous semimartingale
becomes a (local) martingale. In such situations Girsanov’s theorem usually
gives enough information to identify a candidate for the Radon—Nikodym
process p which connects P and Q. It is then obvious that the candidate p is a
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local martingale under PP but not that it is a true martingale. A non-negative
local martingale is always a supermartingale (a consequence of Fatou’s lemma)
and thus it is immediate that it is a martingale if and only if

Ep[pe] =1, (5.4)

for all ¢ > 0. It is useful, therefore, to have criteria which are sufficient to
guarantee that (5.4) holds. One such sufficient condition is known as Novikov’s
condition. For a proof and a discussion of an alternative criterion the reader
is referred to Chapter VIII of Revuz and Yor (1991).

Theorem 5.16 (Novikov) Let (2, {F:}, F,P) be a filtered probability space
supporting a continuous local martingale X and a strictly positive random
variable py € L(, Fo,P), and define p = po&(X). If, for all t > 0,

E[exp(3[X]s)] < o0,

then E[p:] = E[po] for all t > 0 and thus p is a martingale.

This result only applies to martingales p of the form p = pg&(X), for some
X. But this class includes all strictly positive continuous martingales, as the
following lemma (to which we also appeal later) summarizes.

Lemma 5.17 Suppose Q is locally equivalent to P with respect to {F;} and
that the strictly positive P martingale p; = i% ’ 7 has a continuous version.
Then

t
Xy ::/ quldpu
0

is the unique continuous local martingale such that

pr = po€(Xt) == poexp(X; — 5[X]s). (5.5)
Moreover,
dP 1
—| =py E(—X
dQ 7, pO ( t)
Proof: The result follows by applying It6’s formula to (5.5). O

Ezample 5.18 Suppose W is a d-dimensional Brownian motion on the filtered
probability space (€,{F:},F,P) which satisfies the usual conditions and
let C € II(W) (the d-dimensional version of II(W) introduced in Chapter
4). Then X = C W defines an ({F;},P) local martingale. If, in addition,

Ep|3 fOT |Cw|? du] < oo then

04 :5</Ot0u-qu>

defines an ({Fi}i<7,P) martingale.
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5.2 GIRSANOV’S THEOREM

We have previously stated that a semimartingale remains a semimartingale
under an equivalent change of probability measure. This result is known as
Girsanov’s theorem, a result which also establishes explicitly the link between
the decomposition of an arbitrary semimartingale X under the two equivalent
measures P and Q and the Radon—Nikodym derivative process p; = ‘é%
Girsanov’s theorem and its proof are the subject of this section.

We have in this book only developed results for continuous semimartingales
and so here we study Girsanov’s theorem in a restricted context. In particular,
we will need to assume that the Radon—Nikodym process connecting the two
measures is itself continuous. Nevertheless the results we obtain cover many
of the most important applications and certainly everything needed for this
book. As in Section 5.1, we will state all the results here for (locally) equivalent
measures, although they do generalize to the case when we only have (local)
absolute continuity of one measure with respect to the other.

The technique of studying problems using change of measure is unique
to stochastic calculus, having no counterpart in the classical theory of
integration, and plays a surprisingly important role in further developments
of the theory. The reader will briefly be introduced to one significant use of
the idea when we discuss stochastic differential equations driven by Brownian
motion in the Chapter 6.

Fi'

5.2.1 Girsanov’s theorem for continuous semimartingales

Let Q be a probability measure on (€2, F) locally equivalent to P with respect
to {F:}. Clearly a process of finite variation under P is also a process
of finite variation under Q. However, local martingales may not have the
martingale property under a change of measure and the first part of Girsanov’s
theorem gives the decomposition of a continuous local martingale under PP as a
continuous semimartingale under Q. The general decomposition then follows.
We shall need the following lemma which is a step in the right direction.

Lemma 5.19 Suppose Q is locally equivalent to P with respect to the
filtration {F;} and let
_dQ

= apls

Then:

(i) M is an ({F;},Q) martingale < pM is an ({F;},P) martingale;
(ii)) M is an ({F.}, Q) local martingale < pM is an ({F;},P) local martingale.

Proof: To establish (i), we must check that conditions (M.i)—(M.iii) of
Definition 3.1 are satisfied. The adaptedness property (M.i) is immediate.
Conditions (M.ii) and (M.iii) follow from Corollary 5.9.
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Part (ii) is now an exercise in localization of part (i) and is left to the reader.

O

Theorem 5.20 (Girsanov’s theorem) Let Q be locally equivalent to P

with respect to {F;} and suppose the martingale p satisfying p; := d 5, has
a continuous version. If M is a continuous local martingale under IP then

t
3= Mo~ [ gt ),
0
is a continuous local martingale under Q and
[M]; = [M];.

More generally, if Y is a continuous semimartingale under P with canonical
decomposition
Y =Yy + My + Ay

where M is a P-local martingale and the process A is of finite variation, then

vi= Yo+ (M- [ ot ML) + / it M) + 4)

is the canonical decomposition of Y under Q.

Proof: The second statement is an immediate consequence of the first, which
we now prove. Under Q and, since PP is locally equivalent to Q, also under
P, p is a.s. strictly positive and continuous (the strict positivity follows as
in the proof of Theorem 5.10). Thus the process p~! is locally bounded
and predictable and the integral fo ~ldlp, M], exists and is a well-defined,
continuous finite variation process under both P and Q. Clearly M, is a
continuous semimartingale under P.

Appealing to Lemma 5.19, to show M, is a Q local martingale we need only
prove that ptMt is a P local martingale. First note that, since M and M differ
only by a finite variation process, the quadratic variation processes for M and
M agree. Further, since the covariation of a process of bounded variation with
a semimartingale is identically zero, we have

[0, M]; = [p, M];.

Since th\;[t is the product of two continuous P-semimartingales, we can apply
integration by parts (Theorem 4.28) to obtain

t t
PtMt = POMO + / Mudpu + / pudMu + [p7 M]t
0 0
t N t ~
= poMo +/ Mydpu +/ pudMy — [p, Mt + [p, M
0 0

t t
= poMpy +/ M, dp, +/ PudM,y,.
0 0



Girsanov’s theorem 101

Thus pM is a sum of terms each of which is a stochastic integral with respect

to a P local martingale and so itself is a IP local martingale, and we are done.
O

Remark 5.21: The hypothesis that Q is locally equivalent to P in Girsanov’s
theorem can be relaxed. If we replace it by the requirement that Q be locally
absolutely continuous with respect to P, the above results remain true as
stated.

Because the Radon—Nikodym process is assumed to be continuous, Lemma
5.17 shows that it can be written in exponential form. This yields the following
alternative presentation of Girsanov’s theorem in this case.

Corollary 5.22 Suppose Q is locally equivalent to P with respect to {F:}

and that the strictly positive P martingale p; = ‘é% 7 has a continuous

version. Let .
Xt = / P;ldpu
0

as in Lemma 5.17. If Y is a continuous semimartingale under P with canonical
decomposition Y =Yy + M + A, then Y has the canonical decomposition

Yi= Yo+ (M — (M, X]:) + (M, Xo + Ay)

under Q.

5.2.2 Girsanov’s theorem for Brownian motion

The building block for most continuous state-space models, and all those in
this book, is Brownian motion. It is valuable to study Girsanov’s theorem in
the context of a Brownian motion where the extra structure means that much
more can be said, beginning with the following simple corollary of Corollary
5.22.

Corollary 5.23 Under the assumptions of Corollary 5.22, if W is an
({F:},P) Brownian motion then

W =W — [W, X]

is an ({F:}, Q) Brownian motion.

Proof: From Corollary 5.22, W is a local martingale under Q. That W is
a Brownian motion now follows from Lévy’s theorem (Theorem 4.38) since

W] = [W]: =t |
An essential ingredient of the above corollary is the assumption that the
Radon—Nikodym process p be continuous. Subject to this assumption, we
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have identified a simple but significant fact and one we shall make repeated
use of in later chapters: under a locally equivalent change of measure a
Brownian motion remains a Brownian motion apart from the addition of a
finite variation process.

In the context of Brownian motion, the assumption that p is continuous
is not as restrictive as it may at first appear. This a consequence of
Theorem 5.49, the martingale representation theorem for Brownian motion,
which is discussed in Section 5.3.2. An abridged version of that result is as
follows.

Theorem  Let (Q,{F:}, F,P) be a probability space supporting a d-dimen-
sional Brownian motion W and let {F}"} be the augmented natural filtration
generated by W. Then any local martingale N adapted to {F}"} can be written
in the form

t
N, :N0+/ H, - dW,,
0

for some {FV}-predictable H € TI(W).

As a consequence of this theorem, if {F;} = {F/V} then any local mar-
tingale, in particular the Radon—Nikodym process, automatically has a con-
tinuous version (since the stochastic integral above is continuous) and thus
satisfies the hypothesis of Corollary 5.23.

In the case when we have local equivalence between P and Q and we are
again working with the augmented Brownian filtration, we can apply the
martingale representation theorem to be more explicit about the form of
the Radon—Nikodym process and the finite variation process appearing in
Corollary 5.23.

Theorem 5.24 Let W be a d-dimensional ({F;},P) Brownian motion and
let {FV} be the filtration generated by W, augmented to satisfy the usual
conditions. Suppose Q is a probability measure locally equivalent to P with
respect to {F)V}. Then there exists an {F}V} predictable R?-valued process C

such that
t t
= exp </ C,-dw, — %/ |C’u2du> . (5.6)
j_—}v 0 0

Conversely, if p is a strictly positive {F}V : 0 <t < T} martingale, for some
T € [0, 00], with Ep[pr] = 1, then p has the representation in (5.6) and defines
a measure Q = QT ~ P with respect to .7-'%‘7.

In either of the above cases, under Q,

_ 40
Pe= P

~ t
W, = Wt—/ Cudu
0

is an ({FV},Q) Brownian motion (with the time horizon being restricted to
[0, T| in the latter case).
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Remark 5.25: In the converse statement above we have imposed the usual
conditions on {FV'} in order to ensure that the martingale representation
theorem holds. It is then not true, in general, that there exists some measure
Q defined on FY which is locally equivalent to P with respect to {F}V}, as
Example 5.28 below demonstrates. For this reason the converse statement in
Theorem 5.24 requires either a finite time horizon (' < oo) or that p be a Ul
martingale (T = 00).

Proof: Theorem 5.14 implies that the Radon—Nikodym process p is a
strictly positive ({F}V},P) martingale and it follows from the martingale
representation theorem that it has a continuous version. Further, since F}" is
trivial and E[pg] = 1 we conclude that py = 1 P-a.s. By Lemma 5.17,

t
Xt ::/ P;ldpu
0

is the unique continuous ({F}'},P) local martingale such that p = £(X).
Again appealing to the martingale representation theorem, X has an integral
representation

t
Xt:/ Cy - dW,
0

for some {FV'} predictable C' € II(W). This proves (5.6).

Conversely, the fact that a strictly positive ({F}V},P) martingale defines a
measure Q7 which is equivalent to P with respect to F ¥ follows from Theorem
5.14. The exponential representation of p in Equation (5.6) follows exactly as
above.

Noting that [W, X], = fg Cydu, the final statement of the theorem follows
from Corollary 5.23. ]

This leads to the following corollary which pulls together several of the
above results in a form useful for application. The proof is left as a simple
exercise.

Corollary 5.26 Under the assumptions and using the notation of the
first part of Theorem 5.24, any ({FV},P) semimartingale Y is also an
({FV}, Q) semimartingale and has the canonical decompositions under P and
Q respectively

t
K:YO+/au~qu+At
0
t . t
:YO+/ ou-qu—i—(/ Cu~audu+At>
0 0

for some o € II(W') and some finite variation process A.
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Remark 5.27: Note that the extra finite variation process introduced above
as a result of the change of measure is absolutely continuous with respect to
Lebesgue measure.

Ezample 5.28 Now the promised example (see comments preceding Theorem
5.15) which illustrates the difficulties caused by the usual conditions when the
time horizon is infinite. Let (Q, {F:}, F,P) be a probability space supporting
a one-dimensional Brownian motion W, and let u be a non-zero constant.
Then it is easily checked (for example using Novikov’s condition, or by direct
calculation as we did in Example 3.3) that

pr = exp(uWy — 5p°t), >0,

is an ({(F}V)°},P) martingale and so can be used to define a measure Q on
(92, (F¥)°) which is locally equivalent to P with respect to {(F}¥)°} (Theorem
5.15). By Corollary 5.23, the process W, := W, — ut is an {(F)°},Q)
Brownian motion.

Although the measures P and Q are locally equivalent with respect to
{(FV)°} they are not equivalent with respect to (F2)°. Nor are they
locally equivalent with respect to {FV}, the P-augmentation of {(FV)°}
with respect to (F)°. To see this, consider the event

A= {weQ: lim W, = u} € (F¥)°.
t—o0

Clearly Q(A) = 1 but P(A) = 0 (Theorem 2.7) and so Q is not absolutely
continuous with respect to P on the o-algebra (F)°. Furthermore, A € F}V
for all ¢ > 0 since it has probability zero under P, and so Q is not locally
equivalent to P with respect to {FV}.

We can say more. The process W is an ({(F}V)°},P) Brownian motion,
and it is also an ({(F}V)},P) Brownian motion since P-augmentation has
no material effect. Girsanov’s theorem proves that W is an ({(F}V)°},Q)
Brownian motion but, given any event A € FY

P(ANA)=0,

so AN A € FV. Under the measure P this has little effect, adding only null
sets, but under Q,
QANA)=Q(4) #0,

in general. Thus, given any ‘interesting’ event under the measure Q it is
effectively included in F}V. Thus W cannot be an ({F'}, Q) Brownian motion
because WH_S — Wt is not independent of .7-"tW for any t, s.

A consequence of this example is that it is not possible to work with the
completed Brownian filtration over an infinite horizon when constructing a
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locally equivalent measure from a martingale (recall that there is no problem
if the martingale is UI). It is possible to derive an analogue of Theorem 5.24
when the filtration is not complete, but to do so it is necessary to work on
the canonical set-up (as introduced in Section 2.2 and discussed further in
Section 6.3). This additional restriction is required because it is not, in general,
possible to define the stochastic integral if the filtration is not complete, except
when working on the canonical set-up. For more on this see, for example,
Karatzas and Shreve (1991).

Of course, none of these complications arise when considering only a finite
time horizon T' and completing, for example, with respect to (F)°.

5.3 MARTINGALE REPRESENTATION THEOREM

An important question in finance is: which contingent claims (i.e. payoffs)
can be replicated by trading in the assets of an economy? It is only derivatives
with these payoffs that can be priced using arbitrage ideas. A related and
equally important question in probability theory is the following: given a
(vector) martingale M, under what conditions can all (local) martingales N
be represented in the form

t
Nt:No+/Hu-dMu,
0

for some H € TI(M).

An answer to this second question is provided by the martingale
representation theorem, and this section is devoted to providing a proof.
In keeping with the rest of this book, we shall only prove the martingale
representation theorem in the case when the martingale M is continuous. A
more general treatment can be found in Jacod (1979).

If your objective in reading this section is only to obtain a precise statement
of the results that are needed in Chapter 7 where we discuss completeness,
you need only understand the definition of an equivalent martingale measure
(Definition 5.40) and the martingale representation theorem itself, Corollary
5.47 and Theorem 5.50. Combine these with Theorem 6.38 of Chapter 6 and
you have all you need. If, on the other hand, you wish to understand why the
martingale representation theorem holds, then read on.

The proof of the martingale representation theorem follows a familiar path.
First we prove a version of the result for the representation of martingales in
M3 and then we extend to all local martingales by localization arguments.
As usual, all the hard work is done in proving the former result. We do
this in two steps. First, we show that any N € M2 can be written as
the sum of a term we can represent as a stochastic integral plus a term
orthogonal to it. The second step is to provide necessary and sufficient
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conditions for the orthogonal term to be zero. For this we shall introduce
the idea of an equivalent martingale measure, a measure equivalent to the
original probability measure P and under which M remains a martingale.
The connection between equivalent martingale measures and martingale
representation may seem surprising at first, but remember that the Radon—
Nikodym process connecting two equivalent probability measures is a Ul
martingale, and if the martingale representation theorem holds then we must
be able to represent this martingale as a stochastic integral. The connection
is made precise in the proofs to follow.

Throughout this section we will be working on a filtered probability
space (2,{F:}, F,P) satisfying the usual conditions. The usual conditions
are needed for Proposition 5.45 and all dependent results to hold.

5.3.1 The space Z?(M) and its orthogonal complement

We begin with the definition of Z?(M) and one of its important properties,
that of stability.

Definition 5.29 For a continuous (vector) martingale M we define the space
TI2(M) to be

T*(M)={N € cMj: N = HeM, for some H € TI(M)}.

That is, I?(M) is the set of square-integrable martingales which can be
represented as a stochastic integral with respect to M.

Remark 5.30: When M is a vector martingale we will use the notation H « M
to mean Y, H(® ¢ ().

Remark 5.31: Of course, in Definition 5.29 H ¢ M is automatically continuous,
being a stochastic integral for a continuous integrator M.

Proposition 5.32 The space Z?(M) is a stable subspace of M3, meaning
it satisfies the following two conditions:

(S.i) It is closed (under the norm || - ||2).
(S.ii) It is stable under stopping, meaning that if N € Z?(M) and T is a
stopping time, then NT € T?(M).

Remark 5.33: Notice in Proposition 5.32 that we are considering the space M3
rather than the smaller space cM32 in which all martingales are continuous.
Here, and repeatedly in what follows, we could have chosen to work with cM 3.
The reason why the precise choice is irrelevant is that when the martingale
representation theorem holds (with respect to some continuous martingale M)
all martingales are continuous and so M3 = cM3.
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Remark 5.34: We remind the reader once more of a point made repeatedly in
Chapter 4. Condition (S.i) makes no sense when the set Z%(M) is considered
as a set of stochastic processes since then ||| 2 is not a norm. It is only strictly
correct when we identify any two processes which are indistinguishable and
work with equivalence classes of processes. As we did in Chapter 4, we shall
make this identification whenever required in what follows without further
comment. The same is also true for the various other £? spaces that we
encounter.

Proof: If N = HeM € I?(M) then
NT = (HeM)T = H1(0,T] e M € Z?(M)

by Theorem 4.17, so (S.ii) holds.

The proof of (S.i) is an adaptation of the usual isometry argument. Let
H™e M be a Cauchy sequence (using the norm || - ||2) in eM3 with limit
N € cM3 (eM3 is complete). By the stochastic integral isometry (Corollary
4.14),

[H" — H™[|ar = [[H" « M — H™ « M||,

so { H"} is also Cauchy in the space L?(M), which is also complete. It therefore
has a limit H in L?(M) and N = HeM € Z?(M). Thus Z?(M) is closed. O

The space Z?(M) is precisely those martingales in M3 which can be
represented as a stochastic integral with respect to M. We shall see in Theorem
5.37 that being able to represent any element of M2 as a stochastic integral
is equivalent to the orthogonal complement of Z2(M) in M3 being zero.

Definition 5.35 Two square-integrable martingales M and N are said to
be orthogonal, written M | N, if E[MsNoo] = 0. Given any N' C M3, we
define the orthogonal complement of Ny, N*t, to be

Nt ={LeM2:LLNforal NecN}.

Remark 5.36: Recall from Chapter 3 that we consider the space M3 to be
a Hilbert space with norm ||M|3 = E[MZ2)]. The inner product associated
with the norm || - ||2 is then just (M, N) = E[MwNo], so orthogonality of
martingales in M3 as defined above is the usual concept of orthogonality for
a Hilbert space.

The following result is now an immediate consequence of standard linear
analysis and Remark 5.36.

Theorem 5.37 MZ = I?(M) & (IZ(M))L. That is, any M € M3 has a
unique decomposition M = N + L where N € Z?(M) and L € (IZ(M))J‘.
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In the results to follow we will be working with elements of Z?(M) and

(I2 (M ))L We will need to consider elements of each space stopped at some
stopping time 7. We have seen (Proposition 5.32) that Z?(M) is stable, so
stopping an element in Z2(M) produces another element of Z2(M). The same

is true of (IQ(M))L, a fact we shall also need.

Proposition 5.38 The space (Iz(M))  is a stable subspace of M3.

Proof: It is a standard result from linear analysis that (IQ(M ))l, the

orthogonal complement of a closed space, is closed, so condition (S.i) is
straightforward. To prove that (I2 (M ))J‘ is closed under stopping (condition
(S.ii)), let N € Z?(M), L € (Iz(M))J‘ and let 7' be some stopping time.

It follows from the optional sampling theorem and the tower property,
respectively, that

E[NrL7| = E[NrE[Loo| Fr]] = E[N7Loo] = E[NE Lo] (5.7)

and
E[NrLt]) = E[E[NOOLFT]LT] =E[NoLr] = E[NOOLZO} . (5.8)

But Z2(M) is stable, so NT is orthogonal to L and thus (5.7) equates to zero.
This is identically equal to (5.8), thus N is orthogonal to L. Finally, since N
was arbitrary we conclude that LT € (IZ(M))L and so (Z? (M))J‘ is stable
under stopping. O

This proposition allows us to establish the following characterization of the
continuous martingales within the space (I2 (M ))J_, one we use below when
establishing the martingale representation theorem.

Lemma 5.39 Let M be a continuous martingale.

(i) Suppose that N € cM3. Then N € (Z?(M))* if and only if NM is a
local martingale.

(ii) Suppose that N is a bounded martingale. Then N € (Z*(M))* if and
only if NM is a martingale.

Proof: Throughout this proof we will, without further comment, make
repeated use of Corollary 3.82 which states that if N and M are continuous
local martingales then N M is a local martingale if and only if [N, M] = 0.
Proof of (i): Suppose N € (Z*(M ))L and let T" be some arbitrary stopping
time. For each n, define S,, = inf{t > 0 : |M; — My| > n} and note that
M3 — My = 1(0,8,] ¢ M € Z?(M). By the stability of Z2(M) and (IZ(M))L
respectively, N7 1 (M» — Mj)T and so

E[Np(Mz" — Mo)] = 0.

Furthermore, E[| Ny (Mz" —Mo)|] < nE[|N7|] < oo since N is a UI martingale,
and N(MS» — My) is continuous, so Theorem 3.53 implies that N (M S~ — M)
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is a UI martingale. It now follows that [N, MS»] = 0 and, letting n — oo,
[N, M] =0so NM is a local martingale.

Conversely, suppose that NM is a local martingale, hence [N, M] = 0. Let
L = HeM € I?(M). By (the local martingale extension of) Theorem 4.18,
[N,L] =[N,HeM]=He[N,M]=0,s0o NL is a local martingale. But then

NL=NL—[N, 1]

= (¥ 42— [V 2]) — (3~ [N]) — (22 [2]))

expresses VL as a sum of Ul martingales, hence it is itself a Ul martingale
and E[Neo L] = 0. This proves the result.
Proof of (ii): As above, we can conclude that if N € (Z?(M))* then NM is
a local martingale. Note that the continuous process NM is a martingale if
and only if the stopped process (NM)! is a Ul martingale for all ¢ > 0. Thus,
by Theorem 3.53, to prove that NM is a martingale it suffices to prove that
E[[((NM)%]] < oo and E[(NM)L] = (NM), for all stopping times T

To prove that E[|[(NM)%|] < oo, note that M is a UI martingale so it
follows from Corollary 3.51 that E[|(NM)%|] < KE[|M%]] < oo, K being some
constant which bounds N. It remains to prove that E[(NM)%] = (NM),. To
see this, let X™ := N\ Mt where S, is as defined above. Then

E[X7] = EE[XT|Frns,]
= EE[N7ps, M| Fras,]
=E[N7ns, Mins,]
= (NM)o,

the third equality following from the optional sampling theorem applied to
the UI martingale M?, the final equality following since (N M)S» is a bounded
local martingale, thus a UI martingale. Now let n — oco. In so doing, we see
that X% — (NM)r a.s., and, since |X2%| < K|MZ| which is bounded in £!,
the dominated convergence theorem implies that

E[(NM)}] = E[ lim X7

n— oo

= lim E[X7]

n— oo

(NM)g

which completes the proof.
The converse result follows exactly as in (i). O
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5.3.2 Martingale measures and the martingale representation
theorem

The martingale representation property is concerned with the ability, on
some given probability space (,{F:}, F,P), to represent an arbitrary
local martingale as a stochastic integral with respect to some other given
martingale. The martingale representation theorem relates this property to
the extremality of P within the set of equivalent martingale measures for M.
To procede we therefore need the following definitions.

Definition 5.40 Let (Q,{F:},F,P) be a probability space satisfying the
usual conditions and let M be a continuous (possibly vector) martingale un-
der P. The set of equivalent martingale measures for M, written M(M), is the
set of probability measures Q satisfying each of the following conditions:

(i) Q ~ P with respect to F;
(ii) Q and P agree on Fy;
(iii) M is an {F;} martingale under Q.

Remark 5.41: Although it is not explicit in the notation, note that M(M) is
dependent on the whole probability space (2, {F:}, F,P).

Remark 5.42: We have insisted in the definition that (9, {F;}, F,P) satisfies
the usual conditions. This is essential for Proposition 5.45 and all subsequent
results to hold. Note that when this is true condition (i) is redundant since it
follows from condition (ii).

The following lemma is a trivial consequence of the above definition.

Lemma 5.43 The set M(M) is convex.

Definition 5.44 The measure P is said to be extremal for M(M) if, whenever
QReM(M)andP=XQ+ (1 - MR, 0< A <1, thnP=Q=R.

We shall need the following result which we state without proof. A
probabilistic proof can be found in Protter (1990), an analytical one in
Revuz and Yor (1991). This is a vital step in the proof of the martingale
representation theorem but we would have to include several new ideas to
provide a proof.

Proposition 5.45 If P is extremal in M(M) then every ({F:},P) local
martingale is continuous.

This proposition enables us to state and prove the main result of this section,
the martingale representation theorem for square-integrable martingale.

Theorem 5.46 Let (2, {F:}, F,IP) satisfy the usual conditions and let M
be a continuous martingale under P. The following are equivalent:

(i) P is extremal for M(M);
(ii) I*(M) = M.
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Proof: (i) = (ii): We already know that M2 = Z%(M) ®Z?(M)* by Theorem
5.37. It suffices to prove that Z2(M)+ = {0}.

Let N € Z?(M)*. Since P is extremal, N is continuous by Proposition 5.45
whence, defining T = inf{t > 0 : |[N;| > 5}, N7 is bounded by 3. Thus we
can use NT to define two new measures Q and R via

aQ

o) = (- ND = (- N,

ﬁ ]:— (1 =+ NT) .

Clearly P = %Q + %R, P ~ Q ~ R, and they agree on Fy (since Ny = 0).
Furthermore, noting that N* € (Z*(M ))L and is bounded, we have that
NTM is a martingale under P by Lemma 5.39. Thus, subtracting this from
the ({F;},P) martingale M we see that M (1— N7T) is also a martingale under
P, and it then follows from Lemma 5.19 that M is an ({F;}, Q) martingale.
But P is extremal by hypothesis, thus P=Q =R and N = 0.

(i) = (i): Let Q, R € M(M) and 0 < A < 1 be such that P = AQ + (1 — A\)R.
Define the UI martingale p via

dQ
ptE[d—P‘ft}, tG[0,00].
Observe that p is bounded by A~!, a fact which follows since
dp dR
1=F —‘ ol = Apeo + (1= NE —’ o > M
PLEP,J’] poo + ( )u»[dpf}_p

and Mpis an ({F;},P) martingale by Lemma 5.19. Now, define the martingale
N := p — po. The martingale property of M and pM under P now implies
that N M is a martingale under P. Furthermore, the measures P and Q agree
on Fy, so pg = 1 a.s., and N = p— 1 is thus bounded by A~ + 1. Lemma 5.39
now implies that N € Z?(M)* and thus, from (ii), N=0and so P=Q =R
and P is extremal. (|

5.3.3 Extensions and the Brownian case

Theorem 5.46 is the core result in martingale representation theory for
continuous martingale integrators. However, as it stands it is restrictive and
it is not yet obvious that the result is of any practical significance. In this
section we begin to rectify these shortcomings.

First, for a given continuous martingale M, we extend the class of processes
we can represent to include all local martingales. This follows easily by
localization.

Corollary 5.47 Let (Q,{F:}, F,P) satisfy the usual conditions and let M
be a continuous martingale under P. Define

I(M)={N € Mojoc : N =H oM, for some H € TI(M)}.
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The following are equivalent:

(i) P is extremal for M(M);

(ii) Z(M) = Mo ioc-
Proof: (i) = (ii): If P is extremal then N € Mg 1oc is continuous by Proposition
5.45 and so can be localized using S,, = inf{t > 0 : |M;| > n}. Theorem 5.46
now implies that there exists some H™ € II(M) such that

t
Nﬁ:/[ﬁdmr
0

Defining H = > "7 | 1(Sy—1, Sp]H™ € II(M) yields N = H o M.

(i) = (i): If Z(M) = Mo ,oc then eM3Z = Z%(M) so the result follows from
Theorem 5.46. (I

Given any probability space (2, {F;}, F,P) one often wants to be able
to represent (local) martingales which are adapted to a smaller filtration
G C Fy, G C F. But, of course, P induces a probability measure on G and we
could throughout have chosen to work on the smaller space (2,{G:},G,P). As
long as M is {G;}-adapted and we modify Definition 5.40 for an equivalent
martingale measure (replacing ({F:},F) with ({G:},G) throughout), all the
results above remain valid.

Replication of derivative payoffs is more a question of representing random
variables than of representing (local) martingales. However, the two ideas
are intimately related and it is possible to move from one to the other. The
following result shows how random variable representation follows from our
results so far.

Corollary 5.48 Let (Q,{F:},F,P) be a probability space supporting a
continuous martingale M € cMg and let {FM} be the filtration generated
by M, augmented to satisfy the usual conditions. If P is extremal for M(M),
defined relative to (Q, {FM}, FM P), then for any Y € L*(FM) there exists
some {FM}-predictable H € TI(M) such that

Y:MH+/ H, -dM, .
0
Proof: Defining V; = E[Y|FM], Corollary 5.47 yields
t
Yo=Y+ [ H-d,
0
for some {FM }-predictable H € II(M). Since My = 0, FM is trivial, Yj is a
constant a.s., and Yy := E[Y|F}] = E[Y]. The result follows. O
As an example of this corollary we consider the case when the martingale M

is actually a Brownian motion. In this special case it is possible to establish the
extremality of the measure P in the set M(M) by showing that M(M) = {P}.
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Theorem 5.49 Let (Q,{F:},F,P) be a probability space supporting a
Brownian motion W and let {FV} be the augmented natural filtration
generated by W. Then any local martingale N adapted to {F}V} can be
written in the form

t
Nt:NO—i—/ H, -dw,,
0

for some {FV}-predictable H € TI(W). In particular, any Y € L*(FY) has
the form

Y:E[Y]+/ H, -dW, .
0

Proof: We work on the space (Q,{FV}, F¥ P). The results follow from
Corollaries 5.47 and 5.48 if we can show that P is extremal for M(W) (on
this set-up). We show that P is the unique element of M(W).

Suppose Q € M(W). The quadratic variation [W] is independent of
probability measure and, since Q ~ P (with respect to {FV}), [W]; =t
a.s. under both P and Q. It follows from Lévy’s theorem that W is also a
Brownian motion under Q. Therefore all finite-dimensional distributions for
W agree under P and Q, and thus P = Q on {(F}V)°}. Completing with
respect to P (or Q which is equivalent) gives agreement on {F}V} as required.

d

Our main interest in these results is to be able to represent a contingent
claim (the random variable Y') as a stochastic integral with respect to asset
prices (the martingale M). Asset price processes will later be specified as
the solution to some stochastic differential equation (SDE). We will see
(Theorem 6.38) that the martingale representation property can be related to
the SDE which defines the asset price processes. We will also provide sufficient
conditions on the coefficients of the SDE to ensure that the martingale
representation theorem holds.

In order to establish Theorem 6.38 we will need the following extension of
Corollaries 5.47 and 5.48. The extension replaces the martingale integrator M
with a more general local martingale. Of course, in this context the relevant
set of measures to consider is not M(M) but L(M), the set of equivalent local
martingale measures for M. The representation results are then identical.
A proof, which is effectively a localization argument based on the results
established so far, can be found in Revuz and Yor (1991).

Theorem 5.50 Let L(M) be the set of equivalent local martingale measures
for M (defined exactly as in Definition 5.40 with ‘martingale’ replaced by
‘local martingale’ throughout). If the martingale M in Corollaries 5.47 and
5.48 is replaced by a local martingale and the set M((M) is replaced by L(M)
then the conclusions of the corollaries remain valid.






6
Stochastic Differential Equations

6.1 INTRODUCTION

An ordinary differential equation (ODE) is a way to define (and generate) a
function z by specifying its local behaviour in terms of its present value (and
more generally past evolution):

dz
E = b(xt,t),
) :E

In general, the functional form xz(t) will not be known explicitly but,
under suitable regularity conditions on the function b, various existence and
uniqueness results can be established.

A stochastic differential equation (SDE) is the stochastic analogue of the
ODE and its use is similar (although more wide-ranging). In general an SDE

may take the form
dXt = O¢ dZt

for suitable o0 and some semimartingale Z. Similar questions of existence
and uniqueness then arise as in the case of ODEs. We have already met
one important example of an SDE such as this, the exponential SDE of
Example 4.36,

dXt = Xt dZt,

for a general semimartingale Z, and we established there that the solution was
unique (more precisely we established pathwise uniqueness, a concept that we
will meet shortly).

In this chapter we shall discuss the special case of SDEs of the form

dX, = b(X;)dt + o(X;)dW, (6.1)

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
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where W is a d-dimensional Brownian motion. Here the process X is n-
dimensional and ¢ may be one of its components (so (6.1) automatically
includes the time-inhomogeneous case). This is by far the most studied case
and is more than adequate for our purposes. For more general treatments
see Revuz and Yor (1991), Protter (1990) and Jacod (1979) (in increasing
generality).

By driving the SDE with Brownian motion we are building up more general
processes from a process we understand (a little!); by making (o,b) depend
only on X; we create Markovian models. It is an easy exercise to show that if
o and b are bounded and X satisfies (6.1) then

1
Lim S E[Xe4n — Xe| F¥] = b(Xy)

lim %E[(Xﬂ-h = X0)(Xein — Xo)T|FF] = 0(Xp)o(X)" = a(Xy) .

Consequently b is often refered to as the drift of the process X, and the matrix
a is its diffusion matriz. Processes such as this are often known collectively
as diffusion processes.

In Section 6.2 we shall discuss precisely what is meant by an SDE, and
in Section 6.4 (after an aside on the canonical set-up in Section 6.3) what is
meant by a solution to an SDE such as (6.1). Section 6.4 also discusses the
ideas of existence and uniqueness of a solution to an SDE. There are two types
of solution to an SDE, strong and weak, and corresponding to each there are
notions of existence and uniqueness. These are each discussed, along with the
relationships between them. All these result are of a general nature. In Section
6.5 we establish It6’s result regarding (strong) existence and uniqueness when
the SDE (o,b) obeys (local) Lipschitz conditions. These are the first results
which allow us to decide, for a specific SDE, whether existence and uniqueness
hold and as such they are of considerable importance in practice. More general
results can be established in this area but we shall not have need of them.
The chapter concludes with a proof of the strong Markov property for a
solution to a (locally) Lipschitz SDE in Section 6.6, and a result relating
(weak) uniqueness for an SDE to the martingale representation theorem in
Section 6.7. It is the latter result that we shall appeal to when discussing
completeness in Chapter 7.

6.2 FORMAL DEFINITION OF AN SDE

By the SDE (o, b) we shall mean an equation of the form

dXt = b(Xt)dt + O'(Xt)th,
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or, in integral form,

t t
Xt:XO—i—/ b(Xu)du—i—/ o (Xa)dW,, (6.2)
0 0

where W is a d-dimensional Brownian motion and

the maps b: R™ = R™ and o : R — R"™ x R? are Borel measurable.

The SDE is defined by the pair (o,b) so we shall refer to it by this label. The
measurability restrictions on (o,b) ensure that for any continuous adapted
X the processes b(X.) and o(X.) are predictable so, subject to boundedness
restrictions discussed in Remark 6.6 below, the right-hand side of (6.2) is a
stochastic integral as defined in Chapter 4.

Note that the underlying probability space (92, {F:}, F,P) is not specified as
part of the SDE, nor is the distribution of Xy — they are part of the solution.

For future reference we shall denote by | - | the Euclidean metric on the
spaces R™ and R™ x R? as appropriate.

6.3 AN ASIDE ON THE CANONICAL SET-UP

We met the canonical set-up for a continuous process in Chapter 2 when
discussing the existence of Brownian motion. It also arises in the study of
SDEs, so we now give a reminder and extension of the discussion there.

Let C = C(R*,R) be the set of continuous functions w : [0,00) — R and
let us endow it with the metric of uniform convergence, i.e. for w,& € C

where

Now we define C := B(C), the Borel o-algebra on C induced by the metric p.
Furthermore, for all ¢ > 0 we can define the projection map 7 : C — R via

Tt (w) = Wt ,
for all w € C. Then the family {C;} defined by
Cii=0o(ms: s <t)

defines a filtration on C. (In fact C», = C, as shown in Williams (1991).) We
let (C™,{C}*},C™)° denote the (obvious) n-dimensional version of this space,
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n-dimensional path space. The (...)° is used to signify the fact that this space
has not been augmented.

Now suppose that X is some a.s. continuous n-dimensional process on
the complete probability space (Q, {F;}, F,P). Then X induces a probability

measure, P, on (C™,{C}"},C™)° given by, for all A € C",

P(A) = P(X. € A).

The stochastic process X defined on the probability space (C™,C", {C}, P)°
via

Xt(w) = Wt

has the same law as X. We denote by (C™,{C'},C™, P) the probability space
(C™, {Cr},C™)° augmented with respect to (C,P), and refer to it as the
canonical set-up corresponding to X.

In a similar fashion to the above, if £ is a random variable defined on

(Q, F,P) and taking values in R™, the canonical set-up corresponding to ¢ is
the space (R™, B,P*) where, for all A € B(R™),

P*(4) =P(§ € A),
and B is B(R™) completed with respect to P*.

Combining these two ideas we obtain the following generalization.
Definition 6.1 Let (Q,{F:}, F,P) be a complete filtered probability space
supporting a random variable £ € R™ and some continuous process X taking
values in R™. Define the filtration {G;} and the o-algebra G° on R™ x C" via

G, =BR™) ®C}

go = goo .
Then the canonical set-up corresponding to (£,X) is the probability space
(R™ x C™,{G:},G,P), where
(i) the measure P is given, for each A € G°, by

P(A) =P((§, X)) € 4),

(ii) G; and G are, respectively, G¢ and G° augmented with respect to (G°,P).

Furthermore, (5,)2), defined, for each (r,z) € R™ x C", by é(r, z) =
r, X(r,z) = x, has the same law under P as (£, X) does under P.
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6.4 WEAK AND STRONG SOLUTIONS

In this section we discuss what is meant by a solution to an SDE. There are
two basic types of solution, weak and strong, with strong being a special case
of weak. We describe each of these, the associated concepts of existence and
uniqueness for an SDE and the relationships between them.

6.4.1 Weak solutions

The broadest notion of a solution is defined as follows. The (redundant)
qualifier weak is always included to contrast this general situation with the
special case of a strong solution.

Definition 6.2 A weak solution of the SDE (o,b) with initial distribution u
is a sextuple (Q, {F}, F,P, W, X) such that:

1 AFt I, s a tered probability space satistying the usua.

i QA{F}, F,P) i filtered babili isfyi h 1
conditions;

(ii) W is a d-dimensional Brownian motion with respect to the filtration
{F:}, and X is a continuous n-dimensional process adapted to {F;};

(iii) X, has distribution pu;

(iv) for allt > 0,

/ 1B(X)| + [o(X0)[2du < 00 a.5.: (6.3)
(v) forallt>0,

t t
X = Xo —|—/ b(Xu)du—i—/ o(Xy)dW, a.s.
0 0

For reasons which shall become clear later (related to strong solutions) the
sextuple (Q, {F;}, F,P, W, Xy) is referred to as the initial data of the solution.
The process X is refered to as the solution process.

Remark 6.3: Note that an SDE is specified only by the pair (o, b), so a solution
comprises the probability space as well as the processes W and X on that
space.

Remark 6.4: The filtration {F;} need not be the augmentation of {o(Xy) V
FV1. A general filtration {F;} can always be replaced by {ft(W’X)} but not
in general by {o(Xo) vV FV}. Solutions satisfying the latter property are the
subject of the next section.

Remark 6.5: Note that, because W is a Brownian motion relative to the
filtration {F;} and Xy is Fp-measurable, it follows immediately that Xy must
be independent of W.
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Remark 6.6: The finiteness condition (6.3) is required to ensure the integrals
(6.2) exist. The condition on o ensures that o(X) € II(W) (the obvious
generalization of II(WW) defined in Section 4.5.1 for the case d = 1) and the
condition on b ensures that the first integral in (6.2) exists as a (pathwise)
classical integral.

Remark 6.7: Note that the continuity of X means that conditions (iv) and (v),
which as specified hold separately at each ¢, also hold for all £ simultaneously.

What we mean by weak existence for an SDE is the following.

Definition 6.8 We say that weak existence holds for the SDE (o,b) if, for
every probability measure u on (R™, B(R"™)), there exists a weak solution to
(0,b) with initial law p.

There are two natural notions of uniqueness for weak solutions to an SDE.

Definition 6.9 We say that weak uniqueness, or uniqueness in law, holds
for the SDE (o,b) if, given any two weak solutions (Q,{F:}, F,P, W, X) and
(Q, {.7?75},.7:", P, W,f() with the same initial distribution u, the laws of X and
X agree.

Definition 6.10 Pathwise uniqueness holds for the SDE (o,b) if, given
any two (weak) solutions (2, {F,}, F,, W, X) and (Q, {F,}, F,P, W, X), with
the same initial data (Q,F,{F:},P,W,X,), the processes X and X are
indistinguishable,

P(X, = X, for all t) =1.

Remark 6.11: If the filtrations for the two solutions in the above definition are
allowed to differ, we say that strict pathwise uniqueness holds. It can be shown
that this reduces to the apparently weaker notion of pathwise uniqueness as
defined above.

Uniqueness in law is the most obvious notion of uniqueness for weak
solutions of an SDE because the law is the only thing which can be compared in
general, since the probability spaces may be different. It is the relevant notion
of uniqueness we shall need when we revisit the martingale representation
theorem in Section 6.7. Pathwise uniqueness is only a statement about two
solutions on the same set-up, but is then a more stringent requirement.

The relationship between these two notions of uniqueness is not immediately
obvious. However, the following is true.

Theorem 6.12 Pathwise uniqueness implies weak uniqueness.

This fact was first proved by Yamada and Watanabe (1971). Given any two
weak solutions it is clear from the discussion in Section 6.3 that, for either
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of the two solutions, a corresponding weak solution can be defined on the
canonical set-up (for the Brownian motion and the solution process jointly)
(RE+n, Ccd+n {cd+my ¢n+d). The proof of Yamada and Watanabe rests on
the fact that any two weak solutions can be put on the same canonical set-up
(Cd+2n fedt2my cd+2n) by using regular conditional probabilities. Roughly
speaking, the idea is as follows. Starting from the two weak solution processes
X and X, and the corresponding Brownian motions W and W, construct
the regular conditional probabilities P(X.[W.) and P(X.[W.). Now define
a probability measure on the space C%t2" so that the first d components
have the law of a Brownian motion (using Wiener measure), the next n
components have the law of X (using the probabilities P(X.|W.)) and the
final n components have the law of X (using the probabilities P(X.|[1.)). In
so doing we have succeeded in putting both solutions on the same space and so
pathwise uniqueness now implies that they must be indistinguishable, hence
must have the same law.

Remark 6.13: Note in the above discussion that when discussing a weak
solution the process (W, X) can be transferred to the canonical space
(Cdn {cdtmy c4+™) but not necessarily (C4, {C#},C?) which is canonical for
the Brownian motion W. This contrasts with the discussion below for strong
solutions to an SDE.

6.4.2 Strong solutions

For any weak solution to the SDE (o,b), the process (W, X) is adapted to
the filtration {ffW’X)}. In many situations an SDE is used as a way to
specify a model for some physical quantity which is subject to uncertainty,
in our case asset prices, and for this a general weak solution is sufficient. For
some applications, however, both the driving Brownian motion W and the
process X have independent significance. In signal processing, for example,
the Brownian motion will be an input noise and X will be the output. In such
situations it is important that, at the very least, X be adapted to {ft(XO’W)}
since knowledge of W and X should be all that is required to have complete
knowledge of X. This leads to the concept of a strong solution introduced
below. An even more direct link between the input W and the output X
would be the existence of a pathwise relationship between them,

X, = F(Xo, W) (6.4)

for some mapping F. We shall soon provide conditions under which such a
map exists.

Definition 6.14 A strong solution of the SDE (o,b) is a (weak) solution
(Q,{F}, F,P,W, X) with the additional property that the solution process X
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is adapted to the filtration {.7-'t(X°’I/V)}, the filtration {o(X,) V FV} augmented
to include all (F,P) null sets.

Remark 6.15: Our definition of strong is identical to that of Revuz and Yor
(1991) but different from that of Rogers and Williams (1987) who require
more of their strong solutions. Where we differ from Revuz and Yor (1991) is
in the definition of weak; they define a weak solution to be one which is weak
in our sense but not strong.

It may at first appear surprising that situations arise where the solution
process X is not adapted to the filtration {f(X“’m}. The following famous
example of Tanaka shows that they do.

Ezample 6.16 (Tanaka) Consider the SDE
dXt = sgn(Xt)de,. (65)

To see that weak existence holds for this SDE take any probability space
(Q, {F}, F,P) supporting a Brownian motion B and an independent random
variable £ having law p. Now define

Xt = 5 + Bt,
t
0

Equation (6.6) defines a local martingale with (dW;)? = (dB;)? = dt,so W isa
Brownian motion by Lévy’s theorem (Theorem 4.38). Furthermore, X clearly
satisfies (6.5) so weak existence holds.

Weak uniqueness also holds since any (weak) solution to (6.5) is Brownian
motion, again by Lévy’s theorem, but pathwise uniqueness does not hold since
X; = & — By is another weak solution. Finally, note the plausible fact (from
(6.6)), proved in Rogers and Williams (1987), that FV = .7-',_“X‘, so X is not
adapted to {F/V} and the solution is not strong. (To prove this we would need
to study the local time of X, which is beyond the scope of this book.)

Motivated by the fact that for a strong solution the ‘input’ process W is
often specified, as is the probability space, the notion of strong existence for
an SDE is stricter than the obvious counterpart of Definition 6.8.

Definition 6.17 We say strong existence holds for the SDE (o,b) if,
for all initial data (Q,{F:}, F,P,W,&), there exists some X such that
(Q{F}, F,P,W, X) is a strong solution to (o,b) (with Xy =& a.s. of course).

Remark 6.18: 1t is, of course, the use of (Q, {F;}, F,P, W, &) as an input that
motivated the label ‘initial data’, one which is less natural in the context of a
weak solution.
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Definition 6.19 Strong uniqueness holds for (o,b) if, given any initial
data (Q, {F:}, F,P,W, ) and any two strong solutions with this initial data,
(Q,{F:},F,P,W,X) and (Q,{F,},F,P,W, X), the processes X and X are
indistinguishable,

P(X, = X, for all t) =1.

Returning to the question of existence or otherwise of the function F' in
(6.4), this is not true in general. However, when strong existence holds the
story is altogether clearer, essentially because a solution must exist on the
canonical set-up corresponding to the input Brownian motion and the initial
condition.

Theorem 6.20 Suppose strong existence holds for the SDE (o,b).
Fix some probability distribution p on R™ and consider the initial data
(Q,{G:},G,P,W,&) where {G;} and G are as in Definition 6.1 and

where Q¢ is Wiener measure on (C%,C?%). By strong existence, for this initial
data there exists some solution process X such that

t t
Xt=£+/ b(s,f(.)ds+/ o(s, X.) dW,
0 0

satisfying the finiteness condition (6.3).
It now follows that there exists a function

F,:R"xC*—>C"
such that, for all A € C?,
F ' (A) e

and such that ~ _ R
X (w) = Fu(§(w), W.(w))

for almost all w.
Furthermore, given any initial data (Q,{F;}, F,P,W,€) with ¢ having
distribution p, the process

satisfies , .
Xt=£+/ b(s,X.)der/ o(s,X.)dW,.
0 0
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Remark 6.21: Tt is the existence of a solution on the canonical set-up for
(&, W) (compare with Remark 6.13) which ensures existence of the map F),,
and this in turn ensures there exists a solution on any set-up. Thus strong
existence holds if and only if there is a solution on the canonical set-up for
(&, W) for all random variables &.

A proof of this can be found in Rogers and Williams (1987). Note, of course,
that the function F), is not uniquely defined because changing its definition
on a P-null set makes no difference. If strong uniqueness holds for the SDE
then any two such functions satisfying the conditions of the theorem will have

P (£ (Xo(w), W(w) = B (Xo(w), W(w)) = 1

Remark 6.22: In general the function F), depends on the initial distribution
p. Rogers and Williams (1987) discuss this point further in the context of
stochastic flows.

6.4.3 Tying together strong and weak

We have introduced two types of solution to an SDE, two notions of existence
and three of uniqueness. In this section we catalogue the relationship between
them.

Clearly any strong solution is also a weak solution and strong existence
certainly implies weak existence. On the uniqueness question we have already
seen that pathwise uniqueness implies uniqueness in law and it is immediate
that pathwise uniqueness also implies strong uniqueness. There are no other
general relationships between any two of the concepts already introduced.
However, when these are combined we get the following.

Theorem 6.23 (Yamada and Watanabe) For an SDE (o,b), weak
existence plus pathwise uniqueness implies strong existence plus strong
UNIQUENESS.

This is a powerful and surprising result. Weak existence states only that
for each initial distribution p there is some probability space (Q, {F;}, F,P)
on which (W, X) can be defined, whereas strong existence states that there
exists a solution for all (2, {F}, F,P) which support a Brownian motion W
and a random variable ¢ with distribution p.

Remark 6.24: We pointed out in Remark 6.15 that our concept of a strong
solution is different from that of Rogers and Williams (1987). In fact, their
definition is slightly stronger and with their definition Theorem 6.23 can be
strengthened to an equivalence, i.e. strong existence and strong uniqueness
also implies weak existence and pathwise uniqueness. Rogers and Williams
(1987) contains the details.
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6.5 ESTABLISHING EXISTENCE AND UNIQUENESS:
ITO THEORY

The general theory in the previous section defines and relates the different
concepts of existence and uniqueness for solutions to an SDE but gives no
method for establishing whether or not these properties hold for a given
SDE. In this section we reproduce It&’s theory for strong solutions to (locally)
Lipschitz SDEs. This theory shows that if the SDE (o, b) is (locally) Lipschitz
and satisfies a linear growth constraint then strong existence and pathwise
uniqueness hold. This was the first work done on SDEs and is still the most
important technique for generating strong solutions.

In finance applications the existence of a strong solution is not necessary
since in this context the use of an SDE is to generate a model for the asset
prices and there is no interpretation given to the driving Brownian motion
as an input. It is convenient, however, to work with a locally Lipschitz SDE
because existence and uniqueness results are relatively easy to prove, as is the
strong Markov property. In this case, since strong existence and pathwise
uniqueness hold, all the results of Section 6.4 apply. In particular, the
solution is also unique in law (Theorem 6.12) and this yields the martingale
representation result (Theorem 6.38) which we shall need when we discuss
continuous time finance theory in Chapter 7.

Two topics that we shall not discuss in this book are the questions of
when weak existence and the strong Markov property hold for an SDE. As
mentioned above, both hold for (locally) Lipschitz SDEs, but this is a very
particular and restrictive case.

The primary tool for the study of weak existence is Girsanov’s theorem.
The basic idea of this approach is to start with some (relatively simple) SDE
(0,b) for which we know there is a weak solution (Q, {F;}, F,P,W, X). If we
now change measure to some other measure Q ~ P then under Q the sextuple
Q,{#A},F,Q, w, X), W here being the Brownian motion of Corollary 5.23,
will be a solution to a different SDE (&, b). In practice, of course, the idea is
used in reverse. Given some SDE (&, b), it is reduced to a simpler one using
a change of measure and the solution to this simpler SDE then provides a
solution to (5, b).

Another technique for establishing weak existence, one which is also
important when studying the strong Markov property, is the martingale
problem. This is a very important topic but one which we shall not consider
further. The interested reader is referred to Revuz and Yor (1991), Rogers
and Williams (1987) or Strook and Varadhan (1979).
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6.5.1 Picard—Lindelof iteration and ODEs
In the theory of ODEs it is known that, for any constant £ € R"™, the equation

d.’I}t = b(xt)dt,

6.7
To = S) ( )

has a unique solution if the function b is globally Lipschitz, i.e. if there exists
some K > 0 such that, for all z,y € R™,

[b(z) — b(y)| < Klz —yl. (6.8)

Without this condition (or some relaxation of it) it is difficult to say much in
general. The way this result is proved is by use of a Picard-Lindel6f iteration
as follows. Define a sequence of functions {z(*} by

xio) =¢, forallt
g* ) = gz (k)

where .

(Gzr)y = ¢ +/0 b(z,,)du. (6.9)

We fix some T and prove existence and uniqueness over ¢ € [0,7] which is
clearly enough. We begin by establishing an inequality which we shall use to
prove that the sequence {z(*)} converges to a unique limit satisfying (6.7).
The inequality we establish is an L? inequality, whereas it is more usual
for ODEs to use a simpler L! inequality. We use the L? result because this
can be extended to a stochastic equivalent which is needed when considering
SDEs. Defining z;} := supy<,<; |2/, it follows from (6.9), the Cauchy—Schwarz
inequality and (6.8) respectively that, for all 0 < ¢ < T,
(G —gy);* = ( sup

- /Os(b(xu) - b(yu))duD
= </0t [b(z) — b(yu)\du>2

<1 / b(a) — b(ya) Pdu

2

t
< KZT/ (z —y)i2du.
0
By induction, therefore, for bounded, continuous =z, y,

X tk—l (KT)Qk

T
(G o=0"0)i* < (°1)' Gy [ (=u)ifau < Foh e (610)
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We now establish existence of a solution to (6.7). Given any m, k > 0,

m—1

(x(mﬂc) _ x(k))*TZ = (x(k+j+1) — m(kJrj))*T2
§=0
m—1

(gk+jx(1) _ ngrjx(O) );2

I
™

7=0
m—1 ;
(KT)** ) ) o)ea
<2 G e
J:
- .
(KT ) oyyee
<y ——— (W -2
(KT)Zk

< exp((KT)?) (V) — £(0))z2

(k—1)!
— 0,

as k — o0, so the sequence of functions {x(k)} is Cauchy for the supremum
norm on [0, 7] and thus converges to some continuous limit function « which
satisfies
lim (z — z®):2 = 0. (6.11)
k—o0
To show that this limit function z solves (6.7), observe that (6.10) implies
that

lim (Gz — z(k));? = lim (Gz — gx(kfl));?
k— o0 k— o0

IN

(KT)*(z — 2% V)32 -0,
so x = Gx as required.

To establish uniqueness, note that any solution to (6.7) satisfies z = GFz
for all k& > 0. Thus it follows from (6.10) that if = and y are two solutions,
(z —y)3? =0, i.e. * =y and any solution to (6.7) is unique.

6.5.2 A technical lemma

Ito’s idea was to apply a similar Picard-Lindelof procedure to an SDE to
obtain a pathwise unique solution. The key to the proof for the ODE was
inequality (6.10) for which a stochastic analogue must be found. This is the
content of this section.

Lemma 6.25 Let (,{F;},F,P) be a filtered probability space supporting
a d-dimensional Brownian motion W and suppose the n-dimensional process

Z is defined by
t t
Zy :/ budu+/ oudW,
0 0
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where b and o are {F;}-predictable processes. Then, for all t > 0,
t
E[Z;?] <2(4 +t)E[/ (Ibu|* + [ou]*)du| . (6.12)
0

Now let £ be an Fy-measurable random variable and define the operator G
(or G¢ when we wish to emphasize the role of £) by

t

(GX) =€ + /0 b(Xa)du + /0 (X)W,

where now o and b are Borel measurable functions on R"™ satisfying the
Lipschitz conditions

b(z) = b(y)| < K|z —yl,
lo(z) —o(y)| < K|z —yl,
and X is a continuous adapted process taking values in R™. Then, given any

fixed T > 0 and for all0 < t < T, k > 0 and any continuous adapted processes
X andY,

(6.13)

k—1 T
BlG"X — )P < Chp—wB[ [ (X —v)au]
k
< C%ﬁE[(X - Y)7], (6.14)

where Cp = 4K?(4+T).
Proof: Write Z; = M; + A; where

t
My = / oudWo,
0

t
At:/ b, du.
0

Trivially, for each t > 0,
|Z4|? < 2(IMf* + [Ae]?),

and further
2 < M2+ A,

whence
E(2;%] < 2E[M;?] + 2E[4;?).
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From Doob’s £2 inequality for a continuous local martingale in n dimensions
(Exercise 6.26) we have

E[Mt*Q] < 4E{(/Ot O’uqu>2} =4F [/Ot |au|2du},

and by Jensen’s inequality,

E[A}?] gE[(/Ot \bu\du>2} gE{t/0t|bu|2du}.

Inequality (6.12) now follows immediately.

We now prove (6.14). The second inequality is trivial. We prove the first by
induction on k as follows. Apply (6.12) to Z, = (GU — GV');, where U and V
are continuous adapted processes, to obtain

E[(GU ~GV);?] < 2(4 +1) (B / b(U) — b(V,) ]

+E/0 |U(Uu)fa(Vu)|2du})

t
< CTE[/ U, — Vu\Qdu}
0
t
= CT/ E[|Uy — Vu|*] du, (6.15)
0

the last inequality following from the Lipschitz conditions (6.13). Setting
U =X,V =Y in (6.15) yields (6.14) when k = 1. For general k, set U = G* X,
V = G*Y and use the inductive hypothesis to obtain

t
E[(gk+1X o gk-‘rly);@] < CT/ EngXu o gkYu|2] du

0

t
< CT/ E[(G"X — G"Y):?]du
0

b vt T 2
< v . *
_CT/O 0T<k_1)!E[/O (X - V)" du}dv

_ c;“Z‘E[/T(X - Y);?du} :

and we are done. O

Ezercise 6.26: Prove that Doob’s £2? inequality for one-dimensional cadlag
martingales generalizes to continuous n-dimensional local martingales.
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6.5.3 Existence and uniqueness for Lipschitz coefficients

Armed with Lemma 6.25, we are now ready to prove Itd’s existence and
uniqueness results for SDEs. The first theorem requires global Lipschitz
restrictions on the coefficients of the SDE. We relax these later to local
Lipschitz conditions in the presence of a linear growth constraint.

Theorem 6.27 Suppose the (Borel measurable) functions b and o satisfy
the global Lipschitz growth conditions

[b(x) —b(y)| < Kz —y|
lo(z) — o(y)| < K|z —y|
for all x,y € R™ and some K > 0. Then strong existence and pathwise

uniqueness hold for the SDE (o, b).

Proof: Let (2, {F:}, F,P) be a probability space supporting a d-dimensional
Brownian motion W and some Fy-measurable random variable £&. We must
show there is a strong solution to (o, b) (adapted to the filtration F,fg’W)) with
initial condition £&. We construct such a solution in the case when ¢ is bounded
by using a stochastic anologue of Picard—Lindelof iteration. This is sufficient
since the general result then follows from this special case by truncation.

Let G be the operator of Lemma 6.25 and define

Xt(o) =¢, forallt
X(k+1) — gx(k) _ gk-i—lX(O).
We show that for any fixed T > 0, X *) converges a.s., uniformly on the
interval [0,T7], to a continuous {ft(g’w)}—adapted process X which satisfies
X = GX. Since T is arbitrary this is sufficient to establish that X is a strong

solution to (o,b).
So fix T' > 0 and note that, for ¢ € [0, 7],

(XM x(0), = /0 b(E)du + /0 o(€)dWW,, = tH(€) + o (€)(W; — Wo),

and thus, noting that £ and W are independent,
E[(XM — X O] < 24°E[b*(€)] + 2E[0® (§)|E[W;™]
< 2T*E[b*(€)] + 8TE[0?(£)]
=: B < 0.
Now apply Lemma 6.25 to obtain
E[<X(k+1) _ X(k));?] — E[(gkX(l) _ gkX(O))}z]
k

T
<Ch——
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and thus, by Chebyshev’s inequality,
Tk
IP( sup (XY - x®) > 2*’“) <4kch—— B, (6.16)
0<t<T (k=1
The first Borel-Cantelli lemma can now be applied to (6.16) to conclude that
IP’( sup (Xt(k+1) — Xt(k)) > 27% infinitely often) =0.
0<t<T
Let 2* be the set, having probability one, given by

OF = {w : sup \Xt(kJrl)(w) - Xt(k) (w)| > 27" finitely often} .
0<t<T

For w € Q*, we see that {X.(k)(w)} is a Cauchy sequence in the space
C([0,T],R™) (continuous functions from [0,7] to R™) endowed with the
supremum norm, 7 := supg<;<7 |Z¢|, and hence converges to a limit X.(w).
That is, X*) converges a.s. uniformly on [0,7] to the continuous limit
process X. This limit process is {ft(g’w)}—adapted since each Xt(k) is }-t(g,W)_
measurable and the a.s. limit of a measurable random variable is measurable.
It can now also be concluded, using (6.14) and an argument similar to the one
used to establish (6.11), that
lim E[(X - X*)$?] = 0.
k— o0
That X solves X = GX follows since, again from Lemma 6.25,
E[(X — 6X)P] <2E[(X - X®)3?] + 2E[(X® - GX)3?]
< 2E[(X — XW)P?] + 207E[(X 5D — X)7]
—0
as k — 00, so X *) also converges to GX.

We conclude by establishing pathwise uniqueness. Let X and Y be two
solution processes having the same initial data. Clearly, for any stopping time
7, (G*X)rnr = (G¥X)TAs, and similarly for Y, so Lemma 6.25 applied to
X7 and Y7 yields

E[(XT -Y")7] =E[(X - Y)F\,]

gkX - gkY);?/\‘r]

gkXT o gkyr);?/w]

gkXT _ gkyT);Q]

p T 2
<C}——E[(XT-YT")x|. 6.17

Taking 7 = T} := inf{t > 0 : | Xy| + |Y;| > k} in (6.17), the right-hand side

of (6.17) is bounded, hence converges to zero as k — oo. Thus X T = Y7k

a.s. on [0,7]. Letting k — oo, and noting that Ty T T (since both X and YV

are a.s. finite), now establishes that X =Y a.s. on [0, 7). Since T is arbitrary,

pathwise uniqueness holds. O
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Corollary 6.28 Suppose the (Borel measurable) functions b and o are locally
Lipschitz, meaning that for each N > 0 there exists some constant Ky > 0
such that

b(z) = b(y)| < Knlz —yl,

lo(z) —a(y)| < Knlz —yl,
whenever |z|,|y| < N. Suppose further that, for some K > 0, the following
linear growth conditions also hold:

[b(2)] < K (1 + [x]),
lo(2)] < K(1+ [2]).

Then strong existence and pathwise uniqueness hold for the SDE (o, b).

(6.18)

(6.19)

Remark 6.29: As is the case also for ODEs, it is not possible to relax the
statement of this theorem by removing the linear growth constraints.

Proof: Let
T

N (z) = b(z)1{jzj<ny + 0 <N > Lije1>Nys

X
o (z) = o()Ljjaj<ny +o (Nm) Ljz>ny -

For each N the SDE (oV, bY) is globally Lipschitz so admits a pathwise unique
strong solution XV by Theorem 6.27. Now define

v = inf{t > 0: | X}N| > N},

||

Xy = lim XN, (6.20)
Note that, for all M > N, (X} — X/, ) = 0since (¢™V,b") and (o™, ™M)

agree for |z| < N. Hence the limit in (6.20) will exist a.s. if supy 7n = +00
a.s., and will satisfy the SDE (o,b). It will also be the unique such process
since each X ¥ is unique.

We suppose that |Xg| is bounded by some constant, A say, and consider
only a finite interval [0,7]. The general case of unbounded X, follows by
the usual truncation argument. Defining EY = E[(XY — X);?], it is clear
that EV is increasing and finite for all ¢ € [0, 7], thus differentiable Lebesgue
almost everywhere. Furthermore, applying (6.12) and (6.19),

EN < 4(4+t)E[K2 /t(1 + |X;V|)2du}
<8(4+1)E [K2 /Ot(1 +]Xo|)? + (XN — Xo):?du}
<84+ T)K> ((A L1027+ /t Egydu)

t
=: AT+BT/ ENdu. (6.21)
0
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Gronwall’s lemma (Lemma 6.30 below) applied to (6.21) now implies that
EN < ApeBrt) thus

EN ATeBTT

as N — oo. O

Gronwall’s lemma, just used, is a simple but very useful result which we
call on again later.

Lemma 6.30 Let f be some Lebesgue integrable real-valued function and
suppose there exist some constants A and C such that

ft) <A+ C/Ot f(u) du (6.22)

for all t € [0, T]. Then, for Lebesgue almost all t € [0,T],
f(t) < AeCt.

Proof: The function
t
h(t) :== e*Ct/ f(u)du, t>0,
0

starts at h(0) = 0 and satisfies h/(t) < Ae~C* by (6.22). This implies that

/0 fu)du < g(eCt -1).

Substitution back into (6.22) establishes the result. O

Note that the SDE we have considered is a diffusion SDE but that time
t could be one of the components so we already have results for the time-
inhomogeneous case. The following theorem, one we shall appeal to later,
explicitly identifies and separates out the time component.

Theorem 6.31 Suppose the (Borel measurable) functions
b:R" x RT — R,
o :R" x R — R™ x R

satisfy:

(i) the local Lipschitz growth conditions, i.e. for each N > 0,
‘b(.’b,t) - b(yat)| < KN“T - y|?

o(xz,t) —o(y,t)| < Knlr —y|,
o(e,t) = o(y,0)] < Knlo —y 623
|b(z, s) — bz, t)| < Knl|t — s,
‘O’(ﬂ?,s) *O’(:E,t)| < KN‘tf Slv
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whenever |z|, |y| < N, s <t < N, and some Ky > 0;
(ii) the linear growth conditions

[b(z, )] < K(1+ =),

(6.24)
lo(2,t)] < K(1+ [z),

for some K > 0.

Then strong existence and pathwise uniqueness hold for the SDE (o, b).

6.6 STRONG MARKOV PROPERTY

We discussed the strong Markov property in Section 2.4, where we proved that
Brownian motion is strong Markov. Here we show that the solution process of
a locally Lipschitz SDE is also strong Markov, a property essentially inherited
from the strong Markov property of the driving Brownian motion. Recall that
the basic idea behind the strong Markov property is that a process X is strong
Markov if, given any finite stopping time 7, the evolution of X beyond 7 is
dependent on the evolution prior to 7 only through its value at 7. The formal
definition is as follows.

Definition 6.32 Let (Q,{F:},F,P) be a filtered probability space
supporting an R™-valued process adapted to {F;}. We say that X is a strong
Markov process if, given any a.s. finite {F;} stopping time 7, any I' € B(R"),
and any t > 0,

IP(X7-+t S F|.7:7-) = P(Xr+t S F|X-,—) a.s. (625)

From (6.25) we can immediately conclude, using the tower property, that
given any t1 < ... <tg, I'; € BR"),i=1,... ,k,

IP(XT-i-ti € Fz,’t == 1, e ,k|f7-) == P(XT-i-ti € Fz,l == 1, ce ,k|X—,—) a.s.
Further, as shown in Karatzas and Shreve (1991, p. 82),
P(X,,. € T|F,) = P(X,4. € T|X,) as.

for all T € B((R™)[%>)) (the Borel o-algebra on the space of functions from
RT to R™. So (6.25) is a much stronger result than it may at first appear and is
precisely the property that we described earlier. An equivalent formulation to
(6.25), the one we shall appeal to when verifying the strong Markov property,
is the following standard result (see, for example, Karatzas and Shreve (1991)).
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Theorem 6.33 The process X is strong Markov if and only if, for all a.s.
finite {F;} stopping times T and all t > 0,

E[f (Xr12)|Fr] = E[f (Xr10)| X7] (6.26)

for all bounded continuous f.

As mentioned earlier, the strong Markov property of the solution process for
a locally Lipschitz SDE (o, b) is essentially inherited from the strong Markov
property of the driving Brownian motion. Theorem 6.36, the main result of
this section, establishes this fact. In order to prove this result we first need
two lemmas which show that the solution process for a globally Lipschitz SDE
is well behaved as a ‘function’ of the initial distribution.

Lemma 6.34 Let X and Y be two solution processes, on some probability
space (2, {F:}, F,P), for the SDE (c,b) and suppose that ¢ and b are globally
Lipschitz (i.e. satisfy (6.13)). Then, for all T > 0 and all t € [0,T1,

E[(X: - Y;)™?] < DrE[(Xo — Yp)?]

where
Dy =2exp(8K*(4+T)T).

Proof: Define
Zt = Xt - }/ta

Zy = (Xy — Xo) — (Vi — o),

and note that R
77 <9 Xo — Yol* + 2272 (6.27)

Since X and Y are solution processes it follows that X = GX0 X, Y = G¥oY,
so applying (6.12) and the global Lipschitz conditions yields

t
E[Z;?] <2(4+t)E [/ b(Xu) = b(Y)[* + [o(Xu) — o (Vo) * du
0
t
<4(4+t)K? / E[Z*]du. (6.28)
0
Defining h; := E[Z}?], it follows from (6.27) and (6.28) that

he < 2E[|Xo — Yo|?] + 2E[Z;?]

t
<2E[|Xo — Yo|?] +8(4 + t)K2/ hudu .
0

The result now follows from Gronwall’s lemma (Lemma 6.30). g
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Lemma 6.35 Let & be some Fy-measurable random variable and suppose the
(Borel measurable) functions o and b are globally Lipschitz, i.e. satisty (6.13).
Now suppose that (Q,{F:}, F,P,W, X¢) is a (strong) solution to the SDE
(0,b) with X = £ a.s. Then, for all bounded continuous functions f : R" — R,

E[f(X{)IFo] = v(&,1)
where, for all © € R™, the function v (which is continuous in x) is given by
v(z,t) == E[f(X})].

Proof: The solution process X ¢ solves

:§+/0 b(Xu)du+/0 o(Xy)dW, . (6.29)

Let f: R™ — R be some bounded continuous function. If £ = z a.s., for some
x € R™, it suffices to prove that

E[f(X{)|1Fo] = E[f(X¥)]  as. (6.30)

This is immediate since z is a constant and the Brownian motion in (6.29) is
independent of Fy.

If £ can take only countably many values {&; : j > 1} the result follows
from (6.30) by summation (note that £ is Fo-measurable),

E[f(X?)|Fo] = Zﬂ{g Bl (X5 o]

Z {e=¢,10(&5, 1)
=w(,t).

The general case now follows by approximation of £ by a random variable
taking at most countably many values. Given a general &, let {{;} be some
sequence of random variables converging to £ in £2 (for example, each & could
be the random variable £ rounded in each component to the nearest 1/k). It
follows from Lemma 6.34 that, for each ¢ > 0, Xf’“ — Xf in £2, and this in
turn implies that f(X%) — f(X%) in £2. Consequently,

B[ (Bl R] - B IR | = B[ (Bl - 1xI7]) ]
<E[(F(Xf) - 1(XF)*] =0
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as k — 00, so B[f(X5*)|Fo] — E[f(X5)|Fo] in £2. But £2 convergence implies
a.s. convergence along a fast subsequence so, given any {{;} such that &, — &
in £2, there is some subsequence {{;/} along which

E[f(X;*)|Fo] — E[f(X{)|Fo] as. (6.31)

An immediate consequence of this last observation, taking £ to be some
arbitrary constant and {£x} to be an arbitrary sequence of constants
converging to ¢, is that the function v(z,t) is continuous in x. This continuity
along with a second application of (6.31) now completes the proof, since given
an arbitrary random variable £ there is a fast subsequence {£;/} along which
(6.31) holds and thus, for almost every w,

E[f(X{)|Fol(w) = lim E[f(X;)|Fol(w)

= lm o(& (W), 1) = v(E(w), 1)

O
Armed with the regularity result established in Lemma 6.35, we are now
able to establish the strong Markov property.

Theorem 6.36 Suppose the SDE (o0,b) is globally Lipschitz and let
(Q, {F:}, F,P,W, X) be some solution. Then the solution process X is strong
Markov, i.e. (6.26) holds for all bounded continuous f and all a.s. finite {F}
stopping times T.

Proof: Given any {F:} stopping time 7 < oo a.s., we have, for almost every
wandallt >0,

(@) ()4t
Xoso(w) = Xo(w) + /0 b(Xa () du + /0 o (Xu(@)) dWa(w)

T(w)+t T(w)+t
= X ()W) + /( : b(Xy(w)) du + /( : o(Xy(w)) dW,(w)
t t N
=X, + / b(XT+u) du + / U(X7+u) aw, (632)
0 0

where Wt = W;4+ — W, and in the last line we have suppressed w in the
notation. Note, by the strong Markov property of Brownian motion (Theorem
2.15), that W is an {F,,; : t > 0} Brownian motion independent of . Thus
(6.32) shows that the process X. := X, . is a strong solution of the SDE (o, b)
for the initial data (Q,{F}, F,P, W, X,) where F; = F,,. It follows from
Lemma 6.35 that

E[f(Xr4)|Fr] = E[f(X1)|Fo] = v(Xo,t) = v(X,, 1) (6.33)
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Finally, observe that the right-hand side of (6.33) is o(X ;)-measurable, hence
so is the left. It follows that

E[f(Xr+t)|-7:'r] = E[f(X'rth)‘X'r] )

which establishes (6.26) as required. O

Our final result in this section extends Theorem 6.36 to the case of locally
Lipschitz coefficients subject to a linear growth constraint. This localization
argument follows familiar lines.

Corollary 6.37 Theorem 6.36 remains valid if the global Lipschitz
requirement on the SDE is relaxed to the local Lipschitz conditions (6.18)
combined with the linear growth condition (6.19).

Proof: Let X be a solution process for the SDE (o, b) and define Sy = inf{¢ >
0 : |X¢| > N}. Denote by X~ the solution to the globally Lipschitz SDE
(6N, b™) defined in the proof of Corollary 6.28. By Theorem 6.36, XV is
strong Markov and thus, given any a.s. finite stopping time 7 and bounded

continuous f,
E[f (X2, )|F] =V (XN,8) as.

where
oV (2, t) == BLF(XT)],

X (V) being the process with initial condition XV = z a.s. Noting that X(w)
and X% (w) agree for t < Sy (w), and defining v(z,t) as in Lemma 6.35, we
find

BLf (X 40)\Fr] = v(Xr, )] = [B[(F(Xria) = FXN0) I

( (X, 1) — oV (X t))‘

]
(
< |B[(£(Xrsa) = F(X2)IF7)
|0, t) = 0™ (X, )|
N (X ) = o (X8|
< 2BE[ (11550 o] + [0(Xr, ) = 0¥ (X, 1)
+ 2B]l{T>5N} , (6.34)

where B is some constant bounding f. Letting N — oo, the third term on the
right-hand side of (6.34) converges to zero a.s., as does the first (applying the
dominated convergence theorem). Given any = € R™,

oz, t) — oV (2, 1) = [E[f(XF) — F(XV)]| < 2BP(Sy < 1) = 0
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as N — oo. Hence the second term on the right-hand side of (6.34) also
converges to zero a.s. and this establishes the result. (I

6.7 MARTINGALE REPRESENTATION REVISITED

We established in Corollary 5.47 and Theorem 5.50 that uniqueness of a (local)
martingale measure implied martingale representation. This in turn can be
related to the uniqueness of the solution to an SDE which the underlying
martingale satisfies. Theorem 5.49, the martingale representation theorem for
Brownian motion, was a special case of this result.

Theorem 6.38 Suppose that weak uniqueness holds for the SDE (o,b).
Then, given any solution (Q,{F:},F,P,W,X) of (o,b), any {FX} local
martingale N can be represented in the form

¢
Ny = Np +/ bu - dX, ",
0
for some {FX}-predictable ¢.

Proof: By Theorem 5.50, it suffices to prove that, if Q ~ P and X '°¢F is an
({F7},Q) local martingale, then P = Q. Note that

t
X = X, — X — / b(Xy,)du
0

and thus, since X solves (0, b), X!°¢F satisfies the SDE
loc,P
dXt = O'(Xt)th .

By Girsanov’s theorem (Corollary 5.26), since X °“F is also an ({F~X}, Q)
local martingale,

dX°F = 6(X,)dW,

and so .
dXt = b(Xt)dt + O'(Xt)th

for some Q Brownian motion W. But (0,b) admits a unique weak solution,
and X satisfies the same SDE under both P and Q, so X has the same law
under P and Q. This, in turn, implies that P = Q on {(F{¥)°}, and indeed on
{F{X} since P ~ Q. O






7

Option Pricing in Continuous
Time

At last we are able to develop the theory of option pricing in continuous
time, and the probabilistic tools which we have developed in Chapters 2—6
are just what we need to do it. This theory, when developed carefully, is quite
technical but the basic ideas at the centre of the whole theory are the same
as for discrete time, replication and arbitrage. If you have not already done
so you should now read Chapter 1 which contains all the important concepts
and techniques which will be developed in this chapter, but in a much simpler
and mathematically more straightforward setting. We will assume throughout
this chapter that you are familiar with Chapter 1.

There is a conflict when writing about a technical theory. If you include
all the technical conditions as and when they arise the development of the
theory can be very dry and the main intuitive ideas can be missed. On the
other hand, if the technicalities are omitted, or deferred until later, it can be
difficult for the reader to know exactly what conditions apply and, for example,
to decide whether any particular model is one to which the theory applies.
If working through this chapter you feel you are missing some important
intuition, Chapter 1 should help. If there are details which confuse you at
first, read on and spend more time on them second time through.

This chapter is organized as follows. In Section 7.1 we define a continuous
time economy. An economy consists of a set of assets and a set of admissible
trading strategies. For technical reasons we will not be able to completely
specify exactly which strategies are allowed until we have developed the theory
a little further. We have therefore given a partial description of admissible
strategies in Section 7.1.2 and leave until Section 7.3.3 the final definition.
With the exception of this one detail, Section 7.1 defines the probabilistic set-
up for our economy. The conditions we impose at this stage will be assumed
in all results later in the chapter.

Section 7.2 contains most of the intuition behind the results of continuous
time option pricing theory. We derive the standard partial differential

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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equations for the price of a European derivative and an expression for the
value as an expectation. The development in this section is as free of technical
details as we can manage without sacrificing accuracy. The price we pay is
that we have to make various assumptions which we do not fully justify until
Section 7.3. The restriction to European derivatives is for clarity and various
generalizations are possible which we cover in Section 7.4.

In Section 7.3 we give a rigorous development of the theory. To do this
we must introduce numeraires, martingale measures and admissible trading
strategies. We develop here results which explain when an economy will be
complete and hence when we will be able to price all the derivatives of
interest to us. The treatment we provide is different to most others that we
have encountered. We develop an £' theory and highlight the importance of
numeraires (which have recently become an increasingly important modelling
tool). We also introduce a different (and more natural) notion of completeness
than that usually considered. Finally, in Section 7.4, we consider several
generalizations of the framework treated in Section 7.3. It turns out that the
theory of Section 7.3 extends easily to derivatives in which an option holder is
able to exercise controls (American options, for example), to assets which pay
dividends, and to an economy over the infinite time horizon. The case where
the number of underlying assets is infinite is discussed in Chapter 8.

7.1 ASSET PRICE PROCESSES AND TRADING
STRATEGIES

Before we can start pricing derivatives we must first define the underlying
economy in which we are working. An economy, which we will denote by &,
is defined by two components. The first, which we define in Section 7.1.1, is a
model for the evolution of the prices of the assets in the economy. The second,
the subject of Section 7.1.2, is the set of trading strategies that we will allow
within the economy. Throughout we shall restrict attention to some finite time
interval [0, T]. We discuss the case of an infinite horizon in Section 7.4.

7.1.1 A model for asset prices

Let W= (WM, Ww® ... W@)beastandard d-dimensional Brownian motion
on some filtered probability space (2, {F:}, F,P) satisfying the usual condi-
tions (recall that we need these to ensure that stochastic integrals are well
defined). In addition, we suppose that Fy is the completion of the trivial
o-algebra, {0, Q}.

The economy & consists of n assets with price process given by A =
(AW, AP AM) The process A is assumed to be continuous and almost
surely finite. We will insist that A, is measurable with respect Fy, and thus
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some constant known at time zero, and that A satisfies an SDE of the form
dAt = [I,(At,t) dt+O'(At,t) th 5 (71)

for some Borel measurable p and o. Recall from Chapter 6 that it is implicit
in (7.1) that for any solution process A to (7.1) the finiteness condition

/0 {‘M(Auvu)|+|‘7(Au,U)|2}du<OO a.s.

holds.

Chapter 6 provided an extensive study of SDEs of the form (7.1). If we are
using such an SDE to specify a model we need to ensure that the given SDE
has a solution, at least a weak solution, and that some kind of uniqueness
result holds so that there is no ambiguity about the asset price model under
consideration. Throughout this chapter we shall keep the discussion general
but usually in practice the SDE (o, u) will be taken to be locally Lipschitz
and subject to a linear growth condition. Recall from Theorem 6.31 that this
ensures that a strong solution exists which is pathwise unique and unique in
law, and that the process (A, t) is strong Markov. All the processes we shall
encounter satisfy these local Lipschitz and linear growth conditions, (6.23)
and (6.24) (although, in practice, we will not always explicitly present an
SDE satisfied by the asset price processes).

Ezample 7.1 This example is the model first considered by Black and Scholes
(1973) in their original paper on the subject of option pricing. It is one that we
shall develop throughout this chapter. Start with a probability space (Q, F,P)
which satisfies the usual conditions and which supports a one-dimensional
Brownian motion W. Define two assets in the economy, the stock and the
bond, whose price processes S and D satisfy the SDE

dSt = [J,Stdt + O'Stth 5
th = ’f'Dtdt .

It is easy to check that the conditions (6.23) and (6.24) are satisfied so SDE
(7.1) has a pathwise unique strong solution which is (apply It6’s formula to
check)
Se = Soexp((u — 30°)t + oWy),
Dy = Dgexp(rt) .
We suppose that Sy is some given constant and that the bond has unit value
at the terminal time T, which then yields

Dy =exp(—r(T —1t)).
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7.1.2 Self-financing trading strategies

In this section we discuss trading strategies for a continuous time economy and
some of their basic properties, these being natural generalizations of those we
met in Chapter 1 for a discrete time economy. We will later, in Section 7.3.3,
impose further technical constraints on those strategies which we will allow,
admissible strategies. Without these technical constraints most economies of
practical interest would admit arbitrage.

The first step in defining a trading strategy is to decide what information
will be available to make the trading decision at any time t. The flow of
information available in the economy is represented by the asset filtration
{FA} which we define formally in Section 7.3.1. Intuitively, the information
available in this filtration at any time ¢ is the past realization of the price
process.

A trading strategy will be specified by a stochastic process ¢ =
(¢(1), . ,¢(”)) where qbgi) is interpreted as the number of units of asset ¢
held at time ¢, before time ¢ trading. Consequently, the value at time ¢ of the
portfolio is given by V; = ¢; - A¢. A decision to rebalance the portfolio at time
t must be based on information available the instant before time ¢, thus we
require ¢ to be predictable with respect to the filtration {ftA}.

Associated with any trading strategy is its capital gain. This is just the
change in value of the portfolio due to trading in the assets. Consider first
a simple trading strategy, one which is piecewise constant and bounded, and
thus of the form

¢ = del(e,7e41]),  £=0,1,...,p,

where ¢y € R™ and 0 = 79 < ... < 7,41 are {F;*} stopping times. For such a
strategy we define the capital gain Gf (which can be negative) in the obvious
way:

P
G = Z be - (Atary — Atnr,) - (7.2)
£=0
Note that ¢ is predictable — decisions about holdings of assets are made the
instant before subsequent price movements occur.

This class of simple strategies is too restrictive for modelling purposes as it
does not enable us to replicate and thus price all derivatives of interest. We
need to define the capital gain for other more general trading strategies and
we choose to do this via the It6 integral.

Definition 7.2 The capital gain G? associated with any ({F{}-predictable)
trading strategy ¢ for the economy & is defined to be the It6 integral

t
Gf’:/ bu - dA, .
0
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Remark 7.3: Note that this definition of the capital gain is indeed a modelling
assumption. For trading strategies where trading occurs infinitesimally one
could in principle make an alternative definition which is consistent with
(7.2), such as the Stratonovich integral. However this alternative definition
would lack certain important properties which the capital gain process should
possess (see equation (7.27) and Remark 7.5).

Remark 7.4: We saw how to define the It6 integral in Chapter 4 and discovered
some of its properties. Recall the fact proved there, Theorem 4.15 and Remark
4.16, that if the integrand (trading strategy) ¢ is left-continuous then, for
almost every w,

(/Ot bu dAu)(w) = lim Z ¢t/\Tk";1(w) : [At/\T,:L (w) — At/\T,ng@J)] )

n—oo
E>1

where, for each n,

I3 =0, Ty = inf{t > T : |pr — drp| > 27"}

Remark 7.5: The It6 integral has a second important property which makes
this choice the appropriate one for financial modelling: It6 integrals preserve
local martingales (Remark 4.22). We shall see in Section 7.3.3 that it is
precisely this property which enables us to construct an arbitrage-free model.

There is one further restriction that we impose on the trading strategies that
we allow in the economy £. We will insist that no money is either injected into
or removed from a trading portfolio other than the initial amount at time zero.
Consequently, the value of the portfolio at time ¢, ¢; - A;, will be the initial
amount invested plus the capital gain from trading. Such a strategy is called
self-financing. In particular, note that we have assumed that the market is
frictionless, meaning there is no cost associated with rebalancing a portfolio.
This is an essential assumption which we continue to make throughout this
book. Without it the ideas of replication and no arbitrage cannot be applied
to price derivatives.

Definition 7.6 A self-financing trading strategy ¢ for the economy £ is a
stochastic process ¢ = (¢, ..., ¢(™) such that:

(i) ¢ is {F{*}-predictable;
(ii) ¢ has the self-financing property,

t
¢t~At=¢o-Ao+/ bu - dA, .
0
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7.2 PRICING EUROPEAN OPTIONS

A FEuropean option is a derivative which at some terminal time 7" has a value
given by some known function of the asset prices at time 7. Our aim in this
section is to convey the essential ideas behind pricing and hedging such an
option without getting bogged down in technicalities. In later sections we fill
in the gaps and generalize the derivatives that we consider.

Let £ be an economy which is arbitrage-free (we will define precisely what
we mean by this in Section 7.3.3) and consider a European option having value
Vr = F(Ar) at time T, where Vp is some f?—measurable random variable.
We assume that there exists some admissible self-financing trading strategy
which replicates the option, and thus its price is well defined for all ¢ < T..
Our aim is to calculate both this price and the replicating strategy for the
option.

We begin by assuming that the value at time ¢ of this derivative is given
by some as yet unknown function V(A,t) which is C*!(R™,[0,7)). This
assumption must be justified later, after we have deduced the form of V.
By the assumption of no arbitrage the value of the option at time ¢ must
be the time-¢ value of the replicating strategy (Section 7.3.4 formalizes this
argument) and so

nooat
V(Ait) = V(40,0 + Y [ oA, (7.3)
i=170
On the other hand, applying It6’s formula to V' yields

V(Art) = V(40,0 +z/

dA<>+/ GV (Ay,u)du  (7.4)

8A( )
where oV A a via
gV(Atat) = t7 ZG’Z] At7 (i )( t’(>)
0A;"0A; J
and
d
aij(Ait) =Y ok (Ar, t)ou(Ay, 1),
k=1

Now consider equations (7.3) and (7.4) together. Both will hold a.s. if for
all ¢t € [0, T) with probability one we have
OV (A, t)

¢ (A, t) =
' 94"

and

GV (A, t) = 0. (7.6)
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Then in addition, if (7.5) holds, the self-financing property of V' means that
the following equality holds a.s. for all ¢ € [0,T):

OV (A, t)
V(A t) = %Ag ). (7.7)
=1 8At

7.2.1 Option value as a solution to a PDE

A C*1(R™,[0,T)) function V satisfying equations (7.5)—(7.7) is a candidate
for the value of the European option. Suppose possible values of the process A
lie in a region U C R™. In order for (7.6) and (7.7) to hold it is necessary that
V satisfies the partial differential equation (PDE): for all (x,t) € U x [0,T),

GV (2,t) =0, (7.8)
f: ()axg f)t — V(1) (7.9)

The requirement that Vi = F(Ar) gives the boundary condition
V(z,T) = F(z), zel.

Solving this PDE is one way of pricing the option. If we can find a solution
V to the above then it will be C*!(R™,[0,T)) and indeed (7.5) then defines
a self-financing trading strategy which replicates the option.

Usually there will at this stage be many solutions V(z,t) to (7.8) and
(7.9). Unless we eliminate all but at most one of these the economy admits
arbitrage (consider the difference between two replicating strategies). As noted
in Section 7.1.2, it is therefore necessary to restrict the strategies that we allow
in order to ensure no arbitrage for the economy, and this requirement forms
an extra restriction on the solutions to the above set of equations.

The requirement that the replicating strategy be admissible, as we define in
Section 7.3.3, is sufficient to ensure no arbitrage. Consequently, there will be at
most a unique solution V(z,t) to (7.8)—(7.9) corresponding to an admissible
strategy. Therefore, if we can show that one of our solutions to (7.8)—(7.9)
corresponds to an admissible strategy then this is indeed the price of our
option. Note that at this stage we do not know that any such solution will
exist which is C*!(R", [0, T')); we assumed only that the option was attainable.

The PDE approach to option pricing is commonly used but will not be the
primary focus of this book. The reader is referred to Duffie (1996), Lamberton
and Lapeyre (1996) and Willmot et al. (1993) for more on this approach. The
equations satisfied by the option price, (7.8)—(7.9) above, are of linear second-
order parabolic form and these have been extensively studied and are well
understood. Mild regularity conditions ensure the existence and uniqueness
of the solution for suitable boundary conditions. In practice they are often
solved by numerical techniques.
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Ezample 7.7 Consider the Black—Scholes economy introduced in Example 7.1
and an option which pays

F(Sr,Dr) = (Sr — K)+

at time 7. If we denote by V(S;, Dy, t) the value of this option at time ¢, the
PDEs (7.8) and (7.9) for the value of the option become

0 0?

&V(St’Dt’t) + %UZStZ@—S’tZV(St,Dtat) =0 (7.10)
9 d
Sta—stV(St, Dy, t) + Dta—DtV(St’Dt’t) = V(S;, Dy, t), (7.11)

all other terms in GV being zero because the bond is a finite variation process.
Equations (7.10) and (7.11) are equivalent to the celebrated Black—Scholes
PDE and can be solved explicitly subject to the boundary condition

V(Sr,Dr,T) = (Sp — K4 .

Anyone already familiar with deriving the Black—Scholes PDE may at this
point be a little confused because (7.10)—(7.11) are not in the standard form.
The reason for this is that the value function V is here parameterized in
terms of Sy, Dy and t. In the more usual development the value function is
parameterized in terms only of S; and ¢. Since D, is a known function of
time this can be done, but in doing it some of the underlying symmetry and
structure of the problem is lost (although it is more straightforward to solve a
PDE in two variables than in three). To recover the more usual Black—Scholes
PDE, let V(S;,t) = V(S¢, Dy, t). Then

oV _ 9V oV oD,
ot ot 0D, ot
ov ov

Further, since V is self-financing,
=~ ov ov
t) = D, t)=8S,— + D
V (St t) = V(St, D, t) St@St + t@Dt
v oV
=Si— +Dy—. 1
a5, T Pan, (7.13)

Substituting (7.13) into (7.12) now gives

ot ot

v _V (o OV
'S,
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and so (7.10) becomes

10—2528—2 trs 24 0 V(S t) = rV (S, t)
27 Pt 52 ‘oS, " ot by v

which is the Black—Scholes PDE in its more familiar form. There are many
ways to solve a PDE such as this. We leave this until the next section, where
we derive the solution using the martingale approach.

7.2.2 Option pricing via an equivalent martingale measure

Central to our probabilistic formulation of the discrete theory of Chapter 1
was the existence of a probability measure with respect to which the process A,
suitably rebased, was a martingale. No arbitrage was shown to be equivalent
to the existence of an equivalent martingale measure (EMM) and (under the
assumption of no arbitrage) completeness held if and only if this measure was
unique. Analogous results, modulo technicalities, hold for continuous time.
We return to a discussion of the general picture later. For now we focus our
attention on how to use the ideas of Chapter 1 to price a European option,
assuming that the economy is arbitrage-free.

When we write down a model such as (7.1) we are describing the law of
the asset price process A in some arbitrarily chosen units such as pounds or
dollars. These are in themselves not assets in the economy — they are merely
units. As such we are free to redefine these units in any way we like, including
choosing units that may evolve randomly through time, as long as we introduce
no real economic effects.

For reasons which will become clear later, we will restrict attention to units
which are also numeraires. For now it is enough to think of these just as
units; later, in Section 7.3.2, we will introduce numeraires formally and the
reasons for this restriction will become clear. So suppose we change units to
those given by the numeraire N, where N is a strictly positive continuous
semimartingale adapted to {F/}. Let AV be the price process A quoted in
the new units, so AN = NtflAt, which is also a continuous semimartingale.

Now consider a replicating strategy ¢ having the self-financing property,

t
Vt=¢t~At=VO+/ bu - dA, .
0

Since the numeraire represents only a change of units and since ¢ is self-
financing, it is intuitively clear that

t
VN =NV =V +/ b - dAY (7.14)
0
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and the reader can check that this is indeed the case using It6’s formula (this
is the unit invariance theorem which we present formally in Section 7.3.2).
Immediately from (7.14), any self-financing strategy remains self-financing
under a change of units.

The motivation for this change of units is, as was the case in Chapter 1, to
enable us to change to an EMM corresponding to the numeraire N. That is,
suppose there exists some measure N ~ P such that A% is an {F/'} martingale
under N. If such a measure exists, it follows from the representation (7.14) that
V¥ is an {F{!} local martingale under N. If V'V is in fact a true martingale,
and our definition of an admissible in Section 7.3.3 will ensure that it is, we
can now use the martingale property to find the option value,

VY = En [V 7],

and thus
F(Ar)

N

In general, to calculate the option value we need to know the law of the
process (A, N) under the measure N, and Girsanov’s theorem is the result
which gives us this law. The problem is often simplified in practice by a
judicious choice of numeraire which reduces the dimensionality of the problem
and leaves us only needing to calculate the law of AN .

A review of this section should convince you that we have relied neither
on the Markovian form of A nor on any C?%! regularity conditions for the
value function V. Consequently, this martingale approach is more general
than the PDE approach and can be applied to other more general models and
to other derivatives. In this book we will not extend the class of models we
consider beyond those of Section 7.1 but we will later make considerable use
of being able to price more general derivatives, in particular path-dependent
and American products.

VtNtEN[

}'{4} . (7.15)

Ezample 7.8 Consider once more the Black—Scholes model of Example 7.1
and take D as numeraire. Then by It6’s formula, writing S t(D) = D; 'S, we

have

dsP) = (u—r)SPdt + oS P)aw;.
Suppose an EMM Q exists corresponding to this numeraire. We know from
Girsanov’s theorem (Theorem 5.20) that a change of measure only alters the

drift of a continuous semimartingale. This, combined with the fact that SP)
is a martingale under Q, implies that

dst?) = o8P aw,,

where W is a standard Brownian motion under Q. The solution to this SDE
is given by
S = 8P exp(aW, — 2o2t) (7.16)
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and so .
Sy = Spexp(ocW, + rt — %UQt).

A direct calculation confirms that S”) is indeed a true martingale, and the
process DP) =1 is trivially also a martingale under Q.

We now return to the valuation problem of Example 7.7. Note that, with
respect to the measure @Q, the law of S no longer depends on p and hence
neither will the option value V. This should not surprise you. In Chapter 1
we saw that the role of the probability measure P was purely as a marker for
those outcomes (sample paths) which are possible, and the exact probabilities
are not important. The drift of a continuous semimartingale is dependent on
which equivalent measure we are working in and so cannot be relevant. The
volatility o, on the other hand, is a sample path property and is invariant
under a change of probability measure. Consequently, it can and does have
an effect on the option value.

Writing A = (S, D) clearly here F/* = F". From (7.15) and (7.16) we now
have

Vi = DiEqo[(Sr— K). D7'| 7]

b v
— DiEg[S} >1{S<TD)>K}\7,W} ~ DiKEqQ[L g0 )| 7] (7.17)

= S,N(dy) — KDyN(ds)

where loe(S. /KD
dl = 70g( t/ t) + %0’ T — t,

oVT —1

log(S;/K D
gy = OBEUED) o

oVl —1t

and (7.17) has been evaluated by explicit calculation.

7.3 CONTINUOUS TIME THEORY

We are now familiar with the basic underlying ideas of derivative pricing.
First we must define the economy along with those trading strategies which
are admissible; then we must prove that the economy is arbitrage-free. Finally,
given any derivative, we must prove that there exists some admissible trading
strategy which replicates it, and the value of this derivative is then the value
of its replicating portfolio. Showing the existence of a suitable replicating
strategy is usually done by proving a completeness result, i.e. proving that all
derivatives in some set (which includes the one under consideration) can be
replicated by some admissible trading strategy.

What we have done so far in this chapter is provide techniques to find the
value and replicating strategy when it exists, which is the most important thing
for a practitioner to know. Now we fill in the remaining parts of the theory.
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We begin in Section 7.3.1 with a brief discussion of the information
observable within the economy. Then, in Section 7.3.2, we provide precise
definitions for numeraires and EMMSs, and derive some of their properties. We
already know that these are important tools in discrete time, but in continuous
time they are even more central to the theory. The first instance of this added
importance comes in Section 7.3.3 where we define admissible strategies and
arbitrage. In continuous time we must eliminate certain troublesome strategies
from the economy, otherwise virtually any model admits arbitrage and is thus
rendered useless for the purposes of option pricing. With our careful choice
of admissible strategies the arbitrage-free property follows quickly, so we now
know that the replication arguments can be applied to the economy.

Section 7.3.4 is a brief summary of the argument that shows that the value
of a derivative in an arbitrage-free economy is the value of any replicating
portfolio. This section pulls together in one place several ideas that we have
already met earlier in the chapter. The last part of the general theory needed
is a discussion of completeness, and this is the topic of Section 7.3.5. It is only
here that we can fully appreciate the reasons for our carefully chosen definition
of a numeraire. As we shall see, completeness (in a precise sense to be defined)
for an economy is equivalent to the existence of a unique EMM (for any given
numeraire). When weak uniqueness holds for the SDE defining the asset price
process, equation (7.1), completeness is then equivalent to the existence of a
finite variation numeraire. The weak uniqueness property of the SDE can be
checked using standard techniques such as those we met in Chapter 6. The
existence or otherwise of a finite variation numeraire is usually easily verified
in practice.

The presentation of the theory given here places much more emphasis on
numeraires than is usual. This is justified by the role they play in complete-
ness, but more importantly by the need in much recent work to be able to
switch freely between different numeraires and know that we are allowed to
do so.

7.3.1 Information within the economy

Part of the definition of a trading strategy is the amount of information avail-
able at any time ¢ on which to base the strategy ¢. Recall that we insisted
that ¢ be {f;“}—predictable. Here we formally define this filtration and two
others that are relevant to the economy.

Definition 7.9 For an economy & defined on the probability space
(Q, {F:}, F,P), the natural filtration, {FE}, the asset filtration, {FA}, and
the Brownian filtration, {F}V'}, are defined to be the P-augmentations of the
following:

(i) (FE)° = o(AL /AT u<t,1 <, j <m);

(i) (FA)° =o(AY tu<t,1<i<n);
(i) (FW) = oW tu<t,1<i<d).
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It is important to appreciate the significance of each of these to derivative
pricing. The Brownian filtration contains all the information about the
Brownian motions which underlie the economy. This filtration is important
only at the start of the modelling process when we specify the asset price
processes (Section 7.1.1). The asset filtration contains all the information that
is available to us if we watch the asset prices evolve through time. This is what
can be observed in practice and so all trading strategies should be based on
information contained in the asset filtration and no more. The third of the
filtrations, the natural filtration, contains all the information in the economy
about relative asset prices. This is arguably the most fundamental of the three
since it contains only information intrinsic to the economy. The asset filtration,
by contrast, will depend on the units initially chosen to set up the economy.

7.3.2 Units, numeraires and martingale measures

We met the idea of a unit in Section 7.2. We shall formally reintroduce units
in this section along with the more refined notion of a numeraire. Numeraires
play an important role in the theory of option pricing, but that role has not
been fully appreciated and exploited until very recently.

Definition 7.10 A wunit U for the economy & defined on the probability
space (2, {F:}, F,P) is any a.s. positive continuous semimartingale adapted
to the filtration {F:}.

Remark 7.11: What is important in the definition of a unit is that it be
defined on the probability space on which we set up the economy and that it
be positive. That is, it must exist and we need to be able to divide through
by it.

Ezample 7.12 Define an economy £ on the probability space (Q, {F;}, F,P)
which supports d-dimensional Brownian motion W, and suppose that the asset
price process solves the SDE

dAt = [I,(At, t)dt + O'(At, t)th 5

where W is (d— 1)-dimensional Brownian motion, the first (d— 1) components
of W. We can now define the unit U; = exp (Wt(d)) which is independent of all
the assets in the economy. We have been able to do this because the probability
space we have used to set up the economy is richer than we need to specify
the asset price process.

If we change the units in which we describe the prices of the assets in the
economy this should have no economic effect — it is just a different way of
presenting price information. This is the content of the following simple yet
very important result.
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Theorem 7.13 (Unit invariance) For any unit U, a trading strategy is
self-financing with respect to A if and only if it is self-financing with respect
to AY.

Proof: A process U is a.s. positive and finite if and only if U~! is also a.s.
positive and finite, so it suffices to prove the implication in one direction. So
suppose ¢ is self-financing with respect to A. Writing V; = ¢; - A;, we have

t
Vi=Vi+ [ on-da.
0
We must show that V,U := ¢, - AV satisfies
t
V=V [ o dal.
0
This follows from an application of the integration by parts formula:
dV}U = Utildvt + V;d(Util) + dwd(Util)
= ¢, (U7 'dA + Ad(U ) + dAd(U )]
= ¢ - dAY.
O
So changing units makes no material difference to our economy. However,
introducing a new unit may change the information in the economy (i.e.
{FA"} # {FA}) and this may complicate calculations. There is, however, a
class of units which introduce no additional information over and above that

already available through the asset price filtration {F/}, numeraires. Indeed,
using a numeraire unit may reduce the amount of information.

Definition 7.14 A numeraire N for the economy & is any a.s. strictly
positive {F*}-adapted process of the form

t
Nt:N0+/ audAu
0
=y Ay,
where « is {F}-predictable.

Remark 7.15: Ny is the value at t of a portfolio which starts with value Ny and
is traded according to the self-financing strategy «. Note, however, that we
have not yet defined which strategies will be admissible within our economy
and so there is no assumption that o be admissible.
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Remark 7.16: Ny is adapted to F/* and so F* = .7-'t(A’N).

We now prove a result which is, as was the case for the unit invariance
theorem, simple but of great importance. It is central to deciding when an
economy is complete. What this theorem shows is that if we can represent a
random variable, working in units of some numeraire N, with a strategy that
is not necessarily self-financing, then we can find some strategy which also
replicates the random variable but is self-financing. That is, the theorem is the
link between the martingale representation theorem of Chapter 6, which shows
how to represent a local martingale as a stochastic integral, and completeness,
which additionally requires that the replicating strategy be self-financing.
It is the fact that the unit is a numeraire that makes this result hold and
thus this result demonstrates the importance of numeraires to questions of
completeness.

Theorem 7.17 Let N be some numeraire process and, for 0 <t < T, let
t
zt=20+/ b - dAY
0

for some { FA}-predictable ¢. Then there exists some { F{*}-predictable ¢ such
that

t
thzo+/ by - dAY
0
— g Ay,
That is, qAS is self-financing.

Proof: Since N is a numeraire process, we can write

t
Nt:NOJr/ Q- dAy
0

for some self-financing a # 0. In particular, it follows from the unit invariance
theorem that

- AN =1, o -dAYN =0.
This immediately yields a suitable strategy,

b=+ (Z— - AY) our.

O
The next important concept is that of martingale measures for the economy
E. We saw in Section 7.2 that martingale measures are useful for calculation. In
Chapter 1 we saw their role in deciding whether an economy admits arbitrage
and is complete. We will in the sections that follow provide analogous results
for a continuous time economy. The results are basically the same as those we
have met already but with extra complexities which are present in the richer
continuous time setting. In particular, we shall also use martingale measures
as a tool to specify exactly which trading strategies are admissible (the detail

we omitted in Section 7.1.2). We begin with the definition.
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Definition 7.18 The measure N defined on the probability space
(Q, {F:}, F,P) is a martingale measure (or equivalent martingale measure)
for the economy € if N ~ P and there exists some numeraire N such that AN
is an {F{} martingale under the measure N. The pair (N,N) is then referred
to as a numeraire pair.

Remark 7.19: This definition of an EMM should be compared with Definition
5.40 of Chapter 5. In Definition 7.18 above, the process AN must be a
martingale under N but not necessarily under P. Note, however, that if N
and M are two EMMs corresponding to the same numeraire, NV, then they are
EMMs for the martingale A% in the sense of Definition 5.40 (note that Fg' is
trivial, which ensures that condition (ii) of the definition holds).

Recall from our discussion of change of measure in Chapter 6 that if Q ~ P
are two equivalent measures with respect to Fp then, for any A € Frp,

Q(A) =0if and only if P(A) =0.

That is, a change of measure does not alter the sets of paths which are possible,
it just changes the probabilities of these sets (from one strictly positive value to
another strictly positive value). This is an important observation for option
pricing which, as we saw in Chapter 1, is concerned with replication on a
sample path by sample path basis. We do not want a change of probability
measure to alter the set of paths which the economy can exhibit.

The question of whether or not a numeraire pair exists for any given
economy & can be tricky to decide. In practice this is not a problem. We
usually specify a model for an economy already in some martingale measure
N. It is, however, important to understand how the evolution of asset prices
will vary between different martingale measures and between a martingale
measure and any other equivalent measure. Girsanov’s theorem, which we
met in Chapter 5, is the tool that allows us to do this.

Suppose (N, N) is a numeraire pair for the economy &, where Ny = ay - A;.
Under the measure P, A satisfies the SDE (7.1) and this can be rewritten in
the form

dAN = /,LN (At, O, t)dt + O'N (At, Qg t)th, (718)
dNt = O - M(At, t)dt + oy - O'(At, t)th, (719)

where p¥ and oV can be derived from (7.1) using Itd’s formula. By Girsanov’s

theorem, assuming the Radon-Nikodym derivative % can be written in the

form

dN t t

— exp</ Cy - dW, — %/ |Ou|2du) (7.20)
dP 7 0 0
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for some {F;}-predictable C, which is certainly true if the filtration {F;} is
the augmented natural filtration for some Brownian motion (Theorem 5.24),
then

. t
Wt = Wt — / Cudu
0

is an {F;} Brownian motion under N. Rewriting (7.18) and (7.19) in terms of
W, then

dAYN = (uN(At, i t) + oV (Ay, o, t)Ot)dt 4 oN( Ay an, )W, (7.21)
AN, = o - ((Au0) + 0 (A 1)C,)dt + - o(Ay, )T (7.22)

Since (N, N) is a numeraire pair, we can conclude from (7.21) that
dAY = oV (Ay 0p, )W, (7.23)

otherwise AY is not even a local martingale under N. (We could have
anticipated the form of (7.23) from the martingale property of A and the
fact that quadratic variation is a sample path property, not a property of the
probability measure.) We do not, however, know the SDE which N satisfies
unless we know C.

In the case where there exists some finite variation numeraire Nif = a'tf <Ay
we can find the SDE for N. To see this, note that since af is self-financing
and N/ is finite variation,

- N/ N/\ (dN! dIN], dN,
Foga¥ — g 2o ) = (22 ) [ &2 t_ GV
oy dAt—d< t)—( t><Ntf+ 2 — | (7.24)

The left-hand side of (7.24) is a local martingale under N, and N/, being a
finite variation process, satisfies the same SDE under P and N (substitute
o =0 into (7.22)). It thus follows by rearranging (7.24) that

Nl

Ny or .
dN; = —dN; - + d(local tingal
¢ Ntf 4+ N + d(local martingale),

under N and thus, from (7.22),

_ M f, AN} o
de, = Ffdet + Tt + oy - O’(At,t)th.

This, together with (7.23), completely specifies the SDE for the assets under
N.

In practice we tend to specify a model by giving equations of the form (7.21)
and (7.22). We assume the original measure P was such that we could change
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to an appropriate measure N. If the reader is ever faced with the problem of
proving, starting from some P, that an EMM exists for a particular numeraire
N, Girsanov’s theorem points in the right direction. The Radon—Nikodym
derivative will be of the form (7.20) for some C satisfying (from (7.21) and
(7.23))

MN(At, O, t) + O'N(At, g, t)Ct =0.

This is a necessary condition. In addition we must prove that (7.20) defines
a true {F;} martingale under P, not just a local martingale, and that (7.23)
defines a true {F/} martingale under N. Novikov’s condition (Theorem 5.16)
is one way to establish this in some cases. Example 7.20 shows things are
straightforward for the Black—Scholes model.

Example 7.20 We return to the Black—Scholes example and take D as our
numeraire as before. Define a measure Q ~ P on .7-'%‘7 via

dQ

dP j:tﬂ" - pt

where

pr = exp(pW; — 16°1),

T—p
¢:
ag

Note that p is an {F'} martingale under P, py = 1, so dQ/dP is well defined.
Under the measure Q, DtD) =1 so is trivially a martingale. Furthermore,

by Girsanov’s theorem, .
Wf, = I/Vt - ¢t

is an {FV} Brownian motion under Q, and we have
dSP = o SPaw,.

The solution to this SDE (see equation (7.16)) is an {F"} martingale. Thus
Q is an EMM for numeraire D.

7.3.3 Arbitrage and admissible strategies

A prerequisite for being able to price derivatives using replication arguments is
that the economy does not allow arbitrage. We saw this in Chapter 1 and will
see it again in Section 7.3.4. An arbitrage is a self-financing trading strategy
which generates a profit with positive probability but which cannot generate
a loss. This is summarized in the following definition.
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Definition 7.21 An arbitrage for the economy & is an admissible trading
strategy ¢ such that one of the following conditions holds:
(1) ¢0 . AO < 0 and d’T -AT >0 a.s.;

(ii) ¢o - Ao < 0 and ¢r - Ap > 0 a.s. with ¢ - Ay > 0 with strictly positive
probability.

If there is no such ¢ then the economy is said to be arbitrage-free.

The first step in derivative pricing is to ensure that the model for the
economy is arbitrage-free. This imposes conditions both on the law for the
evolution of the asset prices and the set of trading strategies which are allowed.
The following two examples illustrate each of these points.

Ezxample 7.22 Consider an economy & consisting of two assets satisfying the
SDE 4 - '
dAY = AP dt + oAV aw,,  i=1,2,

where ™ > 4 and Agl) = AgQ). Let ¢ be the ‘buy and hold’ strategy
qSEl) = f¢§2) =1,0 <t <T. At time zero the portfolio value is A(()l)ngZ) =0,
whereas at any subsequent time ¢,

Vim A 4 o2 AP
=(1- e(#(”w“))t)Ail)
>0 a.s.

In particular Vr > 0 a.s., hence ¢ is an arbitrage.

Ezample 7.28 The following example of Karatzas (1993) is taken from
Duffie (1996). Consider the special case of the Black—Scholes economy when
So=1,r=pu=0and 0 =1. Then

dSy = Sy dWy,

D=1,

where W is a standard one—dim(;nsional Brownian motion. We will construct a
self-financing trading strategy ¢ which is an arbitrage for this economy. First

define a trading strategy ¢ = ( ES), ¢,(5D)), 0<t<T,via

1
o= 0<t<T,
ST —t

and choose ¢P) to make ¢ self-financing,

t
o7 =05+ [ 62 as..
0
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The initial portfolio value, QSE,S)SO + (b(()D)DO, is zero and the gain process for
this strategy is given by

¢ ¢
1
G¢:i/ ($d5u:1/ ———dW,. 7.25
t 0 ¢u o m ( )
Now define an {F/'} stopping time 7 by
ri=inf{t >0: G’ =a}, (7.26)

the first time the gain hits some positive level a. By Exercise 7.24, 0 <7 < T
a.s. and thus the gain will at some point on (0,7) hit any positive level a.
We can use this observation to modify ¢ to construct an arbitrage as follows.
Define the self-financing trading strategy (ﬁ via

t .
0, otherwise,

&a:{¢9,t§7

&m:{¢?%t§7

t .
a, otherwise.

This strategy starts with zero wealth and guarantees a final portfolio value at
T of a > 0, hence it is an arbitrage.

Ezercise 7.24: Show that the process W defined by

W, .— ?
Wt T GT(I—e*t)

is a Brownian motion, where G? is defined by (7.25). Hence show that the
stopping time 7 defined in (7.26) is strictly less that T' with probability one.

In Example 7.22 the arbitrage was a simple strategy, and we certainly want
to include all simple strategies within any model. The problem here is with
the model for the evolution of the asset prices. In Chapter 1 we saw that the
existence of a numeraire pair was sufficient (and necessary) to ensure that
the asset price process is not one which introduces arbitrage. The model in
Example 7.22 does not admit a numeraire pair.

The strategy of Example 7.23 is not restricted to the asset price model given
there. The strategy is referred to as a ‘doubling strategy’ because the holding
of one asset keeps on doubling up (indeed in the classical example of such a
strategy the holding is precisely doubled at each of a set of stopping times).
Such a doubling strategy is not particular to this economy. Consequently we
can see that, unlike in the discrete time setting, it is not sufficient to impose
conditions just on the asset price process but we must also impose further
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conditions other than {F/}-predictability and the self-financing property on
the trading strategies that we allow. Of course, we must also ensure that we
do not remove too many strategies.

There is no unique way to eliminate these troublesome trading strategies.
The restrictions that we choose have the advantage of being ‘numeraire-
friendly’. We are able to change between different numeraires and EMMs for
modelling and calculation purposes without worrying about the implications
for trading strategies. We now formally introduce our definition of admissible
trading strategies.

Definition 7.25 If the economy £ does not admit any numeraire pair the
set of admissible strategies is taken to be the empty set. Otherwise, an {F;}-
predictable process ¢ is admissible for the economy & if it is self-financing,

t
¢t-At=¢o~Ao+/ bu - dA,,
0

and if, for all numeraire pairs (N, N), the numeraire-rebased gain process

Gy ' N
= w - dA; 7.27
Ny /0 ¢ (7:27)
is an {F{!} martingale under N.

Definition 7.26 If ¢ is admissible then V; = ¢; - A; is said to be a price
process.

Remark 7.27: The martingale requirement that we have imposed on trading
strategies is sufficient to remove the doubling strategy arbitrage, as Theorem
7.32 demonstrates. There are two different ways commonly employed to
remove such strategies. The first is to impose some kind of integrability
condition on the set of trading strategies, and our conditions fall into this
category. Other integrability conditions are often more restrictive, with our
choice being precisely enough to ensure that the standard proof of no arbitrage
(Theorem 7.32) can be applied. The second method is to impose some absolute
lower bound on the value of the portfolio, which clearly removes doubling
(this makes the gain process in (7.27) a supermartingale). However, for some
economies this approach also removes some simple strategies.

Remark 7.28: One reason why we chose, in Section 7.1.2, to model the gain
process via an It6 integral was that it preserves the local martingale property.
The additional constraint on the gain Gf’ of an admissible strategy ensures
that trading in assets which have zero expected change in price over any time
interval results in zero expected gain. This behaviour is intuitively what one
would expect. If one placed no restrictions on ¢ this would not be the case in
general.
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Remark 7.29: The set of admissible strategies posseses several important
properties. First note that it is linear: if ¢ and ¢, are admissible then so is
agy + By for a, f € R. This is important in the replication argument to price
a derivative (see Section 7.3.4) in which we need to consider the difference
between two strategies. This is why we have chosen the intersection over
numeraire pairs rather than the union in our definition of ‘admissible’.

A second property of our definition is that it is independent of the particular
measure P in which the economy is initially specified. Recall that option
pricing is about replication not probability. The role of the probability measure
is as a marker for those sample paths which are allowed and the precise
probabilities are not important. It is mathematically more pleasing for the
strategies to also be independent of the measure P and in practice this means
we avoid tricky questions on which strategies are admissible when we change
numeraire, something we do often in applications. This is also important when
we come to consider completeness in Section 7.3.5.

Remark 7.80: We shall see in Section 7.3.5 that, when the economy is
complete, the martingale condition (7.27) holds for one numeraire pair (N, N)
if and only if it holds for all numeraire pairs. Note that the martingale property
of an admissible strategy ensures in particular that, for all numeraire pairs
(N,N), VA = ¢r- AY satisfies

En[|VA]] < oo. (7.28)

Completeness questions involve deciding which ]-"ﬁ—measurable random vari-
ables Vr satisfying (7.28) can be replicated by an admissible trading strategy.

Remark 7.831: Note that if there is no numeraire pair then the economy we
have defined is particularly uninteresting because there are no admissible
trading strategies. A natural concern at this point is that we may have
defined an otherwise perfectly reasonable model for an economy and then
eliminated all the trading strategies—and we would at the very least like to
have simple strategies included, those which could be implemented in practice.
There are two things which alleviate this concern. The first is that when
modelling in practice we usually specify the initial model in a martingale
measure, so we know one exists and we have a set of strategies that at least
includes all the simple strategies. The second reason is the close relationship
between the existence of a martingale measure and absence of arbitrage (which
we proved in the discrete setting of Chapter 1). This topic is much more
technical in the continuous time setting than in discrete time and we omit
any further discussion of this point. Roughly speaking, the continuous time
result states that if there is no approzimate arbitrage (a technical term we shall
not define) then there exists a numeraire pair. Therefore we have only ruled
out economies that admit arbitrage. Delbaen and Schachermayer (1999) and
references therein contain a fuller discussion of this point. With our definition
we do not need to worry about such matters since the following theorem
guarantees that our economy does not admit an arbitrage strategy.
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Theorem 7.32 The economy & is arbitrage-free.

Proof: Suppose ¢ is an arbitrage for the economy £ and let

t
‘/t:d)O'AO‘F/ ¢u'dAu-
0

Since ¢ is admissible there exists some numeraire pair (N, N) such that V is
a martingale under N. In particular,

En[VE] = V4.

It is straightforward to show that this contradicts ¢ being an arbitrage. [

7.3.4 Derivative pricing in an arbitrage-free economy

Here we group together the ideas of option pricing via replication which we
have already encountered throughout the text. We summarize this in the
following theorem.

Theorem 7.33 Let £ be an arbitrage-free economy and let Vp be some .7-'{}-
measurable random variable. Consider a derivative (contingent claim) which
has value Vp at the terminal time T. If Vp is attainable, i.e. if there exists
some admissible ¢ such that

T
VT = ¢0 . A[) + / gf)u . dAu a.s.,
0

then the time-t value of this derivative is given by V; = ¢y - A;.

Proof: The value of the derivative at time ¢ is just the time-¢ wealth needed
to enable us to guarantee, for each w € Q (actually, for all w in some set of
probability one), an amount Vy(w) at the terminal time. The trading strategy
¢ generates a portfolio which has value at ¢ given by ¢; - A; and, in particular,
value Vp = ¢ - Ar at the terminal time. Clearly then ¢; - A; is a candidate for
the time-t price of the derivative. To show that this is indeed the correct price
we must show that if ¢ is any other admissible strategy which replicates the
option at T then, with probability one,

¢r- Ay = - Ay for all ¢,

Suppose 1 is some other strategy which replicates Vp and let a be some
admissible trading strategy corresponding to a numeraire N. (See the proof
of Theorem 7.48 (i) for the construction of one such strategy and numeraire.)
For fixed t* > 0, consider the admissible trading stategy ¢ defined as follows:

(e — ) + 2(@*_;5&0% if t > ¢" and (¢p — ¢p) - Ap >0
-

(e — ) otherwise.

Yy =
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Since Fy is trivial we may assume, without loss of generality, that g - Ag =
¢ <0 a.s., for some constant ¢. Furthermore,

(v — Yp) - Ape
Ny

Thus pr- Ap > 0 a.s., and so the absence of arbitrage implies that ¢y - Ay =

o1+ Ar =0 a.s. But this in turn implies that s - A > ¢4 - Ap a.s. A similar

argument reversing the roles of ¢ and v shows that ¢u - Ay > Yy - Ap a.s.,

thus ¢ - Ape = Yy - Ap a.s., as required. d

e AT =2 NT]l{(¢f* —thpe)-Ap >0} -

Corollary 7.34 Let & be an economy with a numeraire pair (N,N) and let
Vi be some attainable contingent claim. Then V; admits the representation

Vi = NEn[VR|FA).

Proof: The existence of an EMM along with our definition of an admissible
trading strategy ensures that the economy is arbitrage-free. The result is
now immediate from the martingale property of an admissible strategy
(Definition 7.25). O

7.3.5 Completeness

In Chapter 1 we learnt that the concept of completeness is tied in with what
we mean by an attainable claim. The following definition is broad enough to
cover the cases of interest in our current context. Let S be a collection of
random variables.

Definition 7.35 The economy & is said to be S-complete if for every
random variable X € S there exists some admissible trading strategy ¢ such
that

T
X=¢0'A0+/ 6o - dA,.
0

Typically the set S is specified as a collection of random variables measurable
with respect to one of }':,4 or }"}V and satisfying some integrability condition.
The choice of S in the following definition is a natural one, and for this special
choice we will simply refer to the economy & as being complete.

Definition 7.36 Let £ be an economy which admits some numeraire pair
(N,N). The economy & is said to be complete if for every fﬁ-measumble
random variable X satisfying

X
]E _
" HNT

there exists some admissible trading strategy ¢ such that

<o

T
X=¢0-Ao+/ bu - dA,.
0
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Remark 7.37: When we wish to distinguish this from any other S-completeness
we will refer to it as .7-"’T4-c0mpleteness.

Remark 7.38: This definition of completeness is by no means a standard one.
It is more usual to work with the augmented Brownian filtration {F}V} and
then take S to be the set of F}¥-measurable random variables having finite
variance under P. Admissible strategies are taken to be {F /¥ }-predictable and
to satisfy suitable integrability conditions (usually expressed in the original
measure IP) which ensure no arbitrage. For details of two possible choices of
admissible strategies the reader is referred to Duffie (1996).

It is implicit, but not immediately obvious, that Definition 7.36 is
independent of the numeraire pair (N,N). This we shall shortly prove in
Corollary 7.40. Corollary 7.40 also shows that admissibility of a strategy in a
complete economy, as defined in Definition 7.25, also reduces to a requirement
for a single, arbitrary numeraire pair — if (7.27) defines a martingale for one
numeraire pair then, in a complete economy, it defines a martingale for any
numeraire pair. These results both follow immediately from the stronger result
that the Radon-Nikodym derivative connecting two EMMSs in a complete
economy is just the ratio of the corresponding numeraires.

Theorem 7.39 Let £ be some economy and suppose that the following
partial completeness result holds: for some numeraire pair (N,N), given any
random variable X for which X/Nr is f?—measurable and

X

Nr

]<oo,

there exists some self-financing {F{!}-predictable ¢ such that

T
X=¢0-Ao+/ bu - dA,,
0

and

t
‘/tN::¢0'AéV+/ ¢u-dAuN
0

is a ({F{},N) martingale (recall that full admissibility requires that VN be a
({FA},N) martingale for all numeraire pairs (N,N)). Then if (M, M) is any
other numeraire pair, the measures N and M are related via

dM

dM| Mg /My
dN

= P-a.s. 7.29

As a consequence, M is an ({F{},N) martingale.
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Conversely, if (N,N) is a numeraire pair and if M a numeraire such that
MY is an ({F/},N) martingale, then (7.29) defines a martingale measure M
on the o-algebra Fi with associated numeraire M.

Proof: 'We prove (7.29) by showing, equivalently, that

ol
dM

_ Ni/No
g MMy

P-a.s.,

and to prove this we show that, for any S € Fi,

Nr/N, dN
]EM |:]].S T/ 0:| = EM |::ﬂ.5’m:| .

Define a sequence of {F{} stopping times T}, via
T, =inf {t>0: N >n}

and let
V"= Lsirer,y-

By the partial completeness hypothesis (applied to X = V" Nr), combined
with the unit invariance theorem, we can write

T
vi=opeal+ [ o dal
0
for some self-financing {F/!}-predictable ¢", where
r t r
Ve = op A+ [ onaa)
0

is a ({F'},N) martingale.

A further application of the unit invariance theorem yields
A~ ~ t y
=1 ol aal

0

where V" = Y"NM. This representation shows Y" to be an {F/} local
martingale under M which, since |Y;"| = |Y*||[NM| <n, is also an {F}
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martingale. We can conclude (remembering that F3' is trivial) that

n dN n n 0vn
B | ¥ g | = B = 9 = 2%
o 0 oy 0 n VT
_ leo By [V3] = MO o {YT i T] . (7.31)

Now take the limit as n — oo. Since Y;' < 1 and both % and N%” have finite
expectation under M (the latter being a positive local martingale integrable at
zero and hence a supermartingale), we can apply the dominated convergence
theorem to both sides of (7.31) to obtain

dN Nr/Ny
l¢e—| = 1
EM|:SdM:| EM[SMT/MO:|7

which establishes (7.30).

An immediate consequence of (7.29) is that En[(Mr/My)/(Np/Ny)] =1
which, combined with the fact that MY is a positive ({F/},N) local
martingale (hence supermartingale), implies that MY is a true ({F},N)
martingale.

The converse part of the theorem is immediate. O

This yields the following important corollary.

Corollary 7.40 Suppose the hypotheses of Theorem 7.39 hold. Then the
following are true.

(i) If L is a ({FA}, M) martingale, then LMY is a ({F},N) martingale.
In particular, if (7.27) in the definition of an admissible trading strategy

holds for one numeraire pair then it holds for all numeraire pairs.
(i) If (N,N) and (M,M) are two numeraire pairs then

X

= E B

] ) [ Nr

so Definition 7.36 is independent of the numeraire pair (N,N) chosen
in that definition.

B |

X <
My 2

Theorem 7.39 is half of the continuous time equivalent to Theorem 1.21 for
the discrete economy of Chapter 1. The full result, which is mathematically
appealing but not the primary result to which we appeal in practice, is as
follows.

Theorem 7.41 Suppose the economy & admits some numeraire pair. Then
E is complete if and only if, given any two numeraire pairs (N,N;) and (N, Ny)
with common numeraire N,Ny and No agree on .7-'74.
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Proof: If the economy & is complete then it follows from Theorem 7.39 that
j—gi o =1 a.s., so N; =N, on .7-'74. Conversely, if N; is the unique measure
on F# such that AV is an {F/'} martingale, it follows from the martingale
representation theorem (Corollary 5.47) that, given any ({F},N;) local

martingale M, there exists some {F/'}-predictable ¢ such that

t
M, = M, +/ by - dAY. (7.32)
0

By Theorem 7.17, ¢ can be assumed to be self-financing. Let X be an
F-measurable random variable satisfying Ey, [|X/Nr|] < co. Setting M; =
En, [X/N7|F#], a true martingale, (7.32) shows that the contingent claim X
can be replicated by a self-financing trading strategy. It remains to check that
¢ is admissible. But the gain process in (7.32) is a martingale under N; since
M is a martingale, and so it follows from Corollary 7.40 that ¢ is admissible.

O

Whereas Theorem 7.41 gives a precise characterization of when a model
is complete, it is not easy to check in practice. The question of whether
there exists a unique EMM for the process A" on the filtration {F/} is non-
standard, the more usual question being whether the EMM is unique when
working on the filtration {F"}, which may be less refined. Indeed, some of the
essential intuition and structure is masked in the apparently simple statement
of Theorem 7.41.

Theorem 7.43 below addresses the issues above. It gives criteria for
completeness which are much more easily checked in practice and which are
stated in terms of the process A rather than AY. What becomes apparent also
is the extra requirement, the existence of a finite variation numeraire, which is
a consequence of the fact that any replicating strategy must be self-financing.

We shall need the following lemma in the proof of Theorem 7.43. It is similar
in character to Theorem 7.17 and shows how the self-financing property of
a strategy leads to an alternative form of representation result for local
martingales.

Lemma 7.42 Let £ be a complete economy and (N,N) any associated
numeraire pair. Then for any ({F{*},N) local martingale M there exists some
self-financing {F*}-predictable ¢ such that

t
M, =My + | ¢,-dAY.
0

Proof: Let {T,} be a reducing sequence for the local martingale M and
define M" := M. Since M" is a true martingale under N, [Ey HM ] =

Nr
En [|M}]] < oo so, by completeness,

T
M7 Np = 8~A0+/ - dAy
0
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for some admissible ¢”, and by the unit invariance theorem,
. T r
My = ¢y - AY + / P - dAY. (7.33)
0
The integral on the right-hand side of (7.33), with the upper limit being

replaced by the variable ¢, is a martingale (since ¢" is admissible), so taking
expectations on both sides of (7.33), conditional on F/!, we can conclude that

t
Mt”:Mo+/ ¢ - dAY.
0

Defining the strategy ¢ via
$u(w) = ¢y (W),

where
n*(w,u) =min{n : u < T,(w)},
yields
tAT,
M = M, + / by - dAY.
0
Letting n T oo now yields the result. O

We now come to the result on completeness to which we most often appeal
in practice.

Theorem 7.43 Let £ be an economy admitting some numeraire pair and
suppose that weak uniqueness holds for the SDE (7.1) (i.e. any two solution
processes must have the same law). Then the following are equivalent.

(i) € is complete.

(i) There exists some {F{}-predictable ¢ satisfying:
(a) ¢ 0(Apt) =0 forall t a.s.;
(b) ¢ A >0 forall t as.;

(¢c) —oc0 < ft aﬁf;lu -dA, < oo for all t a.s.

(iii) There exists some finite variation numeraire Ntf.

Remark 7.44: When one of the assets in an economy is of finite variation and
positive it is common practice to take this asset as the numeraire. In these
circumstances the converse part of Theorem 7.39 ensures that if an EMM
exists for some numeraire then one will exist for the finite variation numeraire.
However, this is not true in general when there is no finite variation asset.
Part (iii) of the above theorem does not guarantee the existence of an EMM
corresponding to the finite variation numeraire N/. In particular, it is not
necessarily the case that N/ is a price process (i.e. that it can be replicated
by an admissible strategy). Example 8.11 provides such an example.
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Remark 7.45: When working with the Brownian filtration {F}V}, establishing
that the economy is F¥ -complete in the sense of Remark 7.38 reduces to
checking that rank(c;) = d (d being the dimension of the Brownian motion
W) for all ¢ a.s., under the assumption that there is a finite variation asset
in the economy. If o does have full rank d then {F/} = {F/'} and so the
economy will also be complete in the sense discussed above. Clearly we can
have an economy which is complete working with the {F/} filtration but not
with respect to the Brownian filtration {FV}. But it is the {F/*} filtration
that makes sense from a modelling perspective. Many models specified by an
SDE for which weak uniqueness holds admit a finite variation numeraire, and
the treatment here shows that these economies are complete in a sense which
is all that matters in practice.

Proof:

(i)=(ii): Let (N,N) be some numeraire pair for the economy &, and N, =
ay - Ay for some {F}-predictable process a. Then, by the uniqueness of the
Doob—Meyer decomposition, we can write the local martingale part under N
of the numeraire N as

t
loc,N __ loc,N
N, 7/ oy, - dA)T .
0

Since € is complete it follows from Lemma 7.42 that we can find some {F{1}-
predictable self-financing v, such that

t
Ntloc,N:/ wmdAuN:%'Aiv-
0

‘We now show that
Py = o — %N + (@Z’gv 'Aiv)at (7.34)

has the required properties in part (ii) of the theorem.
Predictability is immediate. To check (a), it is clearly sufficient to prove

¢y - AN =0.
Noting that
dA; = d(N;AY ) = N dAY + AN AN, + dN;dAY
and appealing to the Doob—Meyer decomposition yields

ANay - dAPON = dAPN — Ny dAN
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With ¢ as in (7.34) we have

¢t . dALOC’N =y - dAioc,N _ tN . dAioc,N + ('lptN . Ai\l)at . dAioc,N
= ;- dAPN — N dAPN 4l (dAPN — N, dAN)
= ay - dAPN — o, - dAN
=0

as required. Finally, note that « is self-financing, and thus
br-Av =0y A — ) A+ W) A oy - Ay =N,
Property (b) follows from the positivity of N;.

To establish property (c), the reader can check using the self-financing
property of ¥ and « that

o o
dA; = L. dA
¢t : At ‘ Nt ‘
_dN;  (dNy)?  dN[oN
TN NZ N,

= d(log Ny) — d((log Ny)'*=N) .
Property (c) is now immediate from the finiteness and positivity of N.
(if)=-(iii): Given ¢, satisfying (a),(b) and (c) of (ii), define

* ¢t
%= g4

and

t
N/ :exp</0 ¢;.dAu). (7.35)

By Property (a), N/ is of finite variation and is a.s. positive for all t. It remains
to check N7 has the form of a numeraire. But trivially

Ntf = (Ntf@) A,
and, since ¢; - dA°“" = 0, we have, by applying It6’s formula to (7.35),
AN} = N/ ¢r - dA, .

We are done.
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(iii)=-(i): Let (IV,N) be some numeraire pair for the economy &€ and let X be
any F#-measurable random variable satisfying

X
B g ] < e
N Ny < 0
Consider the {F/} martingale under N,

X
=

7.

By Theorem 6.38 there exists some {F/'}-predictable n such that

X t e
M; = En|[+-] o - dAleN
t NNT +/077 U

In particular,

X X T
— =En|— y - dAOSN 7.36
¥ = B3] +/0 T - 0 (7.36)

We now seek an expression for the local martingale part of A under N. Recall
that
dA; = d(N;AY) = AY ANy + Ny dAY + dNdAY . (7.37)

The second term in (7.37) is a local martingale under N and the last term is
of finite variation, so we can deduce that

dAiOQN — (AéVdNt)loc,N + NtdAéV (738)

To find the local martingale part of ANdN, write

and observe that ;
ANAN, = AN Z,dN; .

By Ito’s formula
AN} = Z,dN, + N,dZ, + dZ,dNy,

and so ;
(AN ANyl = — AN NydZ; .

Subsituting into (7.38) now gives

dAPN = N,dAN — AN N,dZ, . (7.39)
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Since N/ is a numeraire, unit invariance implies that we can find an {F{'}-
predictable of such that
dZ, = of - dAY

and thus (7.39) becomes
dAYN = NdAY — AN Nyof - dAY,
Substituting into (7.36), we have

X X T NIy N

Ny = En |:NT:| +/0 Nulnu — (- Ay ey - dA,

Thus by Theorem 7.17, the martingale property of M and Corollary 7.40, we

can find an admissible strategy replicating X and so we have shown that £ is

complete. O
Our results from Chapter 6 for locally Lipschitz SDEs provide sufficient

conditions for weak uniqueness to hold for an SDE and thus we have the

following very useful corollary.

Corollary 7.46 If the SDE (7.1) satisfies the local Lipschitz conditions
(6.23) and the linear growth restriction (6.24), then the economy & is complete
if and only if there exists some finite variation numeraire.

Proof: Theorems 6.12 and 6.31 show that weak uniqueness holds for (7.1),
so the result follows from Theorem 7.43. O

7.3.6 Pricing kernels

In Chapter 1 we introduced the idea of a pricing kernel and only later did
we meet numeraires. We saw there the close relationship between pricing
kernels and numeraire pairs (although we did not use this term at that stage).
We have, in this chapter, chosen to develop the theory using numeraires in
preference to pricing kernels because of the intuitively appealing interpretation
of a numeraire as a unit, because of results such as Theorem 7.43, and because
it is the most common way models and pricing results are presented in the
finance literature. However, the theory can be developed and presented in
terms of pricing kernels, and Chapter 8 is an occasion when using pricing
kernels is sometimes more convenient. Hence we establish the link between
the two approaches.
To begin we must define what we mean by a pricing kernel.

Definition 7.47 Let £ be an economy defined on the probability space
(L {F}, F,P). We say that the strictly positive, ({FY,P) continuous
semimartingale Z is a pricing kernel for the economy &£ if the process ZA
is an ({F/'},P) martingale.
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The following theorem demonstrates the equivalence of, on the one hand,
a theory developed using pricing kernel terminology and ideas and, on the
other, one developed using numeraires.

Theorem 7.48 Let £ be an economy defined on the probability space
(Q,{F:}, F,P). Then:

(i) & admits a numeraire pair if and only if there exists a pricing kernel;

(i) for a self-financing trading strategy ¢, [, ¢u - dAY is an ({FA},N)
martingale for all numeraire pairs (N,N) if and only if fo O - d(ZA)y
is an ({F{*},P) martingale for all pricing kernels Z;

(iii) any two numeraire pairs, (N,N;) and (N,Ng), with common numeraire
N agree on F4 if and only if any two pricing kernels, ZW and Z(,
agree up to F# (i.e. Ep[Zy ZH - 7(?)\.7-}4] =0 a.s.).

Remark 7.49: What Theorem 7.48 shows is that all the results regarding
arbitrage, admissible strategies and completeness carry over immediately to
a corresponding result for pricing kernels (see Theorems 7.32 and 7.41 for the
relevant results stated in numeraire form).

Proof:
Proof of (i): Suppose (N, N) is a numeraire pair for £. Define the a.s. positive,
{F}-adapted process Z = (Np)~! where

dP|_,
Pt = ﬁ fAEN[ﬁ’ft :| .

Then
En[(ZA)r & |74

En [k 7]

_ EnEn[(ZA)r G| F| 7]
B Pt

_ En[AN|F]

B Pt

= (ZA):.

Ep[(ZA)r|F] =

AN

Pt
A similar argument shows that Ep[|(ZA);|]] < oo and ZA is clearly {F/}-
adapted. Thus ZA is an ({F/},P) martingale and Z is a pricing kernel.

Conversely, suppose Z is a pricing kernel for £. Define a numeraire N as
follows. Let

i := {mini € {1,... ,n}: |A§i)| > |A§j)|, forall 1 <j<n},
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the index of the asset which has the price at ¢ with maximum absolute value.
Define the sequence of {F/'} stopping times 7,, and the index I; via

. I ;
T0=0,  Tmo=inf{t > 7, A < 1A
Iy =iy, where k(t) is such that 744 <t < 7()41-

That is, we construct the index process I and the sequence 7, inductively
as follows. Start with I being the index of the asset with price of maximum
absolute value and 7p = 0. Wait until this asset price is less than half the value
(in absolute terms) of the new maximum price, then switch the index I to the
current maximum priced asset. The time of this switch is 7. Continue in this
way. Now take the numeraire N to be
B (1>k(t) A,
2

the portfolio produced by starting with a unit amount of the most valuable
asset (in absolute terms) and switching to the most valuable asset (again in
absolute terms) at each {ftA} stopping time 7,,.

The process ZA is an ({F/},P) martingale so ZN is an ({F/},P) local
martingale. The sequence {7,,} is a localizing sequence for NZ. Furthermore,
for all m > 0,(ZN);" < 3", |Z,A£Z)\ and D", IEPHZtAEf)H < 00 so the dom-
inated convergence theorem (applied to Z;N/™ m > 1) ensures that ZN is a
true ({F7},P) martingale. Defining the measure N via

&N _ (NZ)r
P (NZ)’

AT)

r, |
7j
I,
ALY

k(#)
Nt = Aib) H
j=1

it follows easily that (N, N) is a numeraire pair.

Proofs of (ii) and (iii): The proofs of (ii) and (iii) are relatively straightforward
using the construction in the proof of (i). We prove (iii) in one direction for
illustration. Suppose N; = Ny on F# whenever (N,N;) and (N,N) are two
numeraire pairs with common numeraire N, and let Z1) and Z® be two
pricing kernels. Define the measures N; and Ny by
dN; ) )
d]Pj =Nz, i=1,2, (7.40)
where the numeraire N is as constructed in the proof of (i). As shown
there, (N,N;) and (N,Ny) are both numeraire pairs, thus Ny = Ny on Fi
by hypothesis. It follows from (7.40) that Z!) = Z) up to F3, as required.
O
The equivalence of the pricing kernel and numeraire approaches also leads
to a pricing kernel valuation formula. We shall appeal to this in Chapter 8.
The proof follows immediately from Theorem 7.48 and Corollary 7.34, the
martingale valuation formula using numeraires.
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Corollary 7.50 Let £ be an economy with a pricing kernel Z and let V1 be
some attainable contingent claim. Then V; admits the representation

Vi = Z{lE]p [VTZT‘}}A] .

7.4 EXTENSIONS

The theory developed in Section 7.3 is restrictive in several senses. In
particular,

(i) derivatives were restricted to making a single payment, Vp, at the
deterministic terminal time T’;

(ii) the payment amount V7 is an F#-measurable random variable and no
control can be applied by the purchaser of the option;

(iii) the economy comprises only a finite number of assets, each of which is a
continuous process which pays no dividends;

(iv) the economy and trading strategies are defined only over a finite time
interval [0, T].

Each of these restrictions can be removed in a more general theory. For the
applications treated in this book we will need some of these generalizations
but not others. Below we discuss each in turn and show how to carry out the
extension or point towards other references which do so.

7.4.1 General payout schedules

The obvious extension of the payout schedule treated in Section 7.3 (a single
payment at T') is to replace it by a payout process {H:,0 < ¢t < T}, where H
is some {ftA}—adapted, cadlag semimartingale, H; being the total payments
made up to and including time ¢. To treat a payoff as general as this we
would need to have defined the stochastic integral for a general semimartingale
integrator. This is done, for example, in Chung and Williams (1990), Elliott
(1982) and Protter (1990).

We shall not need this generality. For our purposes it will be sufficient to
consider processes H of the form

Hy=Ci+ Y VOlgs,,

i=1

where C is some continuous {F{*}-adapted process, each 7; is an {F/A}
stopping time and each V) is f;?—measurable. Because option valuation
is linear, to treat this type of payoff it is sufficient to separately value a
continuous payment stream C' and a single ff—measurable payment V made
at some {F{} stopping time 7.
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The need to treat a continuous payment stream arises from futures
contracts. This is our only application of this and so we defer a discussion until
then, Chapter 20. This leaves the problem of valuing a single ff—measurable
payment V made at the {FA} stopping time 7 < T. Two important examples
of products of this type are barrier rebates, payments of known amount paid
at the moment an asset price hits some barrier level, and American options,
which we discuss in more detail in Section 7.4.2 below.

Let (N,N) be some numeraire pair for the economy £. Given any (V,7)
with

B |

K < o0
N, ’

we can define

v Ny

T

Note that the integrand in (7.41) is {F{'}-predictable (being left-continuous
with right limits and adapted) so the integral in (7.41) is a standard stochastic
integral. The payoff Vr is precisely that which results from investing the payoff
V, made at 7, in the numeraire strategy N.

In Section 7.3 we treated payoffs Vi for which

for all numeraire pairs (M,M). Note that with ¥V and Vp defined as above,
for any {FA} stopping time 7 and any numeraire pair (M, M),

Vi V M, Nr|| 4 1%
Fag | =L | | = BBy | |— 2 =L < By ||— 42
M[MT} M M[MTNTMT ff}— MHMJ’ (7.42)

(the inequality following by applying (the conditional form of) Fatou’s lemma
to the positive local martingale M/N). Thus if Epy]]| A_‘I/T || < oo for all numeraire
pairs we can price this option using the theory of Section 7.3. If the economy
is complete then the inequality in (7.42) is an equality and (V,7) can be
replicated if and only if (V,T) can be replicated.

We conclude from the above discussions that, by immediately investing
any payment in the numeraire N, the valuation of (V| 7) is identical to the
valuation of (Vi, T), and this latter problem was the topic of Section 7.3. The
martingale valuation formula becomes, for ¢ < 7,

v

VtthEN[N

=l
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7.4.2 Controlled derivative payouts

A particularly important problem is the valuation of derivatives whose payout
depends on actions taken by the buyer of the option (the more general case
where both buyer and seller can apply controls can also be handled, but we
shall not need these results). An American put option, for example, allows the
option holder to receive the amount (K — S;)4 at time 7, where K is some
constant, S is the price of a stock and the stopping time 7 is chosen by the
holder of the option.

More generally, the control problem can be formulated as follows. Let U be
the set of controls (for the American option this would be the set of all {F/A}
stopping times). By the techniques of Section 7.4.1 we can assume a single
payment Vr is made at time T'. For each u € U let Vp(u) denote the payment
made at T if the option holder follows the strategy w. The set of controls
must be such that, for each u € U, V(u) is an attainable claim and this will
impose constraints on the set U. For example, in the case of an American
option the time 7 must be an {F/A} stopping time and not a more general
{F} stopping time. Let V;(u) be the value at ¢ of the payout Vr(u) and let

Vg = sup Vo(u).
uelU

Suppose, for some u* € U, Vo(u*) = V. Then (subject to regularity
conditions on the set U as described below), we claim, Vr is attainable, has
initial value Vo = V{, and is replicated by the strategy ¢(u*) which replicates
Vr(u*). To see this, suppose that we buy the option for V' < V. We choose
to follow the strategy u* and simultaneously, at a cost of Vi (u*), replicate the
payoff Vp(u*) dynamically. Doing so, we have a time zero profit of Vo(u*) -V
and no other cashflows — an arbitrage. Thus Vo > V(u*) = Vj".

To see that Vo < V(u*) is a little more involved. Suppose we sell the
option for V' > V. We must assume that the set of strategies, and the
information available to us about the strategy which the option holder is
following, together are sufficient for us to be able to follow a strategy which
performs no worse than that of the option holder. This will not be the case
in general. One example where it is the case is if the holder must declare the
strategy u at time zero, in which case we can replicate the payout and receive
an arbitrage profit of V —V (u) > V =V at time zero. A second more realistic
and more important example is the American option. In this case, if 7 is an
arbitrary {F/} stopping time and if 7* is the optimal stopping time,

P(Vi(t*) = Vi(r) for all t) = 1,
so we can make a profit of V — V(7*) at a time zero and an additional profit

of V:(7*) — V:(7) at the holder’s exercise time 7. Once again this, would be
an arbitrage and thus we can conclude that Vo > Vj.
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There are two issues not addressed in the discussions above. The first is that
the supremum over v € U may not be attainable. In this case the payoff is not
attainable and cannot be valued. The second, one of considerable theoretical
and practical importance, is how we find the optimal strategy u* for any
particular problem. This topic, optimal control theory, is not one we shall
tackle, but Karatzas and Shreve (1998) and Oksendal (1989) are suitable
places to look.

7.4.3 More general asset price processes

There are several ways to generalize the model for the assets in the economy.
We have assumed that all price processes are continuous semimartingales
driven by a finite number of Brownian motions. This can be generalized
to the case of a general semimartingale. Continuous models driven by more
than a finite number of Brownian motions have been considered by, amongst
others, Kennedy (1994) and Jacka et al. (1998). Models which allow jumps are
particularly important when modelling assets which are subject to default risk
and thus which can suddenly devalue. References covering this more general
situation include Jarrow and Turnbull (1995), Jarrow and Madan (1995) and
Duffie and Singleton (1997).

A second restriction we have imposed on the assets in an economy is that
they do not pay dividends. This is a significant omission as most stocks pay
dividends. However, these often fall under the results of Section 7.3 as we now
show.

Suppose A is the price process, with jumps, of the dividend-paying assets
of an economy. Suppose the dividends are paid at times T4,... ,T;,, and the
dividend amounts at T; form an }'{{ -measurable random vector G;. Let

. i N,
Ap = A + Z Gijl{tzTi}ﬁ

i=1

where N is some numeraire. We assume the process A is continuous. We can
interpret 121,(51) as the value at t of buying and holding the asset A() at time
zero and reinvesting all dividends in the numeraire N. If we treat /i as the
‘true’ asset price process of the economy then, noting that FA = FA, all the
results of Section 7.3 apply if we consider the process A in preference to A.

This analysis does not treat the case when A is not continuous (so the asset
prices are discontinuous even after correcting for dividend payments) or when
the dividends, unrealistically, are a continuous cashflow stream. The former
case is beyond the scope of this book. We do not discuss the latter, but a
formal treatment can be developed easily from the ideas of Section 7.4.1 and
Chapter 20.

The final extension we shall consider is to the case of a continuum of assets
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rather than just finitely many. This is relevant to the modelling of interest
rate products and is the subject of Chapter 8.

7.4.4 Infinite trading horizon

There are some situations in which we would like the economy to be defined
over an infinite horizon. We shall meet one such situation in the next chapter
where we discuss term structure models. Doing this introduces a few extra
problems, as the following example illustrates.

Ezxample 7.51 Return to the basic Black—Scholes economy introduced in
Example 7.1 and suppose that p > r. Define the stopping time 7 to be

7 :=inf{¢t > 0: Siexp(—rt) > 2S¢} .

It follows from Theorem 2.8 that 7 < co a.s. and thus the strategy of buying
one unit of stock, S, and selling one unit of bond, D, at time zero yields a
guaranteed profit of Sy at 7 with no risk. Similarly, if 4 < r the strategy of
buying one unit of bond and selling one unit of stock at time zero and holding
this portfolio until

n:=1inf{t > 0: Siexp(—rt) < Sp/2}
guarantees a riskless profit of Sy/2 at n < occ.

A strategy such as the one above is an arbitrage and as such presents
problems when we come to pricing. There are two obvious ways to deal
with this problem. The first is to eliminate the strategy completely from the
economy by modifying our admissibility definition (Definition 7.25) and that
of a numeraire pair to insist that all gain processes are uniformly integrable
martingales (recall that if M is a Ul martingale then it follows from the
optional sampling theorem that E[M,] = M, for all stopping times 7). If we
adopt this approach the theory of this chapter is altered only by replacing the
finite time interval [0, 7] by the (closed) time interval [0, co].

The problem with adopting the approach above is that it would rule out
many otherwise acceptable models, such as the Black—Scholes model, and
may be too restrictive for many applications. We shall adopt an alternative
approach, one which effectively reduces the general modelling and valuation
problem to the case we have already considered. We allow the model, the
economy and trading strategies to be defined over the time horizon [0, c0),
thus incorporating the yield curve models introduced in Chapter 8, but
will only value derivatives for which the payout is made on or before some
predetermined time 7', a time that will depend on the derivative in question.
This is sufficiently general to treat all derivatives of practical importance.

If we adopt this latter approach we are effectively reduced to the framework
of Section 7.3. One could (we shall not) introduce the terminology T '-
admissible (admissible when the strategy and economy are considered only on
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[0,T]), T-complete (complete when the strategy and economy are considered
only on [0,7]) and locally complete (T-complete for every T'). An economy
such as this would admit an arbitrage in the sense of Example 7.51 but this
would not violate any of the replication arguments used to price a derivative
which must settle on or before T' < oco.






8

Dynamic Term Structure Models

8.1 INTRODUCTION

The theory of Chapter 7 applies to models for which there are only finitely
many assets. The main applications treated in this book are pricing problems
for interest rate derivatives, in which case the underlying assets are pure
discount bonds. One can define a pure discount bond for each and every
maturity date, a continuum of assets, and in this context the theory of
Chapter 7 may be inadequate. In actual fact, for the vast majority of
applications it is only necessary to model a (small) finite number of these
bonds and in this sense the finite-asset theory is usually sufficient even for
interest rate products. However, there are occasions, the valuation of futures
contracts being a case in point, when it is convenient to model an infinite
number of bonds. Furthermore, there is considerable economic and theoretical
understanding to be gained from studying models of the whole term structure
(of interest rates), and it is important to know even for models involving
finitely many bonds that there is a (realistic) whole term structure model
consistent with the model. This is the topic of this chapter.

Section 8.2 briefly describes how, by restricting the class of admissible
trading strategies, a study of derivative valuation for an economy comprising a
continuum of bonds can effectively be reduced to the finite-asset case studied
in Chapter 7. Then, in Section 8.3, term structure models are studied in
detail, at the abstract level. Several ways to specify a term structure model
are presented, including the celebrated Heath-Jarrow-Morton framework, and
these are related to each other. Very little is said about particular models,
this discussion being deferred until Part II.

8.2 AN ECONOMY OF PURE DISCOUNT BONDS

As was the case with finitely many assets, to specify an economy of pure
discount bonds we must define both the joint law of all the assets within

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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the economy and the set of admissible trading strategies. One could do this
in considerable generality. For example, Kennedy (1994) considers a general
class of Gaussian term structure models which includes models generated by
a Brownian sheet, and Jacka et al. (1998) also consider continuous models
more general than those generated by only finitely many Brownian motions.
Neither of these, however, discusses admissible strategies and questions of
completeness. The latter issues are considered by Bjork et al. (1997a; 1997b)
who develop term structure models driven by a finite number of Brownian
motions and a marked point process. A trading strategy is then a predictable
process L with L; being a signed finite Borel measure on [t,00), L;(A)
representing the holding at ¢ of bonds with maturities in the set A € B([t, 0)).
This approach is mathematically very appealing, but we shall not have need
of such generality.

In keeping with the continuous theory of Chapter 7 we shall develop term
structure models under the following assumption (which, through the filtration
restriction, is stronger than the conditions imposed in Chapter 7):

the underlying ‘real-world’ probability space (0, {F:}, F,P) satisfies the usual
conditions, supports a d-dimensional ({F;},P) Brownian motion W, and
the filtration {F;} is the (augmented) natural filtration generated by W,
{7} ={A"}.

Now denote by D7 the value at ¢ of a pure discount bond with maturity T,
an asset which pays a unit amount on its maturity date. We shall, in Section
8.3, describe in detail several ways to model the complete term structure of
pure discount bonds, {Dyr : 0 < ¢t < T < oo}. If, in keeping with the notation
of Chapter 7, we denote by {F/} the filtration generated by the asset prices
of the economy,

FAi=0Dur:0<u<t,u<T < o0),

then every model we shall develop has the following four properties:

Definition 8.1 A term structure (or (TS)) model is a model of the dynamics

of the discount curve, {D.r : 0 < T < oo}, with the following properties:

(TS1) For allT > 0, the process {Dyr,t < T'}, is a continuous semimartingale
with respect to the filtration {F}.

(TS2) Dyr >0 forallt <T.

(TS3) Drr =1 forall T.

(T'S4) The model admits a pricing kernel: there exists some strictly positive
continuous semimartingale Z such that ZiD;r is an ({F/},P)
martingale for all T > 0.

The focus of this book is on models in which asset prices are continuous
and which we can integrate against (so that the gain from trading is well
defined), thus (T'S1) is a natural assumption for us to make (recall Theorem
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4.27). Conditions (T'S2) and (TS3) are obviously required. The final condition,
(TS4), requires a little more comment. We saw for the discrete economy of
Chapter 1 that, in that context, the existence of a pricing kernel is equivalent
to the absence of arbitrage (Theorem 1.7). We saw in Chapter 7 that, as
long as we eliminate troublesome ‘doubling strategies’, the existence of a
numeraire pair (which, over a finite time horizon, is equivalent to the existence
of a pricing kernel) implies no arbitrage (Theorem 7.32), and we commented
that the absence of an ‘approximate arbitrage’ implies the existence of a
numeraire pair (Remark 7.31). Condition (TS4) is thus a natural condition
to impose and will guarantee the absence of arbitrage (assuming, as before,
that doubling strategies are removed). However, there is currently no proof
that no approximate arbitrage implies the existence of a numeraire pair under
which all bonds are simultaneously martingales.

Given a model for the asset price evolution satisfying (TS1)—(TS4), we can
proceed to define an admissible trading strategy for the economy which mirrors
the one used in Chapter 7. Note the significant restriction to the generality
of an admissible trading strategy imposed by condition (i) of Definition 8.2
below. Note also that, whereas in Chapter 7 the definition of an admissible
strategy was stated in terms of numeraire pairs, here it is presented in terms
of pricing kernels. We showed in Section 7.3.6 that the two are equivalent over
a finite horizon. Here we prefer to use pricing kernels rather than numeraire
pairs because of the technical issues which arise when considering a model
over the infinite time horizon [0, 00) (see Theorem 8.9).

Definition 8.2 An admissible trading strategy for the term structure econ-
omy & is an {F{}-predictable vector process ¢ = (¢, ¢ ...) and a se-
quence of times (not necessarily increasing) (T1(¢), T2(¢),...) such that:

(i) for each T > 0, there exists some M(¢,T) such that gb,(f) = 0 for all
i>M(g,T),t<T;
(ii) the strategy is self-financing,

M(,t)
Vi = Zéﬁi 'Dyr, (%) Z ¢\ Dyr, )
=1 =1
tM¢t
= Z ¢5)D0T<¢ / 647, () AP ()

where V; is value at t of the portfolio corresponding to the strategy ¢;
(iii) for all pricing kernels Z, the kernel-rescaled gain process

¢ M(¢,t)

(ZG?), / z $Dd(Z.D.1,(4))u

is an ({F/},P) martingale.
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Remark 8.3: We have imposed the condition on the trading strategy ¢ that
it involves only a predetermined and finite set of bonds up to any time 7.
This reflects the way these models are used in practice — for most derivatives
there is a known finite set of bonds which is required to price and hedge the
product. In this context the existence of a continuum of bonds is more of a
consistency condition on the model than an essential requirement.

Remark 8.4: Under the terms of an interest rate futures contract, discussed
in Chapter 20, cashflows occur throughout the life of the contract and with
at most one cashflow each day. As such, a trading strategy need only involve
finitely many bonds (one per day until the futures expiry date). However,
from a modelling perspective it is convenient to treat a futures contract as if
resettlement occurred continuously, just as we allow continuous rebalancing in
the definition of a trading strategy, something which is impossible in practice.
To replicate a (theoretical) futures contract such as this would, in a general
term structure model, require trading in a continuum of bonds, and such
a strategy is not within the scope of the development here. However, the
degeneracy of the models we consider, in which a continuum of bonds is driven
by finitely many Brownian motions, will allow us to overcome this problem.

With the above definition of an admissible strategy the martingale property
of the gain process precludes any arbitrage within the economy, exactly as
it did when the economy only had finitely many assets. Furthermore, the
martingale valuation formula for an attainable claim is also valid (Corollaries
7.34 and 7.50). The remaining question is: under what conditions is the
economy complete? The following result is adequate for all the applications
we have encountered.

Theorem 8.5 Let £ be a term structure economy defined on the probability
space (0, {F;},F,P), with asset filtration {F{*} and admitting a pricing
kernel Z. Suppose that, for each T > 0, there exists a finite set of times
(T1, ..., Tyr)) such that, for allt <T,

Fit=0(Dirys- -, Diryia) - (8.1)

Then the economy is f{«‘—complete if any two pricing kernels Z, and Zs for
the finite economy comprising the bonds (Dyry, ... , D1, ) agree on F# (or
equivalently, if, whenever (N,Ny) and (N,Nsy) are two numeraire pairs with
common numeraire N, N1 and Ny agree on .7-'{3).

Suppose, further, that for each T' > 0 the process Dy := (D, - - , Di1, (1))
satisfies an SDE of the form

th = ﬂ(Dt,t) dt+0’(Dt,t) th (82)

for some Borel measurable i and o, and that weak uniqueness holds for the
SDE (8.2). Then the economy is complete if either of the two following con-
ditions holds:
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(i) There exists some {F{*}-predictable ¢ satisfying:
(a) ¢ o (Dy,t) =0 for all t a.s.;
(b) ¢¢- Dy >0 forall t a.s.;
(¢) —o0 < fg ¢u¢')uDu -dD, < oo for all t a.s. |
(ii) There exists some finite variation numeraire Ntf .

Proof:  Consider the finite economy comprising the assets (Dizy, ..., Diz, ) )-
That this economy is Fi-complete follows from the filtration restriction (8.1)
and Theorems 7.41 and 7.43 (see Theorem 7.48 and Remark 7.49 for the
pricing kernel statement of these numeraire-pair results). This immediately
implies that the term structure economy is fjf‘—complete since replication can
be performed with this finite set of assets. (Note that Theorem 7.39 ensures
that the larger set of numeraires in the term structure economy, which could
potentially have made a strategy which is admissible for the finite economy
inadmissible for the term structure economy, presents no problem.) ([

Remark 8.6: If the conditions of Theorem 8.5 are satisfied the model is
complete and replication over the interval [0, T] can be performed by a given
finite set of bonds. In particular, a unit payoff at any time S < T can be
replicated. Thus the zero coupon bond of maturity S (which is not in the set
(I, Ty, ..., Tyr)) is redundant. Clearly this is not the case in practice and
care must be taken when using a (necessarily simple) model to ensure that
an inappropriate replicating portfolio is not used (for example, replicating
a one-week bond with a combination of bonds with maturities all over ten
years!).

8.3 MODELLING THE TERM STRUCTURE

The remainder of this chapter is devoted to discussing eight closely related
ways to specify a model for the term structure satisfying (TS1)-(T'S4), and
it is based primarily on the papers of Baxter (1997) and Jin and Glasserman
(2001). Each of these techniques has its place in the development of the theory
or as a tool for applications.

In this introduction we will briefly introduce each technique and summarize
the relationships between them. In the remaining sections we shall go into
more detail on each and establish these connections. We will, in passing,
mention some of the most important example models but will not study them
in detail until Part IT of the book when they will be introduced in the context
of an appropriate application. The eight techniques are as follows.

(PDB) Pure discount bond: The most direct way to specify a term structure
model is by explicitly stating the law of the pure discount bonds or an
SDE that they satisfy. It is also common to give an SDE for {D;r/Ny,
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0 <t <T < oo}, where N is some numeraire process. In the latter situation
the numeraire is often a given bond, and the model specification is usually
incomplete in that the law of the numeraire bond is not given and the economy
is only modelled until some fixed time T because this is all that is needed for
the application to hand.

Clearly all models satisfying (T'S1)—(T'S4) can be specified in this way. Any
model which satisfies (T'S1)—(TS4) which is specified this way is said to be
(PDB).

(PK) Pricing kernel: Take any strictly positive continuous semimartingale
Z € LY(Q,{F:},F,P) and define

Dyr = Z; 'Bp[Z7|F) . (8.3)

The process Z may be specified either explicitly or implicitly, depending on
the application.

One might think of generalizing this class by replacing the ‘real-world’
measure P in (8.3) by some other locally equivalent measure Z, something
we shall do frequently in the models below. For a (PK) model, however, this
offers no generalization since, if (Z ,Z) is such that

Dyr = Z; "By Z7|F

for all t < T, then
Dyr = Z; "Ep[Zr|F],
where Iz
Zyi=Zi—| .
¢ YdP |7,
(N) Numeraire: Define the law of some asset or, more generally, some
numeraire, N, in a martingale measure N which is locally equivalent to P,
then extend to a definition for the whole term structure via

Dyr = NiEx[N:Y|Fi .

Note that under this approach, which is similar to (PK), there will be
additional restrictions on N. For example, if we claim that N is the value
of a bond maturing at T then Np = 1.

(FVK) Finite variation kernel: This is the subclass of (PK) for which the
(continuous) pricing kernel is also taken to be a finite variation process. We
will denote such a kernel by ¢ rather than Z to distinguish it, and so (8.3)
becomes

Dy = ¢ By [(r|F -



Modelling the term structure 189

Observe that the real-world measure P in (8.3) is here replaced by some
arbitrary Z which is locally equivalent to IP. It was not necessary, for a general
(PK) model, to allow this extra freedom in model specification because a
change of measure from an arbitrary Z to P left the form (8.3) unaltered,
albeit with a different kernel. By contrast, the finite variation property of the
kernel is dependent on the measure in question.

(acFVK) Absolutely continuous (FVK): This is the subset of (FVK) models
for which the finite variation kernel { is absolutely continuous with respect
to Lebesgue measure. In practice all models encountered which are of type
(FVK) are also of type (acFVK). However, examples do exist which are (FVK)
but not (acFVK), as we shall show later.

(SR) Short rate: Let r be some adapted process, not necessarily continuous,
such that the process fo 7 du exists. Let Q be some measure locally equivalent

to P and suppose that
t
Eq [exp( / Tu du)] < 00,
0

for all t > 0. Now define the term structure via

Dyr =Eq [exp(— /tT Ty du) ’Ft] .

The measure Q is referred to as the risk-neutral measure. Clearly such a model
is also an (acFVK) model. We say that this model is a short-rate model, (SR),
if the process r has the additional interpretation as the short-term interest
rate, or short rate,

1
— —1lim = log(D .
T lim > 0g(Dt,t+h)

(HIM) Heath-Jarrow-Morton: A requirement of any reasonable term
structure model is that the discount curve be almost everywhere differentiable
in the maturity parameter 7. If it is also absolutely continuous with respect
to Lebesgue measure, another reasonable requirement, then we have the

representation
T
Dyr = GXP(—/ Jts d5> )
t

where the fis are the instantaneous forward rates. The (HJM) approach is to
model these instantaneous forward rates. By definition every (HJM) model is
an (SR) model.

An (HJM) model is usually specified via an SDE which the instantaneous
forwards satisfy. For the resulting model to satisfy (TS1)—(TS4), in particular
(TS4), additional regularity conditions need to be imposed on this SDE. These
are discussed in detail in Section 8.3.7.
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(FH) Flesaker—Hughston: The Flesaker—Hughston approach is specifically
intended to produce term structure models for which all interest rates are
positive (meaning D,y is non-increasing in T for all ¢t > 0 a.s.). Let Z be locally
equivalent to P and let {M.g,0 < S < oo}, be a family of (jointly measurable)
positive ({F;},Z) martingales (automatically continuous given the Brownian
restrictions on the original set-up). Now define the term structure via

7 MigdS

D .
tr j‘toc MtS ds

Note that D,y is decreasing in T so interest rates are always positive, and
that limT_,OO DtT = 0.

Each of the procedures above will generate a model satisfying (TS1)—
(TS4). The different approaches do not yield exactly the same set of models,
but they are very closely related. Using a superscript + to denote a model
with positive interest rates (i.e. Dy is decreasing in T for all ¢ a.s.) and a
superscript 0 to denote a model for which the discount curve decreases to
zero as the maturity parameter T — oo, a summary of these relationships is
as follows:

(TS) =(PDB) =(PK) =*(N) D
(TS)" = (PDB)" = (PK)" =*(N)" > (FVK)" D (acFVK)" =(SR)" = (HIM)"

FVK)H]
(FH)

(FVK) D (acFVK) D (SR) D (HJM)

(TS)*" = (PDB)™ = (PK)*" =* (\)™ > { ( } S (acFVK)*0 = (SR)*° = (HJM) 0

The starred equalities, (PK) =* (N), and consequential identities for the
restriction to positive rates, do not strictly hold in general if the economy
is considered over the infinite horizon on a probability space which satisfies
the usual conditions. If the model is set up with the filtration being the
(uncompleted) natural filtration for a d-dimensional Brownian motion, or if
the horizon is finite, this is an equality. We discuss this technical point further
below.

If interest rates are constrained to be positive, then (acFVK), (SR) and
(HJM) coincide. In addition, (FH) contains all (acFVK) models for which
interest rates are positive and limy_., Dyy = 0 a.s. There are examples of
models which are (FH) but not (FVK)™? and vice versa, so no more can
be said on this matter. However, in Section 8.3.8 we give an alternative
representation of an (FH) model, one which readily generalizes to a class we
call (eFH), extended Flesaker—Hughston. This broader class is also contained
strictly within (N)* but strictly contains all (FVK)*™® models.

In the remainder of this chapter we will prove all these facts and provide
examples to show where inclusions are strict.
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For completeness we mnote here that, for each model class (M),
(M)™® ¢ (M)" < (M). The inclusion is immediate. That this inclusion is
strict is also obvious. Two example discount curve models which establish
this, chosen because they are easy to explain rather than because they are
realistic, are as follows. Each is (HJM), the smallest class we consider, and
thus establishes the strict inclusion for all classes. The first, a model which
is (HJM) but not (HIM)*, is the non-stochastic model defined by the initial
discount curve Doy = 1— %e*T sin(7"), a model in which interest rates oscillate
between positive and negative. The second, a model which is (HIM)* but not
(HJM) ™0 is the non-stochastic model defined by Dor = exp(—HLT). In each
case the curve at any future time is given by Dy = Dor/Dot.

On an historical note, one of the major breakthroughs in term structure
models was the work of Heath et al. (1992). However, as the above discussion
makes clear, (HJM) is the smallest class of model that we consider. It turns out
that the manner in which an (HJM) model is specified often makes it difficult
to work with. Furthermore, the technical conditions which are usually imposed
on (HJM) models (to ensure that they are (HJM)) make it hard to prove that
any given model is of (HJM) type. By contrast, proving that a model is (PK) is
usually straightforward. Furthermore, the (HJM) framework (via its technical
regularity conditions) excludes some models of the term structure which are
otherwise perfectly acceptable and endowed with all the properties that one
would like for a term structure model. Example 8.11 below illustrates this
point.

8.3.1 Pure discount bond models

We need say very little about this approach, which is merely a way to specify
a model satisfying (TS1)—(TS4), i.e. directly in terms of the bond prices.
Using this approach it is not obvious what restrictions must be imposed on
the directly modelled asset prices to ensure that (T'S1)-(TS4) are satisfied.
The approach is, however, one of the most natural to use for modelling
since bond prices and their dynamics are directly observable. Some of the
most important examples defined in this way are the recent ‘market models’
developed by Miltersen et al. (1997), Brace et al. (1997) and Jamshidian
(1997). These models define the (numeraire-rebased) dynamics of a finite set
of bonds. The existence of a model for the whole term structure consistent
with these dynamics then needs to be established. We shall discuss this further
in Chapter 18.

8.3.2 Pricing kernel approach
Let Z € LY(Q,{F;}, F,P) be a strictly positive continuous semimartingale.
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Define
Dir = Z; ' Bp[Z7|F] . (8.4)

This is a candidate term structure model and it clearly satisfies (TS2)—(TS4).
The expectation in (8.4) is an ({F:},P) martingale, hence is continuous,
by Theorem 5.49, and Z~! is a continuous semimartingale, thus D;r is a
continuous semimartingale for all T' > 0. This establishes (T'S1) and thus we
conclude that (PK) C (TS).

That (TS) C (PK) is immediate since we can take the pricing kernel in
(TS4) to be the process Z in (8.4). We have thus established that (TS) =
(PK).

Remark 8.7: Had we allowed the process Z to be more general than a
continuous semimartingale, the process D7 would not have been a continuous
semimartingale. However, the process Z; Dy, which has the interpretation of
the value at ¢ of a bond paying unity at T but stated in the units U = Z 7!, is
a continuous martingale (continuous because we are working on a Brownian
filtration). Thus even in this more general case there is a unit in which the
bond price process is a continuous semimartingale under P.

Remark 8.8: We met pricing kernels in Chapter 1 and Section 7.3.6. Recall
that the reason, obvious in earlier discussions but less so in this context,
for calling Z a pricing kernel arises from the derivative valuation formula
Vi = Z; 'Bp[VrZr|F:). That is (recalling that taking an expectation is the
same as performing an integration), Z takes on the role of a classical kernel.

8.3.3 Numeraire models

An alternative to (PK) is to use a numeraire pair (N,N) to define a term
structure model,
Dyr = NEN[N; ' F] . (8.5)

All numeraire models are (TS) models (i.e. satisfy conditions (TS1)—(TS4)),
or equivalently are of class (PK). To see that (N) C (PK), define

_1adN
Zy = N, 1@ . (8.6)
Substitution of (8.6) into (8.5) yields (8.4).

We are also able to establish a (partial) converse to this result and show
(modulo technicalities at ¢ = oo) that (PK) C (N) and thus (PK) = (N). More
precisely, we have the following theorem.

Theorem 8.9 Let Z be some pricing kernel defined on the probability space
(Q,{F:}, F,P). As previously, suppose that {F;} = {FV'}, the augmented
filtration generated by a d-dimensional Brownian motion W. Consider now a
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(PK) model defined by equation (8.4). Define the unit-rolling numeraire N*“

via
w_ Diji

e p—a L
HZU:Jl Di—1,
(lz] being the largest integer no greater than x), the portfolio constructed

by repeatedly buying the bond expiring one time unit in the future. Then we
have the following:

(i) Given any T* > 0, we have that
Dy = N{'Byr- [(N}) 1 F]
for all t <T < T*, where the measure NI~ ~ P is defined by

dNT”

5|, = (ENT (8.7)

Fi

(ZN*)T" being the martingale (ZN") stopped at T*. That is, the model
is of class (N) over the time interval [0,T*].

(ii) If the filtration {F;} is taken instead to be the uncompleted filtration
{(F})°} then, for all T € [0, 00),

Dyr = N{En[(Ng) Y F],

where the measure N, locally equivalent to P with respect to (F¥)°, is

defined via
@

dp

= (ZN*
7 ( )ta

for allt > 0.

Remark 8.10: The reason for this somewhat involved statement of the converse
lies in the results and discussion of Section 5.1.2 and, in particular, Theorems
5.14 and 5.15. The first part of this converse result is sufficient for all practical
purposes since in practice we only ever need to consider an economy over a
finite horizon.

Proof: The proof of (i) is immediate by carrying out the change of measure
prescribed by (8.7). The proof of (ii) follows from Theorem 5.15. O

The disadvantage of the numeraire approach compared with (PK) is that,
in claiming N to be a numeraire, we must ensure consistency conditions hold
within the model. For example, if Ny, t < T, is the value of the pure discount
bond maturing at 7" then N7 = 1. On the other hand, modelling within a
martingale measure is more direct and intuitive. Furthermore, applications
often dictate which measure we should work in and it usually corresponds to
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a particular numeraire. All the models we shall cover are developed within a
martingale measure N rather than the ‘real-world’ measure P.

For our purposes the most important examples of models specified via a
numeraire are Markov-functional models. We shall meet these formally in
Chapter 19 but, in fact, most models used in practice are Markov-functional.
In the examples introduced in Chapter 19 the law of the numeraire is only
calculated implicitly and no SDE is ever specified which is satisfied by the
numeraire.

8.3.4 Finite variation kernel models

An (FVK) model is one for which the prices of all pure discount bonds can
be expressed in the form

Dir = ¢ "By [Cr|F] (8.8)

for some adapted and continuous finite variation process ¢ and some measure
7Z locally equivalent to P.

Historically, most models that have been studied are (FVK) models, indeed
short-rate models (although they are increasingly not parameterized in terms
of the short rate). Does this restriction eliminate any realistic models of the
term structure, or can all models be cast in this form? The answer to this
question is provided by the following example, a model which possesses all
the properties one might realistically demand of an interest rate model but
one which is not (FVK).

Ezample 8.11 Consider the (PK) model generated by taking the pricing
kernel Z to be the solution, with Zy =1 a.s., to

dZ, = Z} dWy, (8.9)

where W is a one-dimensional Brownian motion. The process Z is the
reciprocal of the Bessel(3) process and various of its properties are developed
in Exercise 8.14 below. In particular, it is well known as an example of a
process which is a uniformly integrable local martingale but which is not a true
martingale. This kernel, being a.s. positive, is also a (strict) supermartingale
and, furthermore, Ep[Z7|F;] || 0 as T — oo. Consequently, (8.9) can be used
to define a term structure model in which rates are a.s. strictly positive for all
t and the discount curve decays to zero as T' — 0o, one of the nicest (single-
factor) interest rate models one could imagine. Indeed, applying a time-change
technique which applies equally well to many other pricing kernel models,
given any continuous initial discount curve {Dop,T > 0}, the model can be
adapted to fit this initial term structure. To do this, let

E(T) = EP[ZT] 5
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a decreasing function of T', and define the process A by
Zy = Z(E (Do) -

Then Z is a pricing kernel on the the probability space (2, { %}, F,P) where
Fi:=F E~-1(Dy,), @and the model is consistent with the initial discount curve
{Dor,T > 0}.

We show that this model is not (FVK). To do so, we first show that the
model is f?—complete for any T' > 0. To see this, work on the time interval
t € [0,T] and take Ny = Dyr as numeraire. Under the measure N defined by

dN
| =2zD
dP 7 ttT

all N-rebased assets are {F;} martingales. Consider now the process D%
for some S > T. This is an ({F:},N) martingale, hence, by the martingale
representation theorem for Brownian motion (Theorem 5.49),

t
D5 = Dgs +/ Pu AW, (8.10)
0

for some {F;}-predictable process ¢, where the ({F;},N) Brownian motion
W is defined by
¢
Wt = Wt — / Cu du
0

for some {F;}-predictable process C' (defined precisely by Theorem 5.24 with
Q = N). Given any F#-measurable random variable V with Ey[|Vy/Nr|] <

oo (note, in fact, that Ny = 1), the Brownian martingale representation
theorem can be applied again to conclude that
Vr
=E dW
NT N / wu

for some {F;}-predictable process ¢. Combining this with (8.10) yields

Vr

o B[yt / udy dDYs

It now follows from Theorem 7.17 that this strategy can be made to be self-
financing (if we also trade in the numeraire asset D7), and from Corollary
7.40 that the strategy is admissible, hence the economy is complete.
Theorems 7.41 and 7.48 showed that if an economy is complete then any two
pricing kernels agree up to ]-"74, which in this case is all of Fr. This contradicts
the existence of a finite variation pricing kernel. For suppose there does exist
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some measure Z, locally equivalent to P, and a finite variation process ¢ which
is a pricing kernel under the measure Z. Defining the process p by

_dZ
Pt = aP 7’
it follows that (p is a pricing kernel under P. But the economy is complete and
as such admits a unique pricing kernel. Since Z is also a pricing kernel under
P we can conclude that Z = ¢p. Write Z = Zo&(X) and p = po&(X) for local
martingales X and X (as we did in Lemma 5.17). Taking logs of Z and p¢,
and appealing to the uniqueness of the Doob—Meyer decomposition, it follows
that X = X and ¢ is the constant 1. Thus Z = p which is a contradiction
since p is a martingale and yet Z is not.

Remark 8.12: The fact that the discount curve for Example 8.11 is strictly
decreasing and converges to zero as the maturity tends to infinity means that
it also proves that the inclusions (FVK) *0 ¢ (PK)*? and (FVK) * c (PK)*
are strict.

Remark 8.13: Note, in particular, that this is an example of a model where
there is no arbitrage, where the model is complete but where there is no
numeraire pair (Nf,N) for which the numeraire is finite variation. However,
it is easy to see that there are many finite variation numeraires. See Remark
7.44 for more on the significance of this.

Ezercise 8.14: Let (WM W W®)) be a three-dimensional Brownian
motion, but starting at the point (W(l) W(2) W(3)) (1,0,0). Define

Rei= V)2 + (W) 4+ ()2,
Show that R, the Bessel(3) process, satisfies the SDE
dR; = —dW; + R; *dt,

where the Brownian motion W is defined by
W( i)
W, := / dW( 9.

Hence show that the kernel Z of Example 8.11 is given by Z = R~!, and
derive an expression for

f(Ze, T —t) :=Ep[Zr|F] -
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Establish the following facts which have been used above (the first of which
shows that Z is not a martingale):

(i) f(Z,T —t) is as. continuous and strictly decreasing in T, with
limg o f(Z,T — ) = 0;

(ii) f(Z,T —t) is twice differentiable in the variable Z;

(iii) for all t < T < S, the diffusion term in the SDE for (D:g/D;r) is a.s.

non-zero.

8.3.5 Absolutely continuous (FVK) models

Recall that a finite variation process is one which is finite, adapted and with
sample paths which are finite variation functions. It is a standard result from
analysis that any finite variation function can be written as a sum of two
components, one which is absolutely continuous (with respect to Lebesgue
measure) and one which is singular with respect to Lebesgue measure. The
most common and important examples of (FVK) models are short-rate
models, discussed shortly, for which the kernel is absolutely continuous. This
leaves the question whether or not there are, in theory at least, (FVK) models
in which the kernel is not absolutely continuous. The answer is yes, as the
following (non-stochastic) example shows.

Ezample 8.15 Let F be the standard Cantor distribution function on [0, 1],
as defined, for example, in Chung (1974). This is a function F : [0,1] —
[0, 1] which is everywhere continuous and non-decreasing, almost everywhere
differentiable with F' = 0, but singular with respect to Lebesgue measure.
Now define the finite variation function (which we take as a deterministic
pricing kernel process) ¢ by

=1 (75)

for some r > 0. Clearly ( is strictly decreasing and positive, thus corresponds
to a pricing kernel, and the resulting model has all interest rates strictly
positive. However, ( is singular with respect to Lebesgue measure so the model
is not (acFVK).

8.3.6 Short-rate models

A short-rate model is one for which the prices of all pure discount bonds can
be expressed in the form

Dir = Eq [exp( /tT - du) ’}"t] : (8.11)
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for some measure (the risk-neutral measure) Q locally equivalent to P and
some adapted process r. In addition, it is a requirement that r has the
interpretation as the instantaneous spot interest rate,

1
= — 11113% ’ log Dy i1 (8.12)

It is implicit in this definition that, with probability one, fg rud, and the
expectation in (8.11) are finite. Note that any (acFVK) model can be written
in the form (8.11) but does not necessarily satisfy (8.12).

Short-rate models are very common and have been very popular. This
popularity is decreasing somewhat amongst (front-office) practitioners with
the advent of ‘market models’, but they are still a very valuable tool and
most banks have various examples implemented in their trading systems.
Some of the best-known examples are the Vasicek—Hull-White model and
the Black-Karasinski model, both of which we will describe in Chapter 17.
(Actually most if not all models used in practice, even market models, are
(SR) but not all models are parameterized as such.) Both of these examples
are driven by a one-dimensional Brownian motion, but this need not be the
case in general.

It is immediate, setting

¢ = exp ( - /Ot rudu), (8.13)

that (SR) C (acFVK). The question remains as to whether there are any
(acFVK) models which are not (SR), i.e. for which the process r in (8.13)
does not satisfy (8.12). Sufficient conditions for an (acFVK) model to be (SR)
(and (HJM)) will be given in Theorem 8.18 below, conditions which mean that
any ‘reasonable’ (acFVK) model must indeed be (SR). However, models do
exist which are (acFVK) but not (SR) as the following example demonstrates.

Ezample 8.16 The example we are about to present is somewhat pathological
and unrealistic. Theorem 8.18 below and the remark following it show this has
to be the case. This contrasts with Example 8.11 which presented a reasonable
and not unrealistic model that was (PK) but not (FVK).

Work on a filtered probability space (2, {F;}, F,P) supporting a univariate
Brownian motion W. Let {«,,n > 1} be a set of probabilities and define the
functions R, (t) via

a;l if  0<t<2™,
—a;t if 2 <t<2 ()
1, if 27D <t e[, (g+1)*"), qeven,
;o it 27U <t e[ (g +1)F"), ¢ odd.
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Now define the stopping time 7, via
Tn = inf{t = g2~V some integer ¢ : [Waga—n — Wiag—1)2-n| > €n}

where £, is chosen such that P(7,, = 2= (»~1) = q,,. Note that 2" '7, is a
geometrically distributed random variable. Now let

t < Tp,
t
/ R, (u—7,) du, t > Ty,
Tn

and note that, for each n, (,, is an absolutely continuous finite variation process
and ¢, (t) > 0 for all t. Furthermore, letting |z | be the largest integer no larger
than z,

Ee [Gu(DIF] = Ga(T) iz r,y +27"B (2T = 2|20V, B (8)/an ) Ls<r,)

where E(t, ) fo

0, t <2,
T, 2<t <3,
e(t,z) =4 —=, 3<t<d4,

1, 4<teclgq+1), q even,
,  4<telgq+1), q odd,

and

) = (= T 7).

Now defining
oo
@ :1+ch(t)v
n=1
it follows from the monotone convergence theorem that Ep[¢(T)] < 2 and

thus ¢ € £ and may be used as a pricing kernel (it is also strictly positive).
Furthermore, the monotone convergence theorem also implies that

Ep {i Lru<n] = ZIP T < 1)
n=1

n=1
> 2(n—1)¢
= ZP(T" = Lz(n—nj)



200 Dynamic term structure models

Choosing {a,,} such that this sum is finite ensures that only finitely many
T, will have occurred by any time t, and thus ( is absolutely continuous and
of finite variation a.s. But it is not difficult to verify (and this is left as an
exercise) that with this pricing kernel D;r is a.s. nowhere differentiable, for
any t and T'. In particular, it is not differentiable at ¢ = T', thus the short rate
does not exist.

8.3.7 Heath—Jarrow—Morton models

All term structure models of practical relevance have the property that the
discount curve is almost everywhere differentiable in the maturity parameter
T, a property that automatically holds for any model in which interest rates
are positive. Furthermore, if the discount curve is absolutely continuous this

then yields
T
Dyr = exp(—/ ftSdS)7
t

where

0
fir = a7 log(Dyr).

The idea of Heath et al. (1992) was to exploit this fact and to formulate a
model by specifying the processes {f.7 : 0 < T < oo}. This they did by giving
SDEs satisfied by the forward rate processes

dfir = prdt + oy - AW, (8.14)

for suitable p and o.

For this approach to be useful it is necessary to have a way to move
from a specification of the instantaneous forwards to the discount bond price
processes, i.e. to derive an SDE for |, tT ftsdS from the SDEs for the forwards
ftr- To do this systematically requires an application of a stochastic Fubini
theorem, a result which allows the interchange of the order of integration
when one integral is a Lebesgue integral and the other is a stochastic integral.
For this result to be applicable, regularity conditions need to be imposed on
the SDEs (8.14). If these regularity conditions do hold then the next step in
the development of an (HJM) model is to determine conditions on the SDEs
(8.14) to ensure that the model satisfies (TS1)—(TS4).

In their original paper, Heath et al. (1992) present a general SDE for the
forwards, such as (8.14), and sufficient conditions for the stochastic Fubini
result to apply. They then show that (TS1)—(TS4) hold, that the resulting
model is (SR), and derive the corresponding SDEs for the pure discount bond
prices. One could, generally, define an (HJM) model to be one for which the
stochastic Fubini result and (TS1)—(TS4) hold. This is precisely the viewpoint
we take, defining an (HJM) model to be one for which the conclusions of
Theorem 8.21 are valid.
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Definition 8.17 An (HJM) is an (SR) model for which, in the risk-neutral
measure 7, the instantaneous forward rates obey SDEs of the form

dir = (57 -Bar) = () -,

where each Y. is {F;}-predictable, and for which
dDyr = Dyt <7'tdt + Y7 - th> .

In this presentation of the (HJM) framework we will approach things from
a slightly different perspective than Heath et al. (1992), following closely the
approach of Baxter (1997). We start with the class (SR) of short-rate models
and provide a sufficient condition on the corresponding pricing kernel { for
the stochastic Fubini result to apply and thus for the model to be (HIM).
This sufficient condition is not necessary but it is such that any model for
which it fails to hold is highly unrealistic and thus of no practical relevance.
This contrasts with the fact that there do exist realistic (PK) models, such as
Example 8.11, which are not (FVK). We then derive the corresponding SDE
for the instantaneous forwards and the interrelationships implied by the fact
that (TS1)—(TS4) hold.

We begin with a statement of the sufficient condition, inequality (8.15), and
the consequential relationship between the forwards and the finite variation
kernel. Note in the statement of this result that we only require the model
to be (acFVK). The (SR) property is then a consequence of the regularity
condition (8.15).

Theorem 8.18 Let ( be a finite variation pricing kernel associated with
an (acFVK) model (not assumed to be (SR)) with the minimal cononical
decomposition ¢ = (o+(T—(~ (i.e. ¢t and (~ are the minimal non-decreasing
functions, null at zero, for which this holds). Then a sufficient condition for
the existence of the instantaneous forwards, f, is

Ez[¢F] + Ez[¢r] < oo, (8.15)

for all T > 0, in which case

(8.16)

In particular, writing {; = exp(— fot ry du), fi =y and the model is (SR).
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Remark 8.19: The regularity condition (8.15) can easily be seen to be
equivalent to the condition given in Baxter (1997), namely

Ez {/OT |ru|exp</0u frvdv> du] < 0.

Proof: Condition (8.15) and the fact that ¢ is absolutely continuous ensure
that we can apply (the conditional form of) Fubini’s theorem to (8.8) to obtain

Dir = 'Eg[(r|F]
T
=¢ ! <EZ[CO|}—t] + / Ez [8(;; ’ft:| d5>
0

It follows that

D = 'E [aCT ’ft] ;

oT
o
_ ologD) __E2| 57
fir = - B =
Ez [CT‘}-t}
The last statement of the theorem is immediate. O

Remark 8.20: 1t is implicit from the fact that ( is a pricing kernel that ( itself
is in £Y(Q, {F:}, F,Z). As a result, the left-hand side of (8.15) is infinite if
and only if both expectations are infinite. But {(w) > 0 for almost all w and
thus any model for which (8.15) does not hold must have a wildly fluctuating
short rate (if ¢; (w) > K then (;" (w) > K — (o(w)) and it is not possible that
some paths have highly positive short rates and others have very negative
short rates; if large negative rates occur then large positive rates must also
occur on the same path. Consequently, any (acFVK) model that is not (SR),
or any (SR) model that is not (HJM), must be highly unrealistic and of no
practical relevance. Example 8.16 was one such example which separated the
classes (acFVK) and (SR). Example 8.24 at the end of this section is (SR)
but not (HIM).

It remains for us to connect the SDEs that are satisfied by the bond prices
D, and the instantaneous forwards f;7 under the regularity condition (8.15).
This is the content of the next two theorems. For the first we work in the ‘risk-
neutral’ measure Z corresponding to the kernel (; the general case then follows
from Girsanov’s theorem.

Theorem 8.21 Given a general (acFVK) model with pricing kernel {; =
exp(— fot rydu), there exists, for each T > 0, some d-dimensional {F;}-
predictable ¥.7 such that
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t
() EelGrlF) = BalcalFol + | GuDurSur - dW,
0
(11) thT = DtT(T‘tdt + EtT . th),
where W is a d-dimensional ({F;},Z) Brownian motion.
If, in addition, (8.15) holds for each T > 0, then

(iii) EZPCT‘}}] = {8&‘}"@} / Cu uT(ouT-l-fuTEuT) dW,,

(iv) dfir = —(our - Ser) dt + oy - AW,

where the processes o and Y. are related by
OXyr
a- = -
& oT

and the model is (HJM).

Proof: The existence of X7 in (i) for each T is just the Brownian martingale
representation theorem (Theorem 5.49) applied to the martingale M; =
Ez[¢r|Fi]). Equation (ii) now follows from (i) by applying It6’s formula to
(8.8).

Turning to the second part of the theorem, the regularity condition (8.15)
establishes the existence of the process %%T, and it then follows by the
Brownian martingale representation theorem again that, for each T, there

exists some predictable process A.r such that
0 0 ¢
EZ[ Cr ’ft} - [ Cr ]fo] / Aur - dW, . (8.17)
0

We must prove that A has the representation in (iii). We will only sketch
the proof of this part of the theorem. The complete proof requires several
technical lemmas which we will not include. The interested reader is referred
to Baxter (1997) for details of this part of the argument. The key to the proof
is to observe that (i), (8.17) and an application of Fubini’s theorem yield two
alternative representations for Ez[(r — (o|F], namely

Eelcr — I = Balér - ol + | Do Sur - W,
Ex[Gr — Gol 7)) = B /O s as|7]

- [ ml5sile

:/0 (& [aCS’fO} /OtAuS~qu> ds

= Ez[{r — o|Fo] +/OT(/OtAus 'qu) as.
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Equating these two expressions yields

T t t
/ (/ Aus-qu) dS:/ CuDurSur - AW, . (8.18)
0 0 0

A fact we shall not prove, which follows from condition (8.15), is that a
stochastic Fubini theorem can be applied which allows us to interchange the
order of the two integrations on the left-hand side of (8.18). Doing so yields

t T t
/ ( / Aust)~qu: / CuDurSur - AW,
0 0 0

T
/ AisdS = (¢ DirSyr . (8.19)
0

Differentiating both sides of (8.19) yields the representation in (iii). The final
identity (iv) is now just an application of Itd’s formula to (8.16). O

Remark 8.22: 1t is implicit in the last statement that we can indeed integrate
oy over the maturity parameter 7' (and we made similar assumptions for the
instantaneous forwards f;7). For this to be possible o must be measurable in
this parameter. It is indeed possible to establish this fact, that there exists a
version of ¢ which is jointly measurable as a map

oc:Qx[0,T*]x[0,T*] = R

(w,t,T) — opr(w),

for each T* > 0. That is, o (and f) is jointly progressively measurable (in ¢
and T'). The details can be found in Baxter (1997).

The relationship in part (iv) of Theorem 8.21 between the drift and diffusion
terms of the instantaneous forward rates in the measure Z is a consequence
of insisting, via (TS4), that the model is arbitrage-free. It is now a simple
matter to see the form these equations must take in any other measure which
is locally equivalent to Z, in particular the real-world measure P. The result is
an immediate consequence of Theorem 8.21 and Girsanov’s theorem (Theorem
5.24).

Theorem 8.23 Under any measure P which is locally equivalent to Z, the
model of Theorem 8.21 obeys

(i) dDyr = Dyr ((rt + Bur - C)dt + Sor - th).
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If (8.15) also holds then (iv) becomes

0Xyr
oT

0Xyr
oT

(i) dfer = (L - (Ser = C) ) dt — (S5 ) - W,

In the above W is a Brownian motion under P and is given by
N t
Wt = Wt —/ Cudu,
0
where C is the unique {F;}-predictable process such that

t 1 t )
}_t:exp(/o Cu-qufg/O .| du).

We conclude our discussion of (HIM) models with an example of a model
that is (SR) but not (HJM), by necessity a model which fails to satisfy (8.15)
and which is thus unrealistic.

dP
dz

Ezample 8.2/ Work on a filtered probability space (2, {F:}, F,P) supporting
a univariate Brownian motion W. For each n > 1 define the function R,, via

0, if t<1,
R,(t) = 2" if t—1€[q27",(¢g+1)27™), qodd,
—2" it t—1€[¢27",(¢+1)27"), q even.

Now define a random variable 1 by n = j if |Wq| € [Lj, Lj;+1), where the
sequence L; is defined so that Ly = 0 and 2(N(Lj+1) — N(L;)) = 277. Fix
r > 0, a < 1 and define the finite variation kernel { via

¢ = exp(—rt) (1 +a /1W1 R; (u) du)

and, as usual,
Dir = ¢ ‘Bz [Cr| Fi]

(note that 0 < (; < exp(—rt) so ( is certainly in £1).

This is clearly an (acFVK) model. Furthermore, for all T > 0, there exists
some £(T") > 0 such that ¢; is Fr-measurable for all ¢t € [T, T + ¢(T")]. Hence,
writing (¢ = exp(— fot rydu), the short rate exists and is exactly r¢, so the
model is (SR). However, for ¢ > 1 neither ;" nor ¢; is integrable and (exercise
for the reader) D;r is nowhere differentiable for t < 1 < T Figure 8.1 shows
the initial discount curve in the case r = 10%, a = 25%.
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Figure 8.1 Non-differentiable (SR) discount curve

8.3.8 Flesaker—Hughston models

In 1996 Flesaker and Hughston proposed a general class of models in which
interest rates are guaranteed to be positive. In their framework, the term
structure is of the form -

B fT MysdS

‘D - o0 b
T MysdsS

where {M.g : 0 < S < oo} is a family of positive {F;} martingales under
some measure Z locally equivalent to P. Implicit in this definition is the fact
that the family M is jointly measurable and that both integrals in (8.20) are
finite a.s.

The best-known example of a model developed in this framework is the
rational log-normal model defined by

Ar + B M,
At + B;M; ’

(8.20)

Dyt =

Here the process M is a log-normal martingale with initial condition My =
1 and the deterministic functions A and B are both positive, absolutely
continuous, and decrease to zero at infinity. For consistency with the initial
term structure the constraint

_ Ar+Br

Do — 2L T 2T
"™ "4y + By



Modelling the term structure 207

also applies. This still leaves freedom to tailor the model for any particular
application.

Two noteworthy features of this model are as follows. First, it produces
closed-form prices for both caps and swaptions. We will not derive these
results, but the interested reader is referred to Flesaker and Hughston (1996).
Second, given any ¢ and T, Dy is monotone in M; and is bounded by
Ap/A; and By/B; (M; = 0 and M; = c0). Consequently, interest rates are also
bounded both above and below.

To understand how (FH) relates to other ways of specifying the term
structure we give an alternative representation, first presented in 1997 by,
amongst others, Rutkowski (1997).

Theorem 8.25 Given a jointly measurable family of positive ({F:},Z)
martingales {M.g:0< S < oo}, let

Zy= | MsdsS, (8.21)

0

Note that A is an absolutely continuous, increasing, finite variation pro-
cess with Ay =0. If Zy < oo then both Z € LYQ,{F:}, F,Z) and Ay €
LY, F,Z). Thus Z can be used as a pricing kernel and the resulting model
has the form (8.20), and is thus one for which all interest rates are positive
and, for all t >0,

lim Dir =0, a.s. (8.22)
T—o0

Furthermore, in this case Z has the representation
Zy = By|Ax|F] — As. (8.23)

Conversely, given any absolutely continuous, increasing A with Ay = 0 and
Ez[Ay] < 00, (8.23) defines a positive supermartingale Z € LY (0, {F}, F,Z)
and (8.4) then defines a model in which interest rates are positive and for
which (8.22) holds. Furthermore, Z has the representation given in (8.21) for
a (jointly measurable) family of positive martingales {M.g:0 < S < co}.

Remark 8.26: What this theorem shows is that (FH) models are precisely
the class of (PK) models with kernels of the form (8.23) for some increasing
absolutely continuous A. If the continuity requirement is removed, (8.23)
does in fact define a general potential of class (D), i.e. a right-continuous,
positive supermartingale Z with the property that Z,, = 0 (a potential) and
for which the family {Z, : 7 an {F;}stopping time} is uniformly integrable (of
class (D)). Note that the kernel Z of Example 8.11 is also a potential, but the
family {Z,} is not in that case uniformly integrable.
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Proof: Given the family of positive martingales {M.g}, it is clear that both Z
and A exist, albeit possibly taking the value +o0o. However, if Zy < oo then
it follows immediately from Fubini’s theorem that Z € £L1(Q, {F;}, F,Z) and
A € LY, F,Z), since

Zo :/ MOSdS:/ Bz [Mss]dS = By [/ Mssds} = Ey[Ao],
0 0 0
and

(oo} (oo} (oo}

Zo >/ MysdS :/ Ez[Mrs]dS = Ez [/ MTSdS} = Bz[Z1],
T T T

the third relation in each case being the application of Fubini. Hence

Z € LYQ,{F}, F,Z) and, since it is also a strictly positive continuous

semimartingale, can be used as a pricing kernel. A further application of

Fubini, this time the conditional version, now yields

Ey[Zr| 7] :EZ[/ Mrs dS| 7| :/ Ez[Mrs|Fi] dS:/ M;s dS
T T T

for all 0 <t < T < co. Therefore, substituting into (8.4),

i Misds

Dyr = Z; By [Zr|F)) = s 2—"—
r = 27 Eal 2l R = ooy s

as required.
The representation of Z in terms of A follows, once more, from conditional
Fubini,

Z ::/ MtSdS:/ Ey[Mss|Fi] dS
t i
— Ky [/ Mss dS|F| = Bz| Ao — Ai| 7]
t

This completes the first part of the proof.
The converse result is immediate with the exception of the last part. But
the fact that A is absolutely continuous, increasing and null at zero ensures

that .
A = / ay du
0

for some positive process a. Defining M;s = Eyz[ag|F;], the fact that A €
LY(Q, F,7Z) allows us to apply Fubini once more to obtain the representation
(8.21). (That the family {M.r : T > 0} is jointly measurable is established in
Baxter (1997).) O

The representation (8.23) suggests an obvious generalization of the (FH)
class of models.
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Definition 8.27 A term structure model is said to be extended Flesaker—
Hughston, (eFH), if it is a (PK) model with pricing kernel of the form (8.23)
for some adapted, increasing and continuous process A with Ay = 0 and
As € LY(Q,F,Z).

Remark 8.28: The only difference from a standard (FH) model is the relaxation
of the absolute continuity requirement on A to one of continuity.

It is immediate from the defining equation (8.20) that the discount curve
for an (FH) model is continuous in the maturity parameter 7. The continuity
property also carries over to the class (eFH). This is not true for a general
(PK) model, even when interest rates are positive.

Corollary 8.29 For allt > 0, the discount curve for an (eFH) model is a.s.
continuous in the maturity parameter T'.

Proof: 1t follows from (8.23) and (8.4) that, for an (eFH) model,

Ez[Ac|Fi] — Ez[Ar|Fi
Ez[Aco|Ft] — As '

Dy = (8.24)
The continuity of A ensures that limg_,7» As = Ar a.s., for all T > 0. Since
0 < As < Aw € LY(Q,F,Z), the dominated convergence theorem can be
applied to the second expectation in the numerator of (8.24) and yields

lim Dyg = Dyr,
as required. s=T O
We conclude our discussions on the theory of term structure models by
proving the relationship between (FH), (eFH) and the other model classes
already considered. First we show that (FH) contains all (acFVK)*? models.

Theorem 8.30 The class (FH) of Flesaker—-Hughston models contains all
(acFVK) models for which interest rates are positive and limr_,oc Dy = 0
for all t > 0 a.s. The class (eFH) contains all of (FVK)*0.

Proof: Suppose ( is the pricing kernel for an (acFVK)*? model. Then, for all
t<T,
Gt > Ez[Cr|F] L0, (8.25)

as T — oo. Thus ( is a supermartingale and, since ( is also continuous and
of finite variation, it follows from the Doob—Meyer theorem (Corollary 3.94)
that ¢ is actually decreasing. Furthermore, since { > 0 a.s., it follows from
(8.25) that (s = 0.

Define A = (y — (. Clearly A is increasing, absolutely continuous, and
Ap = 0. Furthermore, A, = (o € L}(Q,F,Z) so A can be used to define an
(FH) pricing kernel Z, given by

VARES EZ[AOO *At\ft] =G
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Hence the model is (FH) as required.

When the model is only (FVK) ™ the argument above carries through with
the exception of the fact that A is now not necessarily absolutely continuous.
The resulting model is thus (eFH) but not necessarily (FH). O

It is clear that (FH) C (eFH) with the inclusion being strict. We have just
shown that (FVK)*? C (eFH) and (acFVK)™ C (FH). It is immediate that
(eFH) C (PK)™. It remains to prove that these last three inclusions are strict.
The next two examples do precisely that.

Example 8.31 For an example of a model that is (PK)™ but not (eFH) we
return to Example 8.11. Recall that the underlying kernel Z for this model is
defined by Zy =1, a.s., and

dZ; = Z2dW,

where W is a one-dimensional Brownian motion on some probability space
(Q,{F},F,P). We showed in Example 8.11 that the model is not (FVK).
That it is not (eFH) follows by a similar argument.

Suppose there exists some measure Z, locally equivalent to P, and some
increasing process A such that

Zt = EZ[AOO‘ft] - At (826)

is a pricing kernel under Z. Since Z is a pricing kernel under P it follows
immediately that pZ is a pricing kernel under Z, where

P
Pe= azls

As we saw in Example 8.11, the model is complete and hence the pricing kernel
is unique, thus pZ = Z. But Z is an ({F:},P) local martingale, so pZ is an
({F:},7) local martingale by Lemma 5.19. On the other hand, Z is defined
in (8.26) as the sum of a martingale plus a finite variation term. Hence the
finite variation term is constant which means the process A is constant and
Z =0, a contradiction. Thus the model is not (eFH).

The key to the example above was the fact that the pricing kernel was a
local martingale but not a true martingale. A similar idea is used to generate
a model that is (FH) but not (FVK)*0. This thus demonstrates the strict
containment in the relations (FVK)™ c (eFH) and (acFVK)™® c (eFH).
Note that the Cantor example of Section 8.15 is (FVK) ™ but not (FH) (all
(FH) models have an absolutely continuous discount curve), so this example
also shows that there are no additional containment relationships between the
classes (FH) and (FVK)™0.
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Ezample 8.32 Let W beAa Brownian motion on the probability space
(Q,{F:},F,P) and define {L; : 0 <t < 1} by

t
b [
o 1—u

The process L is a continuous local martingale, null at zero, and [ﬁ]t = (IL_t),
_t
T+t

so Lévy’s theorem implies that L*(t) := L(1%;) is a Brownian motion (relative
to the filtration F; := .7-'(1;“)).

Now define the stopping time 7 = inf{t > 0: L < —1}andlet L =2+ L.
The fact that L*(¢) is Brownian motion ensures that 7 < 1 a.s., and so
the process L can be defined over [0,00) (there will be no problem with the
explosion of L at t = 1). Note that L is a martingale on any interval [0, T] when
T < 1, and thus L is a martingale on [0, 7]. Combining these observations,

E[Lr|F] = Liliyr<iy + Lirs>1y -

Now, for some fixed r > 0, define the continuous and increasing process G
by
1 er(tf'r)
Gt = 1— t]]-{tST} + 1_ 7 ]]-{t>7'} 3

and observe L has the representation
A t
Ly:=2+ L] :2+/ G, aw,
0

(note that the behaviour of G on {¢ > 7} is not material to this
representation). We now use L and G to construct a model that is (FH)
but not (FVK), letting

L
Zt = ¢

= (8.27)

Applying Itd’s formula to (8.27),

dZy = Gy 'dL; + LdGyt
= dW; — dAy,

where the absolutely continuous process A is defined by
t
Ay = — / L,dG;*,
0

and thus
Zy = Zo+ W[ — Ay (8.28)
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The fact that Zo, =0 and 7 < 1, a.s., now yields, from (8.28),
Ao =Zo+ W7,

and, taking expectations,

Ep[Aco| Ft] = Zo + Ep[W | Ft]
= Zo+ WtT
=7+ At .

Thus Z has the form of an (FH) pricing kernel under the measure P. We show
that this kernel does not generate an (FVK) model, essentially because L is
a local martingale but not a true martingale.

Note that for this model the asset filtration {F/} satisfies {F/} =
{FV"} = {Finr}. A similar argument to that used in Example 8.11 can
be employed to show that this model is F#-complete for all 7' > 0 (filling in
the details of this argument is left as an exercise). Now suppose there exists a
strictly positive, continuous, finite variation process ¢ and a measure Z locally
equivalent to P such that

Dir = ¢ By[Cr| Fr] (8.29)

Changing measure in (8.29) from Z to P yields

Dyr = (¢p); "Ee[(¢p)1]Fe]
where
_dz
Pt="qp
so (p is also a pricing kernel for the model under the measure P. But the
completeness of the model implies that the pricing kernel is unique, thus

)
Fi

L
-7 ==
¢p a

on {Firr}. It now follows from the uniqueness of the Doob—Meyer
decomposition that p = L and ¢ = G~! up to {Fi,} (the argument here
is similar to that used in Example 8.11). But p7 is an ({Fiar}, P) martingale
and L7 is not, a contradiction.
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9
Modelling in Practice

9.1 INTRODUCTION

Part I was devoted to the theory of derivative pricing. The development given
was very much a theoretical mathematical approach and showed how to move
from a model for an economy to the price of a derivative within that economy.

When it comes to modelling derivatives in practice there is much more to do
and knowing (to some degree) the mathematical theory is only the first step.
If we are faced with the problem of pricing a particular derivative it would
be unusual to have a model for the economy already given to us. We must
decide on what that model should be and this will depend on many things,
including the particular derivative in question and the need to get numbers
out of this model in a reasonable time. How to get numbers out efficiently is
another topic in itself, something we shall cover only in one particular case
(see Section 17.4).

The problem of how to select and develop a model of (relevant parts of)
the real-world economy is something we shall be considering throughout this
part of the book. In this chapter we aim to give a few pointers as to how
we approach this problem and a few warnings of the pitfalls to avoid. There
is no recipe for doing this and what works well in one situation may fail
dismally in another. All you can do is keep your wits about you, work hard
to understand the essence of any given product and try to focus on the really
important issues.

9.2 THE REAL WORLD IS NOT A MARTINGALE
MEASURE

The mathematical theory of derivative pricing is clear. One starts with a
model of the asset price processes in an economy, usually specified via some
SDE in a real-world probability measure P. Then one chooses a numeraire N
and changes probability measure, from the original measure P to an equivalent

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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martingale measure N under which all N-rebased assets are martingales.
Having done this, the value of any derivative can be calculated by taking
expectations in this measure N.

For most products encountered in practice the value is determined by the
joint distribution of a finite number of asset prices on a finite number of dates
in a martingale measure. On the other hand, a model for the asset price pro-
cesses can only be formulated based on information and intuition available
in the real world — we do not live in a martingale measure. So the question
arises as to how we should use real-world information to formulate a model
which, when we have changed to a martingale measure, will give an asset price
distribution which in turn yields a reasonable price for the derivative under
consideration. To answer this question we need to consider what is common
to both the real-world measure and any EMM. This includes the following:

(i) the quadratic variation of any continuous process;
(ii) the prices of traded instruments;
(iii) null sets.

9.2.1 Modelling via infinitesimals

Each of the above quantities (i)—(iii) gives useful information about the
martingale measure. In theory, for an economy containing a finite variation
asset, it is enough to know the quadratic covariation of all the asset price
processes and the drift of the finite variation asset in the real-world measure.
If we do, and if we assume the market is arbitrage-free, then these completely
determine all the joint distributions in a martingale measure. To see why
this is, consider the SDE which determines the evolutions of the asset price
processes. If we change to an EMM the drifts will change to make numeraire-
rebased assets into martingales. This fact and the quadratic covariations
uniquely determine the SDE for numeraire-rebased assets in the EMM. The
SDE satisfied by the finite variation asset is unchanged from the real world.
These new SDEs, assuming they have a unique solution, completely determine
the law of all the asset price processes in the EMM, and hence all joint
distributions and all derivative prices.

Whereas the logic of the previous paragraph is valid and infinitesimals
determine everything in theory, in practice we do not attempt to determine
price processes via their infinitesimals. There are a number of reasons for this.

Even when practitioners use time series to estimate the infinitesimals, the
first step in doing so is to postulate a simple functional form for the diffusion
term of a process. Then various parameters are estimated from the data. An
obvious example of this is using a log-normal model for a stock price process.
The price A is assumed to follow an SDE of the form

dAt = Ut dt + O'Atth

for some general function p, some constant ¢ and a Brownian motion W.
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The value o is then estimated from data. The initial choice of a log-normal
model is one taken at the macro level and determines broad features of
the model. Thus the primary modelling decision is made with reference to
macro behaviour in the real world and the infinitesimals are merely a way
to reproduce this behaviour. Indeed, whereas the resulting model may give
a reasonable reflection of macro behaviour, it certainly gives a very poor
reflection at the infinitesimal level — real-world price processes are piecewise
constant with jumps, not continuous processes.

There is one further reason to avoid focusing too much on infinitesimals,
and that is stability. As with ordinary differential equations, a small change
in the form of an SDE can lead to large, and sometimes unrealistic, changes
at the macro level.

9.2.2 Modelling via macro information

We have just seen why it can be dangerous to rely on infinitesimals when
formulating a model for derivative pricing. An alternative is to use prices
and null sets, the other things common to the real world and any equivalent
measure.

The first of these, prices, are particularly relevant and useful. We shall see
in Section 13.2.2, that if, for all strikes, we know the prices of call options on
an asset then this gives us information about marginal distributions of that
asset in an EMM. This macro information can and should be incorporated
within the model. Furthermore, any derivative must be hedged with other
instruments, so using this price information to the full also calibrates the
model to the prices of hedge instruments. This is important because these
hedge prices give the best measure of the real cost of replicating the derivative
in practice. We shall rely heavily on this approach in the rest of this book.

The third invariant when changing measure is null sets. By ensuring that a
model assigns zero probability in the real world to an event that we wish to
exclude, we are also giving that event zero probability in an EMM. In practice
we tend to push this a little further, insisting that an event that is very unlikely
to occur in the real world should also be unlikely to occur in the EMM.
This is sensible because we tend to model with continuous distributions and
do not impose hard cut-off levels for distributions, even though we may feel
they occur. Whereas this makes sense in practice, great care must be taken.
Intuition about the real world can be misleading about the EMM because
the change of measure can lead to large changes in distributions. Here is an
example to illustrate.

Ezample 9.1 Consider an economy with three assets, the first being constant,
A = 1. Suppose that the other two are jointly log-normal with, for i = 1,2,

dAY = pO AP dt + o AV aw
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where p(, 42 and o are constants and W = (WM W) is a Brownian
motion.
Suppose we set u() =0 and Agl) = ASZ) = A. Then, for any K,

P(AY > K) = N(do)
where N(-) is the standard Gaussian distribution function and

 log(A/K) — 350°T
B oVT '

Fix A, T and o and choose K such that this probability is small, say 1076, A
similar calculation shows that

da

@)
P(AY < K) = N(~d2 = == VT).

For 11(® sufficiently large this latter probability can be made arbitrarily small,
say 106 once more.

Note that the economy above is arbitrage-free and complete. Consider
pricing a call option on each of the assets A(Y) and A(® which matures
at time T and has strike K. Having changed measure, they both have the
same distribution and so the option prices are identical. Yet the real-world
probability that the first option pays off is one in a million, whereas the real-
world probability that the second does not pay off is also one in a million.
Which option would you buy?

Fortunately the situation above, although theoretically possible for an
arbitrage-free model, is not sustainable and would not occur in practice. The
reader may wish to think about why. The point of the example is that the
change of measure from the real world to the EMM may lead to very counter-
intuitive results unless you are careful.

9.3 PRODUCT-BASED MODELLING

Suppose we wanted to price a derivative with payoff depending on a number
of assets, n say. There are two ways we might first approach this problem. The
first would be to look at historical time series for the prices of these assets
and at the prices of other derivatives of these assets to build an understanding
of the real market. Then, with this understanding, we might formulate a
realistic model for the evolution of the n assets. Because of computational
considerations this model would have to be of low dimension if we were to
use it for derivative pricing. Finally, having formulated the model, we would
apply it to price the derivative.
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Following this approach will lead to a reasonable model for the economy but
one which is not necessarily a good model when used to price the particular
derivative in question. An alternative, therefore, is to understand the economy,
as before, and then try to gain an understanding of what features of this
economy will have the most impact on the derivative in question. Only then
do we formulate the precise model.

This latter approach is what we call product-based modelling. In the rest of
this section we illustrate its use. First, in Section 9.3.1 we show what can go
wrong if we do not follow this approach. Then, in Section 9.3.2 we apply the
technique for a product which is similar to one encountered in practice.

9.3.1 A warning on dimension reduction

When confronted with a high-dimensional set of data, such as a time series
of the prices of a set of assets, a common and very powerful technique often
applied is that of principal component analysis. Using this standard statistical
tool it is possible to gain considerable understanding of the main structure
of the asset price processes, vital knowledge for successful modelling of the
economy (with a process of lower dimension). Here we consider a ‘toy’ pricing
problem to illustrate some of the issues involved. The main point we are trying
to communicate here is the importance of considering the derivative and the
economy together: understanding both separately and also how they interact.

So consider an economy comprising n + 1 assets whose price processes A (©)
and A := (AM ... A™) satisfy, for all £ > 0,

Ago) =1,
dA; = XdWy,
in the real-world measure P, where W is an n-dimensional Brownian motion

and Y is some constant matrix of full rank n. Now consider the problem of
pricing a European derivative which at time T has the quadratic payoff

Vi = ATQA7 .

We may here, without loss of generality (by considering %(Q + QT if
necessary), assume that ) is symmetric. For illustrative purposes we shall
also impose some extra structure, although this is not essential for the main
points made below to hold. We assume that there exists some unitary matrix
P (i.e. one for which PTP = I) such that

PT(xx")P = D, = diag(o? :i=1,2,... ,n) (9.1)
PTQP = D, = diag(q; :i=1,...,n).

This assumption corresponds exactly to saying that @ and ZX7 have the same
eigenvectors, namely the columns p; of P, with corresponding eigenvalues o2

g



220 Modelling in practice

and g; respectively. Note that the representation (9.1) can always be achieved
for a positive definite matrix 3, and this is the basis of a principal component
analysis. In that context the columns of P are referred to as the principal
components and it is usual to order these columns such that a% > ... > a?l.
We shall assume this ordering holds here.

The original measure P is in fact a martingale measure corresponding to
the numeraire asset A(®), so the model is arbitrage-free. It further follows
from the theoretical results of Chapter 7 that the market is complete, so this
quadratic payoff can be replicated, and the derivative can be valued by taking
expectations in the martingale measure IP. Hence the value at any time ¢t < T
is given by
ATQAT

A
where {F;} is the augmented Brownian filtration. Evaluating this expectation
is straightforward. First note that M := D;1/2PTZ satisfies M MT = I, hence
Wt := MW, defines a standard Brownian motion. Thence

Vi = Ago)Ep[ ‘ft] = Ep[ATQAT|F],

dA, = SdW, = SM~1dW, = PD/*dw,
and so .
A; = Ay + PD}?*W, .

It follows from this representation and the independence of the Brownian
increments and the filtration that

Ep[(Ar — A))TQ(Ar — Ay)|F]
=Ep[(Ar — At )" Q(Ar — Ay)]
=Ep[(Wr — Wy)" D1*PTQPDY*(Wr — W,)]
=Ep [ WT — Wt D1D2(WT - Wt)]
= Zafqi(T —t).
i1

This in turn yields the option value at time ¢,
V, = Ep[ALQAr | F] = ATQA, + (T —t) Zg g -

This valuation formula depends on both the dynamics of the asset price
movements, as summarized by the weightings o2 given to each component
of the asset covariance matrix, and on the derivative payoff, as summarized
by the corresponding weightings q;. It is the product of the two which matters.
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Suppose now that we need to approximate the process governing the
asset price movements to reduce the dimension of the problem to m. The
most natural choice of model, not taking into account the particulars of the
derivative, would be to set to zero the smallest n —m values of o;. This would
then give an approximate value to the option of

Vi = AT QA, +(T*t)20i2qz'-
iz

In the situation when ¢ = --- = ¢, = 0,¢; > 0,7 > n, this would be a
very poor approximation. The model value would be just the intrinsic value,
AT QA,, whereas the true value is AT QA;+(T—t) >.7 . 07¢;. This example
illustrates the need to examine the derivative closely when choosing a model
for the economy.

It appears, from the discussion above, that we could price any quadratic
payoff with a low-dimensional model provided we were judicious in our model
choice. However, this is not the case. Consider, for example, the situation when
q; = 0 for alli < n and ¢,, = 1. A one-factor model might appear to be enough
to find the right price. However, in practice this is not true as we would not
know the covariance matrix X precisely. By data analysis or by examining the
prices of other derivatives we would come up with some estimate 3. Our best
estimate of the derivative price, even using a full n-factor model, would now
be

Vi = ATQA; + (T — t)gnpLSp, -

However, because the payoff is based on the last principal component of the
matrix ¥, the variance of this estimate would typically be very large compared
with the value itself. In other words, we should not even attempt to price this
product.

9.3.2 Limit cap valuation

Here we present a further important example using the idea of choosing a
model specifically for an application. Consider again the Gaussian economy of
Section 9.3.1 but restrict to the case when n = 2. Assume that the covariance
matrix ¥ is known. Suppose we have some derivative to price whose payoff

depends only on A% ) and A% ) for some T1 < Ts. An example of this type

of product would be one which pays (Agwl1 ) K 1)+ if this is strictly positive,

otherwise it pays (Agg2 ) K 2)+. This is the analogue for this ‘toy’ economy of

the limit cap introduced in Section 18.2.3.

We could clearly value this product exactly using a two-factor model. But
suppose, because of issues with the speed of a numerical implementation, that
we wish instead to use a one-factor model. How should we do this?
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One approach would be to use principal component analysis. That is,
take the matrix ¥X7 and calculate the first principal component p; and
the corresponding eigenvalue 2. Use this component to define a one-factor
approximation to the economy,

/it = Ag +o1p1 We

for a one-dimensional Brownian motion W. Then calculate the option price
within this model, which is given by
Vo = Ep |(Af) - K1)1 (A2 — K,)1

(< a@oa] - (02

{A(T11)>K 1} +
This expectation can be evaluated in any of a number of standard ways. The
accuracy of the model, and hence the price of the option, will depend on how
dominant the first principal component is. See also the warnings in Section
9.3.1 above. But if the first component is dominant this model will work well
for many options, provided the option being priced is not ‘nearly orthogonal’
to this first component.

An alternative approach involves examining the derivative more closely.
Instead of using principal component analysis, we first note that the valuation
formula for this option, equation (9.2), depends only on the joint distribution

of the pair (Agwl1 ) , A% )). Given the covariance matrix X,

_( & §1§2P>
= <51§2P & )’

the vector (Ag}l ) , A% )) is a Gaussian vector with covariance matrix

2:< &1 €1€2PT1>
&GbopTy  &ET> )

Now define the one-factor model for this real economy as

dAW = g dw,,

Tg — p2T1

d/il(f) e P]l{t<T1} + ﬁ

sty | £2dWe,

again for a one-dimensional Brownian motion W. The second model is also
one-factor but the joint distribution (A(Tl1 ),A%)) exactly matches that of
(Ag}l ), A% )). Thus the model will give an exact price for the option.

On this occasion the second approach gave the exact option price. It is,
of course, not usually possible to achieve this. The cost of such a tailored
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approach to modelling is that the model produced will often be a very poor
model for other derivatives — by fitting the joint distribution of (Agﬂl1 ), A% )) we
have distorted other distributions in the economy quite severely. It is therefore
imperative that one understands well the product in question before applying

this technique.

9.4 LOCAL VERSUS GLOBAL CALIBRATION

Suppose, based on a general understanding of the market and a given product,
we have selected a model for pricing purposes. Now we need to calibrate
the model to market data. There are two distinct approaches to calibrating
derivative pricing models to market data, the global and the local approaches.
We prefer the latter for derivative pricing and hedging purposes, for reasons
given below. However, the local approach is only better if you are very careful
about how you apply the technique and it requires a deeper understanding of
the product being priced and its relationship to the market more generally.

By the global approach to model calibration we mean one which uses a
(large) number of existing vanilla market instruments’ prices as inputs to a
model and then fits the model to approximately price all these input prices.
The model is then used to price the derivative to hand. Indeed it is likely that
the same model would be used to price a number of different exotic derivatives.

By contrast to the above, the local approach fits a model to a much smaller
number of market prices, ones which are highly relevant to the particular
product being priced. The fit to these prices is exact. Every time a different
product is considered a different set of calibrating instruments is chosen.

One can draw a simple analogue to each of the above techniques. Suppose
we have a series of data points (z;,y;), ¢ =1,... ,n, and we know that

yi = f(xi)

where f is some unknown function. The analogue here of the derivative pricing
problem is to find f(Z) for some given value Z.

A global approach to this problem would be to postulate some simple
functional form for f, perhaps linear, quadratic, log-linear, ..., and then to
perform a least squares fit to the points (x;,y;), as illustrated in Figure 9.1.

This would be the right thing to do if we did not know beforehand the value
of Z, i.e. in the pricing context, if we did not know the derivative to be priced.
The advantage of this approach is that it will give reasonable answers over a
whole range of input values Z, i.e. in the pricing context it will price many
products reasonably well. This approach is what an econometrician interested
in general market structure would use.

The analogue of local calibration for this example is to fit the function f
using the points close to the given Z as shown in Figure 9.2.



224

Modelling in practice

X
Figure 9.1 Least squares fit to data
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The main benefit of this second approach, the one that matters for
derivative pricing, is that it exactly matches the prices of the most relevant
instruments and those which will be used for the hedge. If relevant market
prices are not the values one would expect based on historical experience and
other market prices, to an extent this does not matter to us when trying to
price an exotic. If they are out of line now, so should be the exotic’s price. If,
over time, the values come back into line, so will the value of the exotic.

One of the major dangers of the local approach is that perfect fitting has a
cost. If we fit too many prices exactly this will give very poor results. In our
simple analogue this would correspond to fitting a polynomial locally of too
high an order, with obvious consequences as shown in Figure 9.3. An example
of how this can arise in a derivative pricing context is discussed in Section
15.4.






10

Basic Instruments and
Terminology

10.1 INTRODUCTION

To develop the theory and ideas of option pricing beyond the abstract setting
of Part I of this book we need to introduce the basic assets that are traded in
the financial markets. It is only with a thorough understanding of these assets,
and equally importantly of how the financial markets view these assets, that
we can start to formulate appropriate models for their evolution. Once we
have done this we can start pricing derivatives.

The remainder of this book is motivated by examples and problems from
the interest rate markets. Many of the techniques employed carry over to other
markets, such as equity markets, and are often adaptations of techniques
first employed in those other areas. However, interest rate derivatives have
their own specific characteristics which make them particularly challenging
to understand.

The purpose of this chapter is to introduce some of the basic and
fundamental products that define the interest rate market. The products
that we consider are all readily traded and will be the underlying assets on
which other derivatives are based. We will also introduce standard market
terminology which is important for the discussions that follow.

10.2 DEPOSITS

We begin with the most fundamental instrument in the market, the deposit.
A deposit is an agreement between two parties in which one pays the other
a cash amount and in return receives this money back at some pre-agreed
future date, with a pre-agreed additional payment of interest. This interest is,
of course, proportional to the amount of cash initially deposited.

Observe that in the above definition a deposit is made until a fixed date.

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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This would often in the retail market be referred to as a fixed term deposit.
It is quite distinct from investing money in a deposit account such as those
offered by UK building societies and from which money can be withdrawn at
any time.

Deposits are available for a range of maturities, or terms. Only a small
number of maturities, none greater than a year, are quoted as standard.
Exactly which are quoted depends upon the currency, with typical values being
overnight, 2 days, 7 days, 1,2, 3,6 and 12 months. The amount of interest paid
at the end of the period is naturally larger for longer periods. The way this
interest is quoted is via an accrual factor and an interest rate. It is important
to understand exactly what these are as they play an important role in most
of the derivatives that we shall encounter.

10.2.1 Accrual factors and LIBOR

LIBOR, sometimes called spot LIBOR, is the London Interbank Offer Rate.
As the name implies, it is the rate of interest that one London bank will offer
to pay on a deposit by another. There will, in general, be a different LIBOR
for each of the standard deposit maturities.

The total amount of interest that the depositing bank will receive is
calculated by multiplying the LIBOR by the amount of time, as a proportion
of a year, for which this money has been on deposit. This amount of time is
called the accrual factor or daycount fraction.

Accrual factors are calculated by dividing the number of days in the period
by the number of days in a year. Different markets use different conventions
to calculate these figures and the name given to the particular method is the
basis. Two very common examples are actual/365 and actual/360. In both
cases the number of days in the period is taken to be the exact number of
calendar days between the payments, but the number of days in a year is
calculated differently. For the actual/360 basis it is assumed to be 360 days;
for the actual/365 basis it is assumed to be 365, or 366 in a leap year.

It will not be important for us to have a detailed knowledge of bases. All
that we need to know is that the interest payable is calculated via an accrual
factor which is a known number. Clearly it is also the case that any quotation
of a LIBOR is for a specified maturity and basis.

In summary, if we denote the accrual factor by a and the corresponding
LIBOR by L, a deposit of notional amount A will be repaid at maturity
along with an interest payment of amount AaL. Usually we will suppress the
notional amount and assume it to be unity. These cashflows are illustrated in
Figure 10.1.

We will often represent products in this way. The horizontal axis represents
the time of cashflows; those above the axis are ones which we receive, while
those below the line are ones that we pay.
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Figure 10.1 Deposit cashflows

10.3 FORWARD RATE AGREEMENTS

A forward rate agreement, or FRA, is an agreement between two
counterparties to exchange cash payments at some specified date in the future.
Associated with each FRA there is a notional amount and two dates, the reset
date T and the payment date S. These two dates will be such that the period
[T, S] corresponds exactly to the accrual period for a standard deposit starting
on date T, the most common lengths being 3 and 6 months. The reset date
would usually be some multiple of a month out to two years.

Under an FRA, one counterparty agrees to pay to the other an amount
AaK, where A is the notional amount, « is the accrual factor for the period
[T, S], and K is the fized rate. In return the second counterparty agrees to pay
to the first an amount AaL [T, S], where Lr[T, S] is the LIBOR for the period
[T, S] that sets on date T'. Figure 10.2 summarizes this, with the convention
that a ‘wavy’ cashflow is not known on the date that the agreement is made.
We call this a floating cashflow.

AaL[TS]

, 3

AaK

Figure 10.2 Cashflows for the holder of an FRA

When, at time ¢, two counterparties enter an FRA they do so at zero cost
to both parties, and this is achieved by choosing an appropriate value for the
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fixed rate K. It is this breakeven value for K that is quoted in the FRA market
and it is referred as the forward LIBOR, L:[T, S], for the period [T, S], which
we will tend to abbreviate to L; when the context is clear. Note, however, that
when an FRA is entered its fixed rate is determined but its value will then
change through time as rates increase and decrease. We will see soon how to
calculate this value.

One main purpose of the FRA is to enable a counterparty to fix today
the amount of interest he will receive on a deposit he intends to make at
some future date. It is worthwhile examining why this is the case. Suppose he
wishes to invest a unit amount from time 7" until S but would like to fix today
the amount of interest he will receive, rather than wait until 7" when market
conditions may have changed to his disadvantage. To achieve this he sells, or
goes short, an FRA today (although there is no exchange of cash today) at the
current forward LIBOR L[T, S]. At time T he then invests his unit capital at
the then spot LIBOR L7[T, S] and in return receives his capital back at time
S along with interest aLr [T, S]. In addition, under the FRA he will receive
a(L|T, S| — Lr[T, S]), so his net income at time S will be his notional plus
exactly aL,[T, S], the interest amount he locked in at the time he entered the
FRA.

Remark 10.1: In later chapters we will be using models for the forward LIBOR
process {L;[T,S] : ¢ < T}. Note that the times T and S are held fixed as ¢
varies. The spot LIBOR process, {L[t,t + A] : ¢ > 0}, for some fixed A,
is something quite distinct which has different properties and which will not
concern us. It is important to note the distinction. The same comments hold
for the forward swap rate which we treat below.

Remark 10.2: Those familiar with the FRA market will realize that the
definition we have just given is not strictly correct. In reality the FRA is
settled at time T and not at time .S, but the amount paid is exactly the value
at T of what we have described above as an FRA. Consequently this could be
invested at LIBOR to yield the cashflows we have described. We will, for ease
of exposition, stick to our slightly altered FRA definition which is also more
closely related to swaps, which we now introduce.

10.4 INTEREST RATE SWAPS

An interest rate swap, which we will abbreviate to swap, is an agreement
between two counterparties to exchange a series of cashflows on pre-agreed
dates in the future. This is illustrated in Figure 10.3.

We refer to all the payments we receive as one leg of the swap, and those
we pay constitute the other leg. To specify the swap we must know its start
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Figure 10.3 Payers interest rate swap
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date (the start of the first accrual period), maturity date (the date of the last
cashflow), and the payment frequency, for each of the legs. Typical maturities
are 1-10, 12, 15, 20 and 30 years. Each leg can in general have a different
payment frequency, but here we describe the case where it is the same for
both legs.

Suppose there are a total of n cashflows in each leg, cashflow i occurring
at time S;. One of the legs will be a fized leg, for which all the cashflows are
known at the start of the swap. The amount of cashflow i is given by a; K
where «; is the accrual factor for the period [S;_1,S;] and K is the fized rate
of the swap. For the swap of Figure 10.3 the fixed leg is represented below the
axis, so this is a pay-fixed, or payers swap; the contract with the cashflows
reversed is a receivers swap.

The other leg is the floating leg, so called because the payment amounts
will be set during the life of the swap. The amount of payment ¢ is set at time
S;—1 and is the accrual factor «; multiplied by Ls, ,[Si—1,Si], the LIBOR
then quoted for the period [S;_1, S;].

Remark 10.3: In actual fact, the presence of holidays and weekends means it
is very unusual for a swap to have an exact match between payment dates
and the start of the next accrual period. The market allows for this fact when
valuing swaps. However, when modelling more complex option-type products
it usually simplifies the analysis to assume there is a perfect match. As long
as one is careful, this does not cause any problems. In all the modelling in this
book we will assume that there is a perfect match. However, for notational
convenience we shall often refer to the start of the ith accrual period as
T; (rather than S;_1). Thus the LIBOR appropriate to the ith period is
Ly, [T;, Si).

Swaps are usually entered at zero initial cost to both counterparties. A
swap with this property is called a par swap, and the value of the fixed rate
K for which the swap has zero value is called the par swap rate. In the case
when the swap start date is spot (i.e. the swap starts immediately), this is
often abbreviated to just the swap rate, and it is these par swap rates that
are quoted on trading screens in the financial markets. A swap for which the
start date is not spot is, naturally enough, referred to as a forward start swap,
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and the corresponding par swap rate is the forward swap rate. Forward start
swaps are less common than spot start swaps and forward swap rates are not
quoted as standard on market screens.

We will denote the (forward) par swap rate, at time ¢ for a swap starting
on date T' and making fized payments on dates given by the vector S =
(S1,...,8n), by y[T, S] (often just y; when the context is clear). Note that
this definition is independent of the payment frequency in the floating leg.
This is indeed the case, as we see when we learn how to value swaps in Section
10.6.4.

We can see from the above that a swap is just a series of FRAs, each having
the same strike K. Note that in Figure 10.3 we have represented the first
cashflow in the floating leg of the swap as an unknown floating payment, even
though the amount of this cashflow will be set immediately the swap is agreed,
based on spot LIBOR. This is a slight abuse of our previous notation but is
convenient since, like all the other cashflows in the floating leg, its amount is
based on LIBOR at the start of the corresponding accrual period.

10.5 ZERO COUPON BONDS

We have already met these in the theory of Part I. Zero coupon bonds (ZCBs),
also known as pure discount bonds, are assets which entitle the holder to
receive a cashflow at some future date T'. The amount of this cashflow is part
of the contract specification, although we will often assume it to be a unit
amount.

T

Figure 10.4 Zero coupon bond

ZCBs are not generally liquid market instruments. It is not possible, for
example, to find their prices on standard quotation screens. However there
are many in existence, and indeed a deposit, once the initial capital is handed
over, is effectively a ZCB, so they certainly exist for all maturities less than a
year. Furthermore, banks will quote prices for most maturities over a year as
well.

The main value of introducing ZCBs comes from the fact that other
products can be built up from them. In this sense they are fundamental.
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As an example, the fixed leg of a swap consists of n known cashflows and so
can be thought of as n ZCBs. Thus the value of the fixed leg will be the sum
of the values of each of these component ZCBs. We shall shortly see how an
FRA can also be related to ZCBs.

10.6 DISCOUNT FACTORS AND VALUATION

In this section we introduce discount factors, the most fundamental tool for
summarizing the value of interest rate products. We will see how discount
factors can be used to express the value of the basic instruments we have met
and also how they relate to forward LIBOR and swap rates.

10.6.1 Discount factors

Suppose we are at time ¢. For any time T" > ¢ there is a corresponding discount
factor, denoted as D;r, defined to be the value, at time ¢, of a ZCB paying a
unit amount at time 7. Note that, for all ¢, D;; = 1 since a unit cashflow now
is worth one unit.

We will usually assume that the initial discount curve, {Dor : T > 0}
if today is time zero, is known. This is not strictly the case since the
standard liquid market instruments (which do not include ZCBs of all
maturities) only give us a limited amount of information. In practice banks
take these liquid market instruments and construct a full discount curves
consistent with their prices. There is no unique way to do this, and what is
done often depends on the use to which the discount curve is to be put. We
shall not discuss the techniques used to construct discount curves in detail
and shall assume that this has been done as the starting point for the rest of
our analyses.

10.6.2 Deposit valuation

A standard unit deposit at time 7" pays at maturity S an amount 1+a L [T, S].
Since there are no further payments other than the initial deposit and the final
redemption, these two cashflows must have the same value at time T". Thus it
follows that

Drr = (1+ aLr[T, S])Drs,
Drg = (1 —+ aLT[T, S])il,
Drr — Drg

LT[T7 S] = aDTS

(10.1)



234 Basic instruments and terminology

10.6.3 FRA valuation

This our first example of derivative pricing. Recall that the net payment under
an FRA is given by a(L7[T, S] — K). From (10.1) it can be seen that the final
payment of an FRA depends on two ZCBs which mature at times 7" and S,
thus the FRA is a derivative of these bonds. We can thus apply the theory
developed in Chapters 7 and 8, but for this simple product we can use a more
direct argument.

Suppose at time ¢ we have an amount of cash

‘/t = -DtT — (1 + OéK)DtS . (102)

Consider the following investment strategy. At time ¢ we buy one unit of the
ZCB maturing at time 7" and sell 1 + oK units of the ZCB maturing at time
S. When, at time T', we receive a unit payment from the maturing ZCB, we
deposit this until time S (equivalently buy (1 4+ aLr[T,S])~! units of the
other ZCB). At time S the deposit and ZCB mature, giving a net payment of

(1+ aLz[T,S)) — (1 4+ aK) = o(Ly[T, S] — K) .

This is precisely the payment received under the FRA, and hence we have
replicated the FRA by trading in the two ZCBs. It follows immediately,
assuming there is no arbitrage in the economy, that V; is the value of the
FRA.

In general, of course, V; will be non-zero. Recall that the value of K for
which V; is zero is defined to be the forward LIBOR for the period [T, S| and,
from (10.2), is given by

Dir — Dys

Lt[T, S] == aDtS

We can use this to obtain an alternative representation for the valuation
formula (10.2), namely

Vi = aDys (LT, S] — K) . (10.3)

Note that in this argument, unusually, we have not needed to specify a
model for the evolution of the assets of the economy. This is because the
hedging strategy is static up until the time 7" at which time all payments are
known. We will see in Chapter 11 how to price the same product using the
techniques of Chapter 7.

10.6.4 Swap valuation

A swap is a series of FRAs so it can be valued by adding together the values
of the constituent FRAs. However, we will instead value the swap directly,
considering each of the two legs in turn.
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The fixed leg consists of a series of payments on dates S1,53,...,S5,, the
payment at time S; being a; K. Its value is therefore given by

n
FXD
VIXP = K> a;Dys,
j=1

= KPT, S,

where S = (51,S52,...,S5,) and

P,[T,S] = ZathSj .
j=1

We will refer to the expression P;[T, S] as the present value of a basis point,
or PVBP, of the swap. It represents the value of the fixed leg of the swap if
the fixed rate were unity. This is a slight abuse of notation since P;[T, S| as
defined above is the present value of unity, but one which is common in the
market and which we will always use. A basis point is actually 0.01%, or 104,
so P; is 10,000 times the true PVBP of the swap. The PVBP will play an
important role in some of the products we examine later. When there can be
no possible confusion we will usually abreviate P;[T, S] to P;.

The floating leg of the swap is more difficult to value, comprising as it does
a series of floating payments. However, just as we did for the FRA, we can
find a simple trading strategy which replicates the swap’s floating payments.

Suppose at time ¢ we have an amount of cash

VYT = Dyp — Dys,, . (10.4)

Take this cash and buy one ZCB of maturity T and sell one of maturity S,,. At
time T take the unit paid by the ZCB and deposit it at LIBOR until time 5.
At time S; (= T) we will receive 1+ a3 Lp[T, S1]. The term ay L [T, Sq] is the
floating payment we need to replicate the swap, the extra unit of principal we
deposit at LIBOR until time S;. We repeat this at each floating payment date
until at time S,, we receive 14+, L1, [Ty, Sy]. The LIBOR part of this payment
is what we need for the last floating payment of the swap, the notional pays
the amount owed on the ZCB we sold at time ¢.
It follows that the net value of a payers swap is exactly

V, = VFUT _ /FXD
=V t

= Dir — Dys,, — KRBT, S]. (10.5)
The forward swap rate y:[T, S] is the value of K which sets this value to zero.
Substituting V; = 0 into (10.5) then yields

Dy — Dys,

(T, S| = BT, 3] (10.6)
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Substituting this back into (10.5), we obtain the more usual expression for
the value of a payers swap,

W:Pt[Tv’S’](yt[TaS]_K)' (107)

The value of a receivers swap is, of course, just —V;.

As a final point on swaps, recall that we allow the floating and fixed legs
to have different payments dates. It is easy to see from the arguments above
that the value of the floating leg, as given by (10.4), is independent of the
floating payment frequency. It is therefore only the fixed payment frequency
that matters when defining and valuing a forward starting swap.
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Pricing Standard Market
Derivatives

11.1 INTRODUCTION

In this chapter we apply the techniques of Part I to price some of the more
common derivatives seen in the market. The models we present have been
around for quite some time, but it is only recently that the theory has been
understood well enough for those working in the area to realize that the prices
derived are not just approximations but are actually theoretically exact, given
a suitable initial model.

Most of the derivatives we price here are sufficiently common in the financial
markets that models are no longer really used to derive the price from model
inputs. Rather a model is selected and the market price is used to imply
the parameters of the pricing model (such as volatility) which would give
the observed market price. The model is then used to calculate the hedge
for the derivative in terms of the underlying instruments. Furthermore, these
derivatives are themselves often used as underlying instruments for other more
complex derivatives. We shall see several examples of this kind in the chapters
that follow.

11.2 FORWARD RATE AGREEMENTS AND SWAPS

We have already met the FRA in Chapter 10, where we derived the price via a
simple replication argument in terms of zero coupon bonds. Recall that under
an FRA one counterparty makes a fixed payment oK at some time S and in
return receives an amount aLp[T, S] on the same date. We saw that the value
at time ¢ is given by

‘/t = DtT — (1 + OéK)Dts.

This is an unusual example in that we have not needed to specify a model for
the evolution of asset prices in order to price the derivative. This is because
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there is in this case a static replicating portfolio. It is instructive, however,
to use the tools developed in Chapter 7 to price the FRA; the resulting price
should be independent of the model we choose. So suppose we have some
model for the evolution of discount bonds. Following the approach of Chapter
7, if (N, N) is some numeraire pair and if {F;} is the filtration generated by
the assets in the economy, then the price of the FRA is given by

Vi = N{En [a(LT — K)NS \.7-}]
= N [a(Lr — K)En [Ng | Fr] | Fi]
= N;Ex [a(Ly — K)Drs Ny ' | 7]
= Dir — (1 + aK)D;s,

the last equality following by substituting for Lz using equation (10.1). A
swap could be valued in exactly the same way, but as we saw in Chapter 10
it is just a linear combination of FRAs and pure discount bonds, and so its
value follows immediately by summing the values of these FRAs and ZCBs.

11.3 CAPS AND FLOORS

It is often the case that a customer is either making or receiving a series of
floating payments and does not wish to convert them into a series of fixed
payments. This may be because he believes future rate moves will be in his
favour. However, he is then exposed if rates move against him and would like
to buy some protection against this without removing the benefits of the move
in rates that he expects. The solution in this case is for the customer to buy
a cap or a floor.

Caps and floors are similar to swaps in that they are made up of a series
of payments on regularly spaced dates, S;, j = 1,2,...,n. On date S; the
holder of a cap receives a payment of amount

o max (L, [T}, S;] — K,0) ,

where T); := S;_; is the setting time for the LIBOR which pays at time S;.
A floor is similar except the payment amount is given by

o max (K — L, [T}, S;],0) .

The constant K in these expressions is part of the contract specification and
is known as the strike of the option. These payoff profiles are shown in Fig-
ures 11.1 and 11.2. A counterparty who is paying LIBOR and who buys a
cap has ensured that he will never pay more that ;K at time S;; one who
is receiving LIBOR and buys a floor will never receive less than o ;K. Each
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Figure 11.1. Caplet payoff profile and value
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Figure 11.2. Floorlet payoff profile and value

individual payment is usually referred to as a caplet or floorlet. At any time
t < T, the amount o;(L;[T}, 5;] — K) is referred to as the intrinsic value of
the caplet and, similarly, a;(K — Li[T}, S}])+ is referred to as the intrinsic
value of the floorlet. In either case, if the intrinsic value is positive then the
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option is said to be in the money, whereas if it is zero the option is out of the
money. When L,[T}, S;] = K both options are said to be at the money.

Since caps and floors are linear combinations of caplets and floorlets, it
suffices to price these single payments. Caplets and floorlets are usually
considered as derivatives of FRAs, but can of course also be seen as derivatives
of ZCBs. Which is done depends on the application. We will consider the
former here, and will derive the market standard pricing formula.

11.3.1 Valuation
The payoff at some time S from a single caplet setting at time T is just
Vs = a(Ly[T, S| — K)+
and so its time-¢ value is given, dropping the [T, S| from the notation, by
V; = NiEn[a(Ly — K)+ N5 |7, (11.1)

for some numeraire pair (IV,N). To calculate this price we must choose a
numeraire N and a suitable model for L[T, S| in the measure N. Suppose
we choose N; = D,g, the discount bond maturing on the payment date S.
The corresponding measure N is usually referred to as the forward measure
and we denote it by F. Using this measure has two important consequences.
First, Ng = Dgg = 1 and so this disappears from equation 11.1. Secondly, the
forward LIBOR L, which is of the form

_ Dir— Dis
O[Dts

_ Dir—Dis
OéNt ’

Ly

is a ratio of asset prices over the numeraire and so must be a martingale. As
long as we model L as a martingale (under F) we will have a model that is
arbitrage-free and the caplet value will be given by (11.1). Because interest
rates are always assumed to be positive, we will model L as a log-normal
martingale,

st = O'tLtth,

for some deterministic o and a Brownian motion W. This is standard market
practice and yields a solution

t 1 t
L; = Loexp </ o, dW, — = / Uidu) .
0 2 /o
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.

Substituting into (11.1) now yields

Vi = DysBr [a(Lr — K)+|Fi]

T T
= D;sEr la (Ltexp ( / oudW, — 3 / a,%du> - K)
t t

+
= aDys (LtN(dl) - KN(dg)) (11.2)
where
log(L:/K
ay = 8L/ B) 1o (11.3)
Ot T—t
dy — e/ K) 15, VT 1,
Ot T—1t
1 T
~2 2
Or =7 ) o,du.

This is Black’s formula, and was first published in Black (1976). The derivation
at that time used a series of approximations. Criticisms of the assumptions
made have been that the model admits arbitrage and that inconsistent
assumptions are made about the evolution of the discount factor (taken to be
deterministic) and the forward rate (taken to be stochastic). Whereas these
criticisms may be valid for the thought process at the time, they are not valid
for the above model and pricing formula, as the earlier analysis shows.
Pricing of floorlets is identical and yields the usual put option formula:

V;, = OéDtsE]F [(K — LT)+|-7:t]
- aDtLq(KN(fdg) - LtN(fd1)> . (11.4)

Figures 11.1 and 11.2 show, for some choice of the model input parameters,
the value at t of a caplet and floorlet as a function of the forward LIBOR L.

11.3.2 Put—call parity

There is a simple relationship between caplets, floorlets and FRAs which must
always hold, namely

VAP _ YFLOOR — (L, — K)Dss . (11.5)

This can be verified by substituting (11.2) and (11.4) into (11.5), but it must
also hold more generally, irrespective of the model being used. This follows
since

(Lr = K)+ = (K = Lr)+ = (L1 — K)
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and thus, recalling the FRA valuation formula (10.3),

NiEn[a(Lr — K) 4 Ng'|F] = NeEn[a(K — Lt) 1 Ng ' F]
= N;En[a(Lr — K)Ng'|F)]
= Oé(Lt — K)Dts .

11.4 VANILLA SWAPTIONS

Just as a caplet is an option on an FRA, a swaption is an option on a swap.
Swaptions are also commonly traded in the market and are priced using
Black’s formula. There are two types of swaption: receivers swaptions (referred
to as receivers) and payers swaptions (referred to as payers). In the first case,
upon exercise the option holder enters a swap in which he receives a fixed rate
K, the swaption strike, and pays the floating rate; a payers is the reverse. We
refer to this as a vanilla swaption if the underlying swap is a plain vanilla
interest rate swap.

We now price a payers swaption. Let U:[T, S| be the value at time ¢ of a
vanilla payers swap which starts on date 7" and makes fixed payments on the
dates S = (S1,...,Sn). The effective payoff to the option holder, who has the
right but not the obligation to enter the swap, is given at the option expiry
T by

Vr = max(Ur, 0)

since he will only enter the swap if it is to his advantage to do so. The value
at time ¢ of the swaption is, by the usual valuation formula, given by

Vi = NiEx[max(Ur, 0) N | F]
= NEn[Pr(yr — K)+ N7 ' | 7], (11.6)

for some suitable numeraire pair (N, N). The final equality above follows by
substituting (10.7) for the value of a swap, where Pr, yr and K are, as usual,
the PVBP and par swap rate at 7" and the fixed rate for the underlying swap.
We usually refer to K as the swaption strike. At any time ¢t < T we use the
terminology in the money, out of the money and at the money just as we did
for caplets and floorlets according to the sign of (y; — K).

To evaluate (11.6) we follow a procedure similar to that for the FRA. On
this occasion we choose P as the numeraire, in which case the corresponding
martingale measure is called the swaption measure and will be denoted by S.
This reduces (11.6) to the form

Vi = PEs|(yr — K)+|F]
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which should by now be quite familiar. We recall from (10.6) that the forward
swap rate y; is of the form
ye — D1 — Dys,
t Pt ’
which is the ratio of asset prices over the numeraire, so must be a martingale
under S. Since we want interest rates to remain positive, we will model y to
be a log-normal martingale,

dyt = Utytth y (117)

for some deterministic function ¢ and a Brownian motion W. This puts us
in precisely the same framework as when we priced caplets and floorlets and
again yields Black’s formula for the price,

Vi = P (N (d) — KN(ds)) (11.8)
where
di = 71(;?(2’;,/ f{t) + 6T 1,
dy = 8W/E) 15 T,
oI —t
52 = TL_t tTo—idu.

The corresponding receivers valuation formula is just
Vi = P(KN(=d2) — N (b))
and the put—call parity relationship becomes

V'tPAY _ V'tREC — Pt(yt _ K) .

Remark 11.1: The choice of P as numeraire means that expression (11.7) is
the only distributional assumption made, despite the fact that the underlying
swap is made up of several ZCBs. For other applications we will need to make
extra modelling assumptions, and this is the topic of the chapters that follow.

Remark 11.2: Precisely the same criticisms have been levelled against Black’s
formula for swaption pricing as for caplet and floorlet pricing. Again these
criticisms have been shown to be invalid (Neuberger 1990; Jamshidian 1997),
on this occasion by working in the swaption measure. This is the first example
we have met where the numeraire is not the price of a single asset in the
economy. Note that when the swap comprises a single payment date the swap
reduces to an FRA and the swaption measure reduces to the forward measure.
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11.5 DIGITAL OPTIONS

A digital option is one which pays either one or zero at some future date,
depending on the level of some index rate. The two most common examples
are digital caps and floors, and digital swaptions.

11.5.1 Digital caps and floors

Just as caps and floors are made up of a series of caplets and floorlets, so
digital caps and floors are made up of digital caplets and floorlets. A digital
caplet is an option which pays a unit amount at time S if at T the LIBOR for
the period [T, S] is above some strike level K. A floorlet pays a unit amount
if the LIBOR is below the strike.

The value at S of a digital caplet is given by Vs = 1;1, >k}, and so it
follows that

Vi = NeBn[l{z,>x}Ng ' |7 -

Taking D;s as numeraire, as we did for caps and floors, and using the same
log-normal model, yields
Vi = DisBr[lipr >k} | Fi]
= DtsF(LT > K|.7:t)
= DisN(da), (11.9)

where ds is as defined in (11.3). The analogous digital floorlet pricing formula
is then

Vi = DisBr[lip <k
— DisN(—ds), (11.10)

and the put—call parity relationship is now

DCAP DFLOOR
VPOAR 4V, = Dys.

Remark 11.3: What we have just done in (11.9) and (11.10) is derive the price
of a digital caplet and floorlet using the same log-normal model as we did to
price a standard caplet and floorlet. Even when alternative models are used
for the forward LIBOR there is still a fundamental relationship between the
prices of caps and floors on the one hand and digital caps and digital floors
on the other. This relationship essentially follows from the identity
d 1
7@K+ = ~lzsry -

The more general relationship will be exploited further in Chapters 14 and
19. The reader may wish to derive it now.
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11.5.2 Digital swaptions

Digital swaptions are less common than digital caps and floors, and they
are also more difficult to price. There are, once again, two types of digital
swaptions, payers and receivers. In the case of a digital payers swaption the
option holder receives a unit amount at some date M if the index swap rate,
yr, is above the strike K on the setting date T'. For a digital receivers the
option holder receives the unit payment if the swap rate is below the strike
K.

In the case of swaptions there is no obvious choice for the option payment
date M relative to the rate setting date 7. Common choices are M = T
or M = 51, the first payment date of the underlying swap. Considering the
payers digital, the value at time M is 1;,,~k} and so the time-t value of the
option is

Vi = NiBn[lgy, > k3 Nag 1 Fi]

= NEn[lgy, s xy DrarNpHF

the last equality following by conditioning on Fr. To value the digital
consistently with standard swaptions, we would like to take the same model
as in Section 11.4. Working in swaption measure, we have

Vi, = PiEs[l{y,~xy Dru Pr | F) . (11.11)

Evaluation of the expectation on the right-hand side of (11.11) presents us
with a new problem. The expectation involves three distinct random terms,
namely yr, D7y and Pr. We know that within our model y7 is a log-normal
martingale, but we have not yet specified a suitable model for the other two
terms. To price this product is thus beyond the scope of this current chapter.
Chapters 13 and 14 show how this type of product can be treated.
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Futures Contracts

12.1 INTRODUCTION

In Chapter 10 we met the forward rate agreement (FRA) and saw how it
could be used to lock in today a rate of interest on a deposit or loan which is
scheduled for some future date. This has the effect, therefore, of immunizing
the buyer (or seller) from future changes in interest rates. One drawback with
the FRA, however, is that it is a contract traded over the counter, directly
between the two counterparties. If, before the settlement date of the contract
(the date on which the cashflows occur), one of the counterparties were to
default, the other would again be left exposed to interest rate moves that
had occurred between the date when the FRA was entered and the date of
the default.

The Furodollar futures contract is a derivative designed to provide similar
protection from interest rate moves as the FRA but without the accompanying
counterparty risk. Other futures contracts fulfil a similar role in other
markets, such as equity markets, and for other interest rate instruments,
such as government bonds. Futures contracts generally are amongst the most
important and liquidly traded instruments.

In this chapter we define and analyse the futures contract. We shall do this
in some generality since the extra abstraction required to do so makes the
analysis no more difficult but clarifies some of the underlying issues. As we
shall see, any futures contract is defined with reference to some other financial
instrument, commodity or derivative. We will derive the relationship between
the futures price (which is in fact not a price at all) and the forward price or
forward rate of the associated instrument.

12.2 FUTURES CONTRACT DEFINITION

Here, in Section 12.2.1, we describe the futures contract and how it works in
practice. This is followed, in Section 12.2.2; by a brief discussion of how the

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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futures price is related to the price of the associated reference instrument,
something that is not immediately clear from the contract definition. We
then, in Section 12.2.3, give a mathematical formulation of the product and
set notation.

12.2.1 Contract specification

The first important point to note about futures contracts, one which
distinguishes them from the derivatives discussed so far, is that they are all
traded on an exchange. When one counterparty buys a futures contract there
is a second counterparty who simultaneously sells the same contract at the
same price. However, neither counterparty knows who the other counterparty
is and both counterparties, when buying and selling respectively, enter a legal
agreement with the exchange rather than with each other. The exchange is a
financially secure organization, backed by its members. It is very unlikely to
default because of this backing and because the agreements it enters are set
up in such a way that it does not become exposed to defaults by any trade
counterparties.

Futures contracts are defined relative to some other reference instrument or
commodity, examples being interest rates and stock prices. In the interest
rate market this reference instrument is always a standard liquid market
instrument, the FRA in the case of a Eurodollar futures contract. The aim of
the future is to give the counterparties roughly the same exposure to market
moves as if they had done the reference trade, but without the associated
credit risk. How the contract defined here simultaneously achieves these two
objectives is discussed in Section 12.2.2 below.

Associated with any futures contract there is a settlement date T and a
futures price process, {®s : 0 < s < T}. A counterparty who buys the
futures contract at time ¢, when the futures price is ®;, agrees to pay to the
exchange the net amount ®; — &7 over the time interval [t,T]. The precise
payment dates and payment amounts, some of which may be positive and some
negative, are determined by the evolution of the futures price process over the
interval [¢t, T]. We will say more on this process and on its relationship to the
price of the reference instrument later, but for now it is sufficient to know
that the futures price is always available on the exchange (during opening
hours) and that the settlement price ®r is derived, according to simple rules,
from the price of the reference instrument. For example, in the case of the
Eurodollar futures contract the final futures price is given by

&7 :=100(1 — L7[T, S])

where, as usual, L[T, S] is the forward LIBOR for the period [T, S] (which is
always a three-month period for the Eurodollar future).

To complete the definition of the future we need to specify the payment rules
which determine precisely how the (possibly negative) net amount ®; — &
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is paid. When a counterparty buys a futures contract at time ¢ (similar rules
apply to a sold future) he places with the exchange an initial margin. (This
amount is set with reference to the volatility of the price of the reference
instrument. The details of this will not concern us.) Over time the futures
price will change from its initial value ®;, sometimes going up, sometimes
going down. At the end of every day the exchange checks the closing futures
price. If the price has gone up during the course of the day the exchange
credits to the counterparty’s margin account the amount of that increase; if
it has gone down the exchange debits the amount of the decrease. Whenever
the balance exceeds the initial margin level the counterparty has the right to
(and therefore should) withdraw any excess credit amount above the initial
margin from the account. On the other hand, whenever the balance drops
below the maintenance margin level, a fixed level which is less than the initial
margin amount, he must bring the balance back up to the initial margin level
again. At the expiry of the contract he may close the account and remove all
remaining funds. Thus the net payment made by the counterparty over the
interval [¢t,T] is indeed precisely the amount ®; — .

12.2.2 Market risk without credit risk

As explained above, futures contracts are designed to allow a counterparty
to gain exposure to or protection from various market movements without
having to take on the accompanying counterparty risk. Here we explain why
the contract just described has indeed achieved each of these objectives.

First consider the issue of counterparty risk. For the exchange to suffer a
loss due to a credit default one of its customers must fail to make a margin
payment when requested to do so. Consider the case when the counterparty
bought the future. In the event of default, as soon as it becomes clear, at time
s, that a counterparty is not going to honour his obligations and make the
margin payment, the exchange cancels the contract with the counterparty and
sells the same futures contract to some other counterparty at the then futures
price ®,. By entering this new contract the exchange ensures that it will
receive from this new counterparty an amount ®; — &7 over the period [s, T'.
On the other hand, at that same moment the total amount that the exchange
has received from the defaulting counterparty is ®; — ®, plus the balance
in the margin account. Therefore as long as this balance is not negative the
exchange has no exposure to the defaulting counterparty. The levels of the
initial and maintenance margins are set in such a way that the likelihood of
this balance being negative, as the result of a large market move between the
default on a margin call and the close out of the position, is small.

This discussion demonstrates that the exchange has only a very small credit
exposure to its counterparties. But this in turn means these counterparties
have only a small credit exposure to the exchange. Because the exchange is
not running credit risk and does not itself take market risk, and because it has
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the financial backing of its members, there is very little chance that it would
ever default. And if it did the exposure of a counterparty to the exchange is
limited to an amount which is approximately the size of the initial margin.

The above discussion demonstrates the effectiveness of the futures contract
in removing credit risk. What is less clear from the original contract definition
is that the future also gives the desired exposure to market moves. Here we
will briefly explain why this is the case. To do this we will consider the specific
example of the Eurodollar future.

Recall that the final settlement price of the Eurodollar futures contract is
given by &7 = 100(1 — Lp[T, S]) for some given period [T, S]. Here we argue
that the futures price at time t is approximately given by

B, =~ 100(1 — L¢[T, S)) . (12.1)

If this is the case then a counterparty buying the future at time ¢ will pay
approximately the net amount

&, — ®p ~ 100(Ly[T, S] — L7[T, S])

to the exchange over the period [t, T]. To see why (12.1) is roughly what one
would expect, consider also the FRA on which the future is based.

Suppose that the relationship (12.1) were exact. Had the counterparty,
instead of buying the future, bought a notional amount 100/« of the
corresponding FRA (a being the accrual factor for the period [T, S]) then,
at time S, he would have paid the net amount 100(L[T, S] — L¢[T, S]). By
assumption this is exactly the same amount as for the future. But which is
better? If the forward LIBOR rises over the interval [¢t, T'] the counterparty will
in each case be making a net positive payment. Under the FRA this payment
is all made at time S > T so this would generally be the better contract
to have entered (better to pay later than earlier). On the other hand, if the
forward LIBOR dropped over the interval [t,T] the counterparty will in each
case receive a net positive payment and so would like to receive it early. So
on this occasion the future would have been better.

The preceeding paragraph is intended to give a heuristic argument to justify
why the futures price of the Eurodollar future should be approximately given
by (12.1) and thus why the future gives a market exposure similar to the
FRA. If (12.1) were true then both contracts make the same payment, with
the timing sometimes favouring the future, sometimes favouring the FRA. The
exact relationship between the futures price and the forward LIBOR is a little
more subtle and depends, as one might guess, on the relationship between the
price or rate on which the contract is based and the discount curve over the
time period [¢,T]. For the Eurodollar future, for example, the purchaser of
the future pays money to the exchange when the reference LIBOR goes up.
But when LIBOR goes up discount factors generally go down, which leads
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to an increased advantage to the FRA under which the payment is later.
Furthermore, when the reference LIBOR goes down the purchaser receives
money from the exchange and discount factors generally go up, which reduces
the disadvantage to the FRA under which the payment is received later. These
two effects combine and lead to a futures price which is actually less than
that given by (12.1). Quantifying this relationship is the primary topic of the
remainder of this chapter.

12.2.3 Mathematical formulation

In this section we give a more mathematical description of a futures contract.
Throughout we shall suppose we are working on some filtered probability
space (Q, {F:}, F,P) where {F;} is the augmented natural filtration for some
d-dimensional Brownian motion.

A futures contract is specified by the following:

(i) the settlement date T

(ii) the settlement amount H, an {Fr}-measurable random variable;

(iii) a resettlement arrangement, which determines when payments to and
from the counterparties are to take place.

For a particular futures trade, entered at time ¢ say, it is also important to
know the entry time since this is required to determine the amount of the first
resettlement payment.

We will denote by {®F : 0 < ¢t < T} the futures price process corresponding
to this contract. The contract resettlement times will be denoted by 0 < T <
L.<T,=T.

In common with other authors we will make a simplifying assumption at
this stage. We shall suppose that both the initial and variation margins are
zero. If we expect movements in the futures price process over the life of the
contract to be large compared with the size of the margin this will not be an
unreasonable assumption. Note also that a non-zero margin in an arbitrage-
free world is not possible (without a modification to the contract definition)
since both the buyer and the seller must place margin with the exchange.

With this simplifying assumption regarding the margin, the payment made
at time T;, 1 < ¢ < n, by a counterparty who buys a futures contract at time
t will be for the amount

H H
éTi\/t - ¢Ti71\/t .

Note that this payment will be zero if T; < t and that the first non-zero
payment, at T say, will be for the amount

H H
o ol
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12.3 CHARACTERIZING THE FUTURES PRICE
PROCESS

Throughout the rest of this chapter we will assume the existence of the risk-
neutral measure Q equivalent to P and a short-rate process r such that if A
is any asset in the economy then (A is an ({F:}, Q) martingale where

t
(¢t = exp (—/ Tu du) .
0

Recall this assumption implies that the economy is arbitrage-free, and we
shall also assume it to be complete. One consequence of market completeness
is that the cash account, ¢!, is a numeraire. We choose to use the language
of numeraires throughout the remainder of this chapter rather than that of
pricing kernels.

Our primary interest is in futures contracts in the interest rate markets,
but under the assumptions above the discussion applies equally well to other
markets.

12.3.1 Discrete resettlement

The futures contract specification of Section 12.2.3 completely defines the
futures price process ®, as we now show.

Let (N,N) denote a numeraire pair for the economy. From the theory of
Chapter 7, the total value of these payments at time ¢ is given by

n
H H -1
Vi = NiBy | > (B, — 97 N | Fil - (12.2)
j=1
The property that a futures contract is entered at zero cost corresponds to

V: =0 for all t € [0,T]. The futures price process can thus be recovered from
(12.2) by backwards induction as follows. First recall that

7 =H.
Now fix i < n and assume that we have found <I>¥k for all ¢« < k < n. Then,

setting ¢ = T; in (12.2) and rearranging yields

o _ Exn [‘I)%H T+1|.7'—T} + En {Zj Z+2(‘1) CIDBZ 1) 7:jl|}—T1}
T, = )
Ex[Nz,., |7z

This defines the futures price <I>H fori=0,1,...,n. For general t € (T;, T;1+1)

we can now use (12.2) to obtaln

En {‘I)Tﬂ T+1"7:t} + B [ZJ HQ(Q% B Q%—l)Nil|ft}
En[Ny,}, | %] '

7.+1

;' =
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In principle the above completely characterizes the process ®. However, a
closed-form solution can only be found in very special cases, for example under
Gaussian assumptions. A mathematically cleaner and more enlightening result
can be obtained by considering the limit as the inter-resettlement times are
taken to zero. This we do in the next section.

12.3.2 Continuous resettlement

Typically for a futures contract the settlement time 7 is large compared to the
inter-resettlement time interval. In US dollars, for example, Eurodollar futures
contracts are traded with settlement times up to ten years. From a modelling
viewpoint it is therefore reasonable to consider the limiting situation as the
inter-resettlement time period decreases to zero, i.e. continuous resettlement.

We have just seen in Section 12.3.1 that the futures price process is
characterized by equation (12.2). The summation inside the expectation in
(12.2) can be interpreted as the gain, associated with the numeraire N,
between times ¢t and T for a contract entered at ¢. That is, it is the number
of units of the numeraire N which would be held at time T if all cash
receipts between ¢t and T' were immediately invested in the numeraire. For
a given numeraire N and an arbitrary partition A[t,T| = {t = T, TA, ...,
T2, =T} of the interval [t, T, define the associated gain to be

A

GATI(@H N = (BFa — B7a 1)NT—J_,§ . (12.3)

3

<.
Il
—_

Assuming we are given a futures price process ®, the following result
identifies the gain process in the limit as the partition spacing converges to
Z€ro.

Theorem 12.1 Let ® and N be continuous semimartingales on
(Q,{F}, F,P) with N > 0 a.s. and let A™[t,T], m > 0, be a nested sequence
of partitions of the interval [t,T| with partition spacing converging to zero as
m — oo. Then

T T
GtA[t’T](Q,N)A/ N;1d¢u+/ AN, @], (12.4)
t t

in probability as m — oo.

Proof: First note that GtA[t’T](<1>,N), as defined by (12.3), can be rewritten
as

mA TI‘LA
Gr T (@, N) = 3 NZL (Prs —Bra )+ ) (Npd = Npd )(@ra — g0 ).
j=1 j=1

(12.5)
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The first sum on the right-hand side of (12.5) is a Riemann sum
approximation to the first (stochastic) integral on the right-hand side of (12.4).
It can be shown that this sum converges in probability to this stochastic
integral. The reader is referred to Proposition IV.2.13 of Revuz and Yor (1991).
A proof that the second sum on the right-hand side of (12.5) converges in
probability to the second integral on the right of (12.4) can also be found in
Revuz and Yor (1991, p. 115). O

Remark 12.2: Had we imposed further restrictions on the partitions allowed
in the above result, we could have established almost sure convergence of the
sums to the integrals. For the type of restrictions required and the method of
proof, see for example Theorem 4.15 and Definition 3.71.

Remark 12.3: The second integral in (12.4) is significant. It has arisen because
for a futures contract payment is made at the end of the time interval, once the
price increment is known. This contrasts with the case of a trading strategy
where the portfolio must be selected at the start of the interval, before the
price increment is known. This latter case, of course, led to the stochastic
integral.

Theorem 12.1 shows us how we should define the gain for a given futures
price process corresponding to a contract with continuous resettlement. First
define the continuous process G(®, N) by

t t

Gi(®7,N) = / N, tdeH + / diN~1, o], (12.6)

0 0
The gain over the interval [¢, T] from holding the futures contract can be seen
to be precisely
T T
Gr(®7 N) - G N) = / N, ldoH + / diN~L @],
t t

Equation (12.2), the requirement that a futures contract can at any time ¢t be
entered at zero cost, now becomes

0=V; = NEn[Gr (@7, N) — Go(@",N)| 7] . (12.7)
This is precisely the statement that G(®, N) is a martingale under the
measure N. Equation (12.2), the analogue of (12.7), characterized the futures

price process in the discrete case. This is no longer true under continuous
resettlement. What we do know from (12.6) is that

t t
@ﬁ:¢§+/ NudGu(ch,NH/ d[N,G(®, N)], . (12.8)
0 0

We will use this representation in the next section.
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12.4 RECOVERING THE FUTURES PRICE PROCESS

To recover the futures price process from (12.8) we will now specialize to
taking the cash account (! as numeraire. The reason for working in the risk-
neutral measure is that ¢ is a finite variation process. As such the quadratic
variation term in (12.8) is identically zero and so ® is a local martingale under
Q. This leads us to make the following definition.

Definition 12.4 We say that ®' is a futures price process with settlement
value H at time T if the process G(®H, N) defined by (12.6) is a Q martingale.
Note, in particular, that ® is then a local martingale.

If, additionally, ®¥ is a true martingale, and thus

o = Eg[®7 | 7] = Eg[H|F], (12.9)
we say that ® is a martingale futures price process.

For a general futures price process, even when working with (! as
numeraire, it is still unclear how to establish the existence of and how to
recover the process & from H and T, the problem being the need to solve
for 7 and G(®H,¢~!) simultaneously. It is also difficult to check, and indeed
need not be true in general, that ®# is uniquely specified by (12.7) and (12.8).

If we restrict to martingale futures price processes the situation is clearer.
Recovering ®7 from the settlement value H is immediate from the martingale
property (12.9). Given any particular H, to establish that (12.9) defines a
futures price process it is still necessary to check that the resulting gain
process G(®H,(~1) is also a martingale. This can be done on a case by case
basis, but see Theorem 12.6 below. That, for a given H, there is at most one
corresponding martingale futures price process is easily established.

Theorem 12.5 There exists at most one martingale futures price process
corresponding to any settlement value H and settlement date T'.

Proof: If ®# and ®F are two such processes then M := &H — dH is a
martingale with My = ®2 — & = 0. Hence M is identically zero and
ol = ol O

Note that the above result has not in general ruled out the possibility of
another (local martingale) futures price process.

We conclude this section with a result concerning the existence of a
(martingale) futures price process under special restrictions on the random
variable H and the cash account ¢ 1.

Theorem 12.6 Suppose that the random variable H satisfies Eg[H?] < oo
and that ¢ is bounded above on the time interval [0,T] (which holds, for
example, if interest rates are positive). Then the martingale ® defined by

o = Eg[H|F]

is a futures price process corresponding to H.
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Proof: Since Eq[(®#)?] = Eg[H?] < oo the martingale ® is a square-
integrable martingale over the interval [0,7]. The process (, being bounded
both above and below (by zero) lies in £2(®). Hence Gy (®#, (1) := fot ¢, d®H
also defines a (square-integrable) martingale, by Corollary 4.14, and ® ' is a
futures price process with corresponding gain G(®H,¢1). g

12.5 RELATIONSHIP BETWEEN FORWARDS AND
FUTURES

A forward contract is a European derivative under which one counterparty
pays to the other an unknown amount H at time S and in return receives
a known amount on the same date. This differs from a standard European
derivative only in that the ‘premium’ payment is delayed until the time of
the derivative payoff. For the forward there is no other payment, in particular
when the trade is done, so the forward contract has zero value on the trade
date.

For a given payoff H and payment date S, the fixed payment F/ which
gives the forward contract zero value at time ¢ is called the forward price. We
have already met an example of a forward contract, the FRA. In this case the
forward price is, of course, referred to the forward rate or forward LIBOR.

It is important to understand the relationship between the forward price for
the payoff H at time S and the corresponding futures price. Both products are
liquidly traded and their relative pricing is therefore important. In general,
as is the case for the FRA and Eurodollar futures contract, the future may
expire at some time 7" < S and we allow this possibility in the discussion.

The forward price is easily determined. For a forward contract agreed at
time ¢, the net payment at time S is for the amount H — F. This has zero
value at time ¢ and thus, valuing in the risk-neutral measure,

0= ¢ 'EBo[(H — F/){s| R,

which yields

b _ G EolHCs|F) _ ¢ EolH(s| ]
b G Eel¢sl Dis

On the other hand, we have just seen in Section 12.4 that the corresponding
martingale futures price is given by

off = Eqo[H|F].

The difference between the two, which is often referred to as the futures
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correction, is thus given by

( "Eq[H(s|F]
Ct_lE@ [Cs|ft]
_ G 'Eql¢s|F]Eq[H|F] — ¢ 'BolH(s| ]

off — F/! = Eo[H|F] -

¢ "Bol¢s|F]
¢ Leovo(H, (5| Fr)
(i ' BolCs|Fil
—1covo(H, Cs|7t)
¢ Dys '

=
In the particular case when ¢t = 0 this reduces to

covg(H, (s)
Doys

o — Fff =

257

(12.10)

Thus the futures correction is the forward value to the date S of the
covariance of the payoff amount H with (g. If they are independent there is
no correction. For the Eurodollar future H and (g will be positively correlated
and so the futures price will be lower than the corresponding forward price

100(1 — Lo|[T, S)).

The futures correction (12.10) can be calculated analytically in special cases.

Of particular interest is when H = Lp[T,S] and H = (Lp[T,S] —

K),, for

some K > 0, under the assumption of a Gaussian short-rate model such as
the Vasicek—Hull-White model described in Chapter 17. These calculations

are left as exercises for the reader.






Orientation: Pricing Exotic
European Derivatives

The next four chapters are concerned with the pricing of exotic European
derivatives. By an exotic option we mean one which is not wvanilla, i.e. not
included in the set of liquid products discussed in Chapters 10-12. The lack
of liquidity means that a bank trading an exotic derivative would have to
quote a price based on its own pricing models and not by direct reference to
the prices quoted by other market participants for the same product.

What distinguishes a European derivative from other path-dependent and
American-type products is the fact that it makes payments which can be
determined by observing the market on a single date T'. This fact means that
to model an exotic European derivative it is, in principle, only necessary to
formulate a model for the economy (of pure discount bonds) on the single date
T. This is clearly a simplification of the general situation but there is a price
to pay. Most products traded are European, and most new exotic European
derivatives are generalizations of those already in existence and commonly
traded. It is essential when formulating a model to price a new product to
ensure that the price which results is reasonable when compared to the prices
of other similar products, and it must, for example, be worth more than any
other product which is guaranteed to pay out less in all circumstances. Thus,
although the problem is theoretically easier, more is demanded of the model.
In particular, it is essential that the pricing model is calibrated to other similar
but vanilla instruments. Indeed, we shall see in Chapter 14 that there are even
products whose prices are completely determined by the prices of other vanilla
products and, given these vanilla prices, their prices are independent of any
model chosen.

With the above comments in mind, the process of developing a pricing
model for an exotic European derivative can be split into two steps. The first
step is to apply as much high-level insight as possible about the market and
its relationship to this particular derivative to decide on general essential and
desirable features of the pricing model. In particular, one should ask what
factors in the market are going to have the most significant effect on the
price and to which instruments it is most closely related. This determines
the complexity of the model required (one factor or more?) and which vanilla
instruments the model should be calibrated to. We shall see several examples
of this approach in the coming chapters. The alternative approach, of trying
to use one general model for all exotic derivatives, is dangerous and will
not always work. For example, models we introduce later when discussing
American and path-dependent products, such as the market models and
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Markov-functional models, are well suited to those more complex products
but often give a poor reflection of those features of the market which are
relevant to pricing Europeans.

The second step in developing a pricing model, having identified the
necessary properties, is to choose the specific model to be used, determine
the inputs to this model, calibrate the model and finally apply the model to
price the exotic derivative in question.

As an example of the above procedure, we will here briefly discuss the
constant maturity swap (CMS). The CMS is described fully in Chapter 14
and a suitable pricing model is developed there. Like a vanilla swap, the CMS
comprises a number of payments which can be priced independently so we
shall discuss only one. Let y[T', S] be a given forward swap rate which sets at
time T'. Then a CMS payment based on the index y[T,S] is for the amount
yr[T, S] and is made at some fixed time M > T. This is clearly a European
product, its value at T being determined by Dty and yr [T, S],

Vr = Drayyr [T, S] .
Thus, in particular, it is only necessary to model the economy at this terminal

time T" and, by the usual valuation formula (presented in Corollary 7.34), the
product’s value at time zero is given by

(%)

D
Vo = NoEx [yT [T, 8] ;ﬂ

for some numeraire pair (N, N).
We need now to select a numeraire N and then formulate a model to
describe the law of yr[T, S]2 74 in the martingale measure N corresponding

N
to this numeraire. The payout amount is determined by the swap rate y [T, S]

so the distribution of this rate will clearly have a major impact on the price
of the CMS. Furthermore, there is a set of vanilla instruments whose payout
also depends on this rate, namely the set of swaptions on the associated swap.
These are obvious and natural calibrating instruments. It is then a natural
choice to take N = P[T, S] as numeraire, the PVBP for the underlying swap,
and the valuation formula (*) becomes

Vo = PyEs [yT[T, 9] Dru ] . (%)

Pr

It is in fact the case, and this follows from applying Remark 11.3 in the context
of swaptions, that the prices for all strikes of the calibrating vanilla swaptions
determine the law of yr[T,S] in the measure S. But the valuation formula
(**) also includes the term D7pps/Pr so this must also be modelled. Thus we
need to develop a realistic model for the discount curve {Drg : S > T} which
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correctly values swaptions on the swap corresponding to the rate y[T', S]. We
also need to ensure that the model is arbitrage-free, otherwise it is of little
use for derivative pricing. Just such a model is developed in Chapters 13 and
14.

The next four chapters present ways to develop models for pricing European
exotics. Chapter 13 provides a general framework, the class of terminal swap-
rate models, and Chapter 14 applies these ideas to convezity-related products
such as the CMS. The ideas of Chapter 13 are further extended in Chapter 15,
and Chapter 16 shows how the ideas carry over to the multi-currency setting.






13

Terminal Swap-Rate Models

13.1 INTRODUCTION

The purpose of this chapter is to present a direct approach to modelling and
pricing European interest rate derivatives. To do this we focus attention on the
derivative product to be priced and develop models which explicitly capture
precisely those properties of the market which are relevant to the product at
hand. In particular, we insist that a model is calibrated to any existing market
products which are related to the exotic derivative in question. The advantage
of this approach over other techniques (for example, using a standard short-
rate model such as one of those discussed later in Chapter 17) is that it is
guaranteed to price the new product accurately relative to existing products;
the model will, by construction, have realistic properties (for example, positive
interest rates) and will be built upon a theoretically sound base. Furthermore,
and at least as important, the characteristics of the model will usually be
highly transparent and thus we will be able to understand the model’s
strengths and weaknesses as a tool for pricing any specific product.

13.2 TERMINAL TIME MODELLING
13.2.1 Model requirements

Suppose we wish to value a European product which we know at some future
date T has value Vi, where Vi is some arbitrary function of the discount factors
on date T. Typically (always in practice) the payoff function V; will depend
on only a finite number of discount factors, Vp = Vo (Dquy,, Doy - - -, Drag)-
In particular, this payoff amount is independent of any modelling assumptions
we might choose to make about the evolution of market rates.

The valuation of a European derivative with a payoff such as this was
discussed in detail in Chapter 7. Given suitable assumptions about the model
of the economy (that it be complete and arbitrage-free), the time-zero value

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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of the derivative is given by
Vo = NoEn[Vr N7, (13.1)

where (N, N) is some numeraire pair for the economy. To evaluate (13.1) we
need a model under the measure N for the pure discount bond prices D7y,
1=1,2,... ,k, and for the numeraire price Ny. We do not need to know any
more about the distributions of these assets at earlier times since these other
distributions are not relevant to the price of the exotic European product. We
suppose that there is some (low-dimensional) random variable y7 such that
the numeraire N7 and, for each S > T, the pure discount bond price Drg
can be written as a function of yr:

Drs = Drs(yr),
NT = NT(yT) .

If this is the case, then the derivative payoff can now also be written as Vi (yr)
and Vj can be evaluated from the distribution of y7 and the functional forms
Vr(yr) and Nr(yr).

A model such as this, in which the economy can be modelled as a function
of a low-dimensional random variable, is a special case of a Markov-functional
model. These models are discussed more fully in Chapter 19.

Thus far the discussion has been very general. We have as yet discussed
neither how to choose an appropriate random variable yr, nor the choice
of an appropriate functional form for Drg(yr). These choices complete the
specification of the model and will depend on the ‘exotic’ derivative that we are
valuing. The first decision to be made is the choice of y7, and it is important
to ensure that this choice (including the dimension of yr) is appropriate for
the exotic product in question. Usually there will be some standard market
products which are closely related to the exotic derivative, and it is essential
that the model is ‘calibrated’ to these products. To achieve this we often
choose yr to be a natural characterizing variable associated with the vanilla
products, usually some par swap rate. Given the choice of yr there will usually
be a natural choice of numeraire NV such that under the corresponding measure
N the distribution of y7 is easily inferred from the market prices of the vanilla
products.

All that then remains to evaluate (13.1) is to specify the functional form
Drs(yr) and hence Vp(yr). This choice is important and different choices
give different valuations. There are three key properties which are desirable
for the resulting model:

(P1) (martingale property) D.sN~! must be a martingale under the measure
N, otherwise the model will admit arbitrage;

(P2) (consistency property) any relevant relationships which hold in the
market must also hold for the model;
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(P3) (realism property) the model must have realistic properties.

(P1) is essential if the model is to be suitable for pricing derivative products
since it ensures that the model does not admit arbitrage and is required for
equation (13.1) to be valid. In many applications, such as calculating convexity
corrections (discussed in the next chapter), this property is often not identified
or acknowledged in practice. From a practical point of view it ensures, for
example, that if one forward rate is today significantly higher than another
then this will also be the case at maturity 7. (P2) is required to ensure that
any model we propose is internally consistent. An example of (P2), which we
shall see shortly, arises when a model is parameterized in terms of a market
interest rate, such as a swap rate; we have specified the discount factors in
terms of the swap rate, which in turn is a function of discount factors — the
two must agree. The need for (P3) is obvious.

If we can find a functional form obeying (P1)—(P3) then we have constructed
a model which is well calibrated, realistic and arbitrage-free, and which can
be used to value European derivatives. In practice the valuation will often be
carried out by performing a numerical integration.

13.2.2 Terminal swap-rate models

In most situations the vanilla products most closely related to the derivative to
be priced will be swaptions (or caplets, which are just single-period swaptions).
This is, for example, the case for constant maturity swaps (discussed more fully
in Chapter 14) and for zero coupon swaptions (discussed in Section 13.5). We
will assume that this holds throughout this section and show how the ideas
above can be applied.

Let V*(K) be the time-t value of the calibrating (payers) swaption with
strike K, where n denotes the total number of payments in the underlying
swap. Let T = Sy be the swap start date, S = (S1, Sa,. .. ,Sn) be the payment
dates in the swap, and define o; = S; — S;-1,5 = 1,2,...,n, to be the
associated accrual factors. As in Chapter 10, the forward par swap rate for

this swap, y:[T, S], is given by
Dir — Dys
T8 = ——F%—
yt[ ’ ] Pt[T, S] )

where

n
P,[T,S) = Z a;Dys, .
j=1

We will take the forward par swap rate yr [T, S] as the parameterizing random
variable y7 and construct a model which is calibrated to the underlying vanilla
swaption prices for all strikes.

We work in the measure S corresponding to the numeraire process P. The
first thing we do is derive the law of the random variable y7 in this measure.
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Recall from Chapter 11 that the value of a payers swaption with strike K is
given by
Vo' (K) = PoEs[(yr — K)4]. (13.2)

Differentiating both sides of (13.2) with respect to the strike parameter K
yields
Vg (K)
oK

and thus the swaption prices have allowed us to recover the implied
distribution for yr under the measure S. In the case when all the swaption
prices are given by Black’s formula this corresponds to y having a log-normal
distribution, but the approach is more general and also incorporates smile
effects (i.e. non-log-normal distributions).

All that it now remains to do is to specify the functional form Drg(yr) and
hence Vi (yr). Recall the three key properties identified earlier, which in this
case become the following;:

= POES[_]I{yT>K}] = —PoS<yT > K),

(P1) (martingale property) D.¢ P~ must be a martingale under the measure
S;

(P2) (consistency property) yr = P{l (DTT — DTSn);

(P3) (realism — monotonicity and limit properties) for all S > T, Dpg(0) =
1, Dpg(o0) =0 and Drg(yr) should be decreasing in both y and in S.

If we can find a functional form obeying (P1)—(P3) then we have constructed
a model which is well calibrated, realistic and arbitrage-free. There are many
ways to do this, and we shall discuss three in the next section.

13.3 EXAMPLE TERMINAL SWAP-RATE MODELS

We shall now study three specific models in more detail: the exponential, the
geometric and the linear swap-rate models. In what follows S1,... , S, denote
the cashflow times for the calibrating swap.

13.3.1 The exponential swap-rate model

In practice, discount curves always exhibit an approximately exponential
shape and so this is a natural functional form to consider. We will model
discount factors as

Drg = exp(—Cgszr)

for some random variable zr and some Cg, S > T. The random variable z7
reflects the overall level of rates at T', whereas Cg gives the dependence on
the maturity S. Note that, were the discount curve exactly exponential at T’
then we would have C's = § — T'. This relationship will approximately hold in
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our model, but the exact values C's will be chosen to satisfy the martingale
property (P1).

It remains to specify the distribution of zp under S. To do this note that,
given the function Cg, z7 is defined implicitly from yr via

_ Drr(2r) — Drs, (21)
yr = Pr(zr) .

This relationship yields both the distribution of zp (from that of yr) and
also the (implicit) functional form Dpg(yr). Furthermore, the consistency
property (P2) is automatically satisfied.

A simple algorithm can be used to solve for the values C's needed for any
given derivative. Suppose for now that Cg,,...,Cs, are known. Then the
functional form for Pr(zr) is also known and, for the model to be consistent
with the initial discount curve and the martingale property of P-rebased asset
prices, any other C'g is the unique solution to the equation

Doys

Dos exp(—Cszr)
0

=E
s PT(ZT)

, (13.3)

which can be found efficiently using any standard algorithm such as Brent’s
algorithm (see, for example, Press et al. (1988)). This has assumed knowledge
of the Cs, which we do not have. Indeed, we do not yet even know whether
or not Cg, exist which will generate an arbitrage-free model. That they do we
establish in Section 13.4, where we also provide an algorithm to find the C'g;,
that is guaranteed to converge.

13.3.2 The geometric swap-rate model

It is common in practice to model discount factors as geometrically decaying,
based on some market rate. The corresponding model in the terminal swap-
rate framework is

DTSi:H(]‘+OAéjZT)71’ t=12,...,n,
j=1

Drs = (1+aszr) 'Drs,, S; <8 < Sy,
Drpr(zr) — Drs, (27)

Yyr = Pr(zr) )

for some &;,&g. This model clearly satisfies (P2) and (P3), and (P1) can be
made to hold by an appropriate choice for &;, &g, the fitting of which is done
in a manner similar to that for the exponential model, solving first for the ¢&;
and then any other &g that are needed.
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Note that under this model each forward LIBOR at T which corresponds
to a payment period of the vanilla swap, i.e. Lp[S;—1,5;] for i = 1,... ,n,
is linear in zp. The model could easily be adapted to make this hold for all
forward LIBOR with the same accrual period A := S; — S;_1. That is, the
model can be adapted so that, for all T < T = § — A, Ly[T, 5] is linear in
zr. Note also that yr and zp are closely related — if the initial curve is such
that &; = ay, then yr = zp.

13.3.3 The linear swap-rate model

Our third model is analytically the most tractable of the three and this can
lead to insight for specific products (see Chapter 14 for a discussion of this
point in the case of convexity-related products). Suppose, as in the examples
above, that we have found a suitable (smooth) function Drg(yr). Letting
Drg = DTSPT and expanding DTS(yT) about g, we have

— (yr — yo (yr —y0)™ ! 2 (m
DTS (yr) = Z éw?sv( 0) + WD%SJFU(QT) (13.4)
=0 ’

for some 07 € [yo,yr]|, where Déf)s(yT) is the ith derivative in yr of the
function Drg(yr). We could truncate this at m terms and take this to be our
model

Drs(yr) Z @y -

The parameters a; must now be chosen/adjusted from (13.4) to give the
necessary martingale property for the numeraire-rebased discount factors.
Without this adjustment the model will no longer correctly value zero coupon
bonds, and the ability to do this is a highly desirable feature of any interest
rate model.

For many applications a first-order model (m = 1) is adequate, and this
is the one we develop further. (Most treatments of convexity are based on a
first-order Taylor expansion but without parameter adjustments to get the
necessary martingales and thus bond prices.) This yields a model of the form

Drs(yr) = A+ Bsyr, (13.5)

for suitable A, Bg. We call this the linear swap-rate model. Note that since
y is a martingale in the swaption measure S it follows from (13.5) and the
martingale property of D.g that

DtS(yt) = A+ Bsy:,
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for all ¢ < T'. Furthermore, again in the swaption measure S, the discount
factors Drg(yr) have a rational log-normal distribution, but they may become
negative. We discuss this latter rather undesirable feature further in the next
section.

Parameter fitting for this model is straightforward. Substituting (13.5) into
the definition for Pr yields

n

> airs, = (Sai)a+ (S aibs Jur =1,
i=1 i=1 i=1
and thus, since this must hold for all values of the random variable yr,
n -1
A= (Z ai> .
i=1

Now we apply the martingale property to find Bg:

Dos = Es[Drs] = A + Bsyo

Dos — A
BS:(L).
Yo

13.4 ARBITRAGE-FREE PROPERTY OF TERMINAL
SWAP-RATE MODELS

and so

The three terminal swap-rate models developed in Section 13.3 have been
formulated to be arbitrage-free by ensuring that all PVBP-rebased assets are
martingales in the swaption measure S. We saw in Theorem 7.32 that this
guarantees that the model is arbitrage-free. To complete the argument, how-
ever, there are two final points to check:

(i) In the case of the exponential and geometric models we have not yet
established that there exist parameter values C'g, and &;, respectively,
such that the martingale property holds for the (PVBP-rebased) bonds
in the underlying calibrating swap, Drs,,... ,Drs,, -

(ii) We have not established the existence of a full term structure economy
{Dis : 0 <t < § < oo} which is arbitrage-free and consistent with the
model. That is, we have not extended the economy to exist over the time
interval [0, 00).

This second step we do not need to carry out explicitly for applications, but
we should check that it can be done to ensure that the model is theoretically
valid.
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13.4.1 Existence of calibrating parameters

To address the first of these questions, we present an algorithm which can be
used to find the parameters Cg,,% = 1,...,n, in the exponential swap-rate
model of Section 13.3.1. A similar algorithm can also be employed for the
geometric model to find the &;. The algorithm is iterative and guaranteed to
converge. At each iteration the algorithm gets strictly closer to the solution.
Note that the argument below also guarantees the existence of a solution to
equation (13.3), i.e. the model is consistent with the initial term structure of
interest rates and is arbitrage-free.

Let C¥ denote the value of Cg, at the kth iteration of the algorithm. For
each k, take C} = 0 and, without loss of generality, C* = 1. Define

S Dys,
and Po
_Ckyk
Ezk =Es {7@@( Clz ZT)} )
PT(zT)
where

Pr(z§) = Y asexp(~Cl2h)
j=1

and 2% solves
1 —exp(—2zk)
yr = .
Z?:l ajexp(—CJ’?zé)

Note that for CJ’-C >0,j =1,...,n, (13.6) has a solution 2% > 0 for all
yr > 0. The z; are the target values and our aim is to construct a sequence
Ck = (Ck,...,CF) such that EF — x;,i=0,1,... ,n. The limit value of the
C* sequence is the solution to (13.3) that we require (for each i).

The algorithm which we present below has the following properties:

() 0<CFt<CF i=2,3,...,n—1, for all k;

(ii) EF <z;,i=2,3,...,n—1, for all k, with equality only if C} = 0;
(iii) Ef — EF = 29 — x,, = yo, for all k;
(iv) X0, o EF = Sy ajzy =1, for all k.

It follows from (i) that the algorithm converges to yield some limit values C
and E. In the limit E; < z; by (ii), but this will be an equality with C; > 0 for
all ¢ > 0 (which is what we require), as we now show. For suppose E; < z; for
some ¢. Then property (ii) implies C; = 0, in which case E; = Ey. Further, by
(iv), if (ii) holds and E; < z; then E,, > x,. Substituting these relationships
into (iii) yields

(13.6)

ro=Fy—F,+x, < Ey=FE; <z,

which contradicts the property that discount factors are non-increasing in
maturity.
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Algorithm

Step 0: Define C° = (0, A, ... , A, 1) for some A sufficiently large that property
(ii) holds. That such A exists is clear (consider A — o0). At this first step,
and all subsequent steps, property (iii) follows from (13.6) and the martingale
property of y under S. Property (iv) is immediate.

General step: Given C*, define 2% via (13.6) and let Cf“, 1=2,3,...,n—1,
solve

(13.7)

k
i = B [ SO ]

1 —exp(—2k)

Note that if Cf“ is replaced by C¥ in (13.7) then the right-hand side
of (13.7) is just EF, which is no greater than x; by property (ii). Hence
C’f“ < CF, i =23,...,n— 1. To ensure that our argument as given is
complete, we must at this point add the step that if C**! < 0 then set it to
zero. Finally, note that C**1 < C* implies from (13.6) that zé“fl > 2k for
each yr, and thus, from (13.7), EF ' < ;.

Our earlier argument shows that C’f"‘l >0,1=2,3,...,n—1, and so there
will never be an occasion on which we set any component of C**! equal to
zero. Further, it is now clear that the inequalities in (i) and (ii) will always
be strict.

13.4.2 Extension of model to [0, c0)

As stated earlier, extending terminal swap-rate models to the time domain
[0,00) is not something we want to do in practice — the whole objective
behind the approach is to model European derivatives for which the only
relevant times are 0 and T'. However, we would like to know whether or not
an extension is possible and thus whether the model is consistent with a full
arbitrage-free term structure model.

We carry out such an extension for the exponential model. That this ap-
proach applies equally well to any model for which the discount factors at
time T are positive is easy to see. The extension is completed in three steps:

(1) Define a swap-rate process {y; : 0 < t < T} consistent with the
distribution of the random variable y.

(2) Define the economy over [0,T], {D:s:0<t<T,S}.

(3) Extend the definition to also define the economy over [T, 00), {D;s : T <
t< S}

Step 1: Consider a probability space (2, {F;}, F,S) supporting a Brownian
motion W. Let F' be the probability distribution function for the random
variable yr (under the swaption measure S),

F(z) =S(yr <),
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and let ® be the standard cumulative normal distribution. Note that F' here
can be general and is not restricted to the log-normal distribution. Now define
the stochastic process {y: : 0 <t < T} by

ye = Eg {F*@(WT/\/T)\&} . (13.8)

It is immediate from the tower property and equation (13.8) that y is an
({#:},S) martingale on [0, T']. Furthermore,

S(yr <z) = S(F‘1<I)(WT/\/T) < m)
- S(WT/\/T < ¢>le(:1:)>
= F(z),

so yr has the required distribution.

Step 2: We are given the functional form Drg = exp(—Cgszr) for S > T.
We will use this, combined with the martingale property of y and all PVBP-
rebased discount factors, to construct the model over [0,7]. However, the
functional form of Drg for S > T tells us nothing about discount factors
maturing before T'. To model these discount factors and thus to be able to
completely specify the model on [0,7] we first introduce a set of ‘pseudo-
discount factors’ Drg = exp(fCA’SZT) for 0 < S < T. We have yet to fix the
parameters Cs. Clearly these are not real discount factors since all bonds with
maturities S < T have expired by T', but, if one so wished, one could think of
each D;g,t > S, as a new asset which is bought with the proceeds of the bond
maturing at S. We tie down the parameters Cyg from the required martingale
property of the PVBP-rebased pseudo-assets,

Dos _ Es [QXP(_GSZT)]
FPo Pr(zr)
and the complete model can now be recovered from the martingale property

of the PVBP-rebased assets,
_ DtS/Pt ES[DTSPT_I‘}H

"~ Du/Pi Es[DrPr'|F

Dys

Step 3: For the exponential and geometric models all discount factors at time
T are positive. Extend the economy beyond T in a deterministic manner as
follows: for S >t > T,

That the resulting model is arbitrage-free follows from the fact that it is a
numeraire model, as defined in Chapter 8; here we are taking the numeraire
to be the PVBP until T' and the unit-rolling numeraire from then on. The
corresponding martingale measure is the swaption measure S.
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Remark 13.1: The derivative pricing theory presented in Chapter 7 required all
numeraire-rebased assets to be martingales with respect to the asset filtration
rather than with respect to the original filtration for the probability space.
It is not difficult to see that for the models and examples presented in this
chapter we can work with either filtration.

13.4.3 Arbitrage and the linear swap-rate model

One would like to apply the techniques of Section 13.4.2 to show that the linear
swap-rate model can also be embedded in a full arbitrage-free term structure
model. This cannot be done, the reason being the failure of step 3 above.
In the linear swap-rate model discount factors at time 7' may, in general, be
negative and it is not possible to have an arbitrage-free model with discount
factors which are negative at time T but guaranteed to be positive, indeed
unity, at a known future time.

This fact is not as inhibiting as it may at first appear. Recall the initial
motivation for the linear swap-rate model as a first-order approximation to
a more realistic and arbitrage-free model such as the exponential model — a
model which can be extended. Also note that the martingale property up until
time T ensures that there is no arbitrage up to this time, and for a European
option it is only over the time interval [0,T] that we need to consider the
economy.

13.5 ZERO COUPON SWAPTIONS

Vanilla swaptions, as defined in Chapter 11, are widely traded in the interest
rate markets. A related but less common product is the zero coupon swaption.
In the case of a vanilla swaption the holder has the right to enter, at time T,
a swap in which the fixed rate is some predetermined value K. The fixed leg
then consists of a series of payments made on dates S1,52,...,S,, payment
J being of amount «; K. A zero coupon swaption gives the holder the right to
enter a zero coupon swap at time T'. A zero coupon swap is also an agreement
between two counterparties to exchange cashflows, but in this case there is
only one fixed payment which is made at the swap maturity time S,,. The
amount of this fixed payment is given by (1 + K)(S»=50) — 1 where K is the
‘zero coupon rate’ of the swap. The floating leg is exactly the same as for a
vanilla swap.

Here we present the results of pricing a zero coupon swaption using each of
the exponential, geometric and linear swap-rate models, defined above, under
various market scenarios. Three trades were considered, each being options
to enter into payers zero coupon swaps: a one-year option into a nine-year
swap; a five-year option into a five-year swap; and a seven-year option into a
three-year swap. These trades were each valued in three different interest rate
environments: a steeply upward-sloping forward curve; a flat forward curve;
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and a downward-sloping forward curve. In each case the model was calibrated
to vanilla swaptions with matching option expiry and swap length. Vanilla
swaption volatilities of 5%, 12% and 20% were used, and the zero coupon
swaptions were valued for strikes ranging from 180 basis points (bp) out of
the money to 180 bp in the money. Tables 13.1-13.3 summarize these results,
showing the maximum price differences that were found between the different

models.

Terminal swap-rate models

Table 13.1 Pricing differences for a one-year into nine-year trade

Shape of forward curve

Upward-sloping Flat Downward-sloping
Geometric
v$§ 7.61 bp at 20% 2.97 bp at 20% 3.89 bp at 20%
FExponential
Geometric
130.0 bp at 20% 6.34 bp at 20% 6.21 bp at 20%
Linear

Table 13.2 Pricing differences for a five-year into five-year trade

Shape of forward curve

Upward-sloping Flat Downward-sloping
Geometric
1.03 bp at 20% 0.48 bp at 20% 0.29 bp at 20%
FExponential
Geometric
37.62 bp at 20% 2.90 bp at 20% 1.05 bp at 20%
Linear
Table 13.3 Pricing differences for a seven-year into three-year trade
Shape of forward curve
Upward-sloping Flat Downward-sloping
Geometric
U8 1.60 bp at 20% 0.59 bp at 20% 0.24 bp at 20%
Ezxponential
Geometric
8.20 bp at 20% 1.34 bp at 20% 0.42 bp at 20%
Linear

The exponential and geometric models compared well in most situations.
The greatest deviation of 7.61 bp was observed when pricing a one-year into
nine-year trade deep in the money, at high volatilities and in a steeply upward-
sloping curve. The price of the option in this case was 405.51 bp under the
exponential model, so this represents a 1.9% relative difference in value. In

general the differences were less than 1 bp.
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The linear swap-rate model generally compares reasonably well with the
geometric and exponential models, except in high-volatility and steep-curve
environments. It consistently overpriced the options we considered when
compared with the other two models, the divergence being most noticeable
when pricing the one-year into nine-year trade, as one may expect, since in this
example the zero coupon swaption is least similar to the calibrating vanilla
swaption. The relative inaccuracy of the linear model is to be expected given
that it is intended only as a first-order approximation to a more realistic
model, such as the exponential or geometric.

In Figure 13.1 we examine the one-year into nine-year swaption in more
detail. The figure shows the value of the zero coupon swaption for a range
of strikes as calculated by each of the three models. The volatility of the
calibrating swaption was 20% and the forward curve was upward-sloping, the
situation in which the models differ most. To give the results some perspective
the figure also shows the intrinsic value of the zero coupon swaption and, for
each strike level K, the value of a vanilla swaption which has a strike K chosen
such that the underlying vanilla and zero coupon swaps have the same value.
Note how consistently the geometric and exponential perform relative to each
other and the time value of the option which they are designed to capture.

1800.00 +
—1 Exponential
1600.00+ _ .
~ == Geometric
1400.00 T . = Linear
1 h - —— Intrinsic Value

1200.00 NN _ ] i
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Figure 13.1 One-year into nine-year zero coupon swaption valuation
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Convexity Corrections

14.1 INTRODUCTION

In this chapter we study the problem of how to correctly price products,
relative to each other, which have in common the amount of payment made
and differ only through the date of payment. As we shall see, by careful choice
of model and numeraire for pricing we obtain a decomposition of the valuation
formulae which has a natural and informative interpretation.

Two products of considerable importance in the interest rate derivatives
market which fall into this category are the constant maturity swap (CMS) and
the LIBOR-in-arrears basis swap. Each of these products shares the common
property that there is some liquid product to which it is very closely related,
and consequently each must be priced correctly relative to its more liquid
counterpart.

The pricing of constant maturity and LIBOR-in-arrears swaps is an example
of a more general pricing problem which is the subject of this chapter and
which we now describe. We begin with a definition.

Definition 14.1 Two derivative products are said to be convezity-related if
there exists some time T such that the value at T of product i, i = 1,2, is of
the form

Vi) =3 Dy F(Drs, § > T). (14.1)
j=1
Here c;i) are a set of known constants, S](-i) > T are known times and F is
some function of the discount curve at time T.

Each of a pair of convexity-related products promises a set of cashflows
made at the times S]@. Modulo the constants C;—Z), the actual payments made
for each product are for the same amount, hence the close relationship between
them. However, where they differ is through the dates of the payments.

The result of this mismatch of payment dates is convexity. The value of both

derivatives will change as the underlying index (curve) moves. However, they

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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will change by different amounts because of the differing payment dates. The
word ‘convexity’ is used in this context because if the value at the maturity
time T of one product is linear in some underlying market rate, the other is
not, and in many common applications the value in this latter case is a convex
function of the underlying market rate.

An important point to note about these products is the following. The
value at time T takes the form of a product of some function of the market
rates (the same in each case) with the value of a linear combination of pure
discount bonds. In practice the value of the derivative is usually more sensitive
to market rates through the function F' than through the second ‘discounting’
term, and we assume this to be the case.

Mathematically, the key observation which lies at the heart of this chapter is
that any linear combination of pure discount bonds can, assuming positivity,
be taken as a numeraire in the valuation of options. This property, as we
see in the next section, leads to an appealing decomposition of either of the
convexity-related derivatives. Careful choice of modelling assumptions then
allows a detailed comparison to be made between the products.

The layout of this chapter is as follows. In Section 14.2.1 we carry out the
decomposition described above, appealing to the theory of option pricing via
numeraires as described in Chapter 7. Applying these results in the context of
the linear swap-rate model, we present some general and illuminating pricing
formulae in Section 14.2.2. In Section 14.3 we apply these results to some
explicit examples. We study the CMS and the LIBOR-in-arrears basis swap
and present closed-form results. We also consider options on these products
and are able to show why the ad hoc market standard approach works well
and is, to first order, theoretically valid.

14.2 VALUATION OF ‘CONVEXITY-RELATED’
PRODUCTS

14.2.1 Affine decomposition of convexity products

Recall that the value at time ¢ of a derivative that pays at T' an amount Vr
can be expressed in the form

Vi = NEx[Vr NG F, (14.2)

where (N,N) is some numeraire pair and {F;} is the filtration generated by
the underlying assets (in the application here these assets will be a finite
collection of zero coupon bonds).

We can use (14.2) to express the value of convexity-related derivatives in a
number of ways. Consider two European products having time-7T" value of the
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form (14.1). For i = 1,2, let

n;

Z ¢ tS(

If we assume that P #0,t <T,a.s. we can take P (or —P()) as numeraire
and apply (14.2) to obtain

V) = PO [F| 7,

where P is a martingale measure corresponding to the numeraire P,
This gives us formulae for each of the products independently, each as an
expectation of the same function F, but, as the expectations are taken with
respect to different measures, these formulae give little information about the
relationship between the two products. To understand this relationship we
extend the ideas above a little further.

Suppose we can find (and we always can) a set of numeraire pairs (N, NU))
such that, for each j =1,...,d, NY is an a.s. non-zero linear combination of
pure discount bonds and such that

d
=Y d'NY, (14.3)
j=1

for all ¢ and some constants a;-i). Then, for i = 1, 2, we have the representation

Vi = (Y a'N) P (14.4)

and thus

This can be rewritten as

v = Pt(i)(zwﬁ-i) (OExo [Flft]), (14.5)
j=1
where @) nr(G)
z J
W) = 4
J Pt<Z)
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We have thus expressed both Vt(l) and V;(Z) as an affine combination of the
same set of expected values of the single function F. The weightings, wy) (t),
depend only on the time-t discount factors D:g, S > T, and not on any
assumptions about the model of the economy — that only comes in via the
expectations. Thus the effect of the mismatch of payment dates is manifested
through these weighting terms.

What is the interpretation of these results, and why have we derived the
valuation formulae in this way? This will become clear in the next section.

14.2.2 Convexity corrections using the linear swap-rate model

To understand better the relative pricing of convexity-related products we will
employ the linear swap-rate model. The key to understanding the convexity
lies in Section 14.2.1. In what follows we shall derive an affine decomposition
similar to (14.4) which leads to pricing formulae that provide insight into
how the values of convexity-related products are affected by the mismatch of
payment dates.

When studing convexity-related products there is usually some market swap
rate y closely associated with both products (as is the case in the examples of
the next section). We assume this is indeed the case and take this rate as the
underlying swap rate for the linear swap-rate model that we use for pricing.
We denote, as usual, by P the PVBP of the fixed leg of the swap associated
with the parameterizing swap rate y, and by o; and S;, j = 1,2,... ,n, the
corresponding accrual factors and payment dates.

Recall from Section 14.2.1 that the affine decomposition of products was
done using suitable numeraire processes. In what follows we will perform a
decomposition using the numeraires P and yP. That P is a numeraire is clear
from the fact that it is the value of the fixed leg of a swap. Furthermore, since
yz is the fixed rate at ¢ which ensures both fixed and floating legs of the swap
have the same value, it follows that y.P; is the time-t value of the floating leg
of the same swap and is also suitable as a numeraire process.

Associated with the two numeraires P and yP are martingale measures, S
and Y respectively, in which all numeraire-rebased assets are martingales. We
have already met the swaption measure S in which P-rebased assets, and in
particular y, are martingales. As is common market practice, we shall assume
that, under S, y satisfies an SDE of the form

dy: = oy dWy (14.6)

where W¥ is a standard Brownian motion under S and ¢ is some deterministic
function of time. Recall that this yields Black’s formula for swaption prices
(Section 11.4). The measure Y, which we call the floating measure (associated
with the swap rate y), is defined from S by

dY Y

—| = t<T.
ds Fi yo’
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It follows from Girsanov’s theorem (Theorem 5.24) that
dy, = afytdt + atytthY, (14.7)

where WY is a standard Brownian motion under Y. In particular, solving
(14.6) and (14.7) yields

T T
YT = YoeXp (/ O'udWE - %/ 05 du>
0 0
T T
= Ypexp </ o dW) + %/ o2 du> .
0 0

Returning to our convexity-related derivatives, recall that their values at T’
are given by VT(I) = P}I)F (D7g, 8 > T). Under the assumptions of the linear

swap-rate model we can decompose each of the terms Pq(f), i =1,2, as follows:

(14.8)

nq
Pq(f) = Z C;z)DTS(_i)
i=1 ’

=3+ By
J

j=1
= (Z CE'Z)A)PT + (z CE,Z)BS;i))(yTPT) . (149)
j=1 j=1

This decomposition is of the form (14.3) and so we can apply (14.5), which
yields

vV = PO (wBs[FIF] + (1 - w)Ex[FIF])  (14.10)
where n
() P/ Zj:l a;j

w = —" .
ORI e
(4)

Note the particular form of w,; ’, which depends only on the discount curve
at time t and not on the model for the evolution of the pure discount bonds
through time. Define the random time A(P,t) via

Pt = DtA(P,t) (Z Oéj).

j=1

(14.11)

We call A(P,t) the PVBP-average time corresponding to P, and Dy g(p,t) the
PVBP-average discount factor corresponding to P. With these definitions,
the numerator in (14.11) is the PVBP-average discount factor for P; it is
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the amount by which a single future payment Z?Zl o would have to be
discounted if it is to have the same value as the actual payments in the PVBP
P. Similarly, the denominator of (14.11) is the PVBP-average discount factor
for the term P,

The decomposition at (14.9), with the coefficients multiplying Pr and
(yrPr) being independent of yr, was only possible because of the particular
form of the linear swap-rate model. This decomposition in terms of the floating
and fixed legs is not the only one with this property, but it is the most useful.
The reason for this is the fact that yr is log-normally distributed under both
S and Y, as given by (14.8). As a consequence of this, defining

Fy(y) = Es[F|F],

we have

Ey[F|F] = F <Z/Z<> )

T
Y = yteXp(/ ol dU) :
t

Note that the dependence of F}(y;) only on ¢t and y; follows from the facts that
the economy at T is summarized by yr and that (y:,t) is a Markov process.
The valuation formula (14.10) can now be written as

where

v = PO (wf Fily) + (1 - wf ) Fiw))

= PO (Filw) + (1 - w)(Rly) - Fw)) . (1412)

The first term in (14.12) is what would result from naively valuing the product
by taking the expected payoff in the swaption measure S and multiplying
this by the PVBP term Pt(z). The second term inside the brackets in (14.12)
is referred to as the converity correction, the amount by which we must
change the expectation term in the valuation formula in order to obtain the
correct valuation. Practitioners have various ad hoc methods for obtaining
this correction term but this one is particularly illuminating, as we explain in
the next section.

14.3 EXAMPLES AND EXTENSIONS

The examples of greatest practical importance and interest are constant
maturity swaps (CMS) and options on constant maturity swaps (CMS
options), and these are the first two examples we discuss. The third example
we consider is the LIBOR-in-arrears basis swap which is a special case of the
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CMS. However, the LIBOR-in-arrears swap is simpler to analyse than the
CMS and as a result much more can be said. In each of the three examples
we discuss, one of the two convexity-related products is a standard wvanilla
product, and this is largely why it is so important to quantify this relationship
correctly.

14.3.1 Constant maturity swaps

Recall that under the terms of a vanilla interest rate swap fixed and floating
payments are made on a series of (approximately) regularly spaced dates
S1,82,...,S,. The amount of each floating payment is the (accrual factor
multiplied by the) LIBOR that sets at the beginning of the period, whereas
for the fixed leg the payment is the fixed rate K (multiplied by the accrual
factor). A CMS is the same, with the exception that the payments in the
floating leg are not set based on LIBOR, rather they are based on some other
market swap rate. So, for example, the CMS may have a five-year maturity
and make payments every six months, a total of ten payments per leg. The
payments on the floating leg may be the two-year par swap rate that sets
(usually but not always) at the beginning of each accrual period.

Valuation of the fixed leg is straightforward and need not concern us. To
value the CMS floating leg we consider each cashflow in turn. A general
floating payment in a CMS can be defined as follows. On some date T a
market par swap rate is observed, yr, and a payment of the amount yr is
made at time M > T.

This single-payment derivative is closely related to the vanilla swap
corresponding to the rate yr. The floating leg of this vanilla swap has value at
T given by Pryr, which can be compared with the value of the CMS payment
which is Drayr. We can apply the results of Section 14.2 to value this CMS
payment relative to the floating leg of the vanilla swap.

The value of the CMS payment at time zero is given, from (14.11) and
(14.12), by

Vo = Dom(wyo + (1 — w)yg)
where
> i1 Dos; /351 o

w= , 14.13
Dons (14.13)

2

y; = yOeU T 5
o being the Black—Scholes volatility of a swaption (on the swap rate yr)
maturing at T'. It follows that the ‘convexity-adjusted forward rate’, the known
amount which, paid at time M, has the same value today as the CMS payment,
is given by

o = wyo + (1 —w)yg

=yo+ (1 —w)yo(e” T —1). (14.14)



284 Convexity corrections

From (14.13) and (14.14) we see that if the single CMS payment is made
before the PVBP-average time for P, the correction term in (14.14) is positive,
reflecting the fact that an increase in yp will increase the value of the CMS
payment by proportionately more than the amount by which the value of
the vanilla swap floating leg will increase. On the other hand, if the CMS
payment is made after the PVBP-average of the swap, the convexity correction
is negative.

14.3.2 Options on constant maturity swaps

Having introduced the CMS, it is natural to consider options thereon, also
common products in the market. A CMS cap is to a cap what the CMS is
to a swap. It comprises a series of payments, the payment made at S; being
a;j(ys,_, — K)4 where a; is the accrual factor, K is the strike and ys, , is
some market swap-rate setting at S;_;. The CMS floor is identical, but with
the payment being a;(K — ys, ,)+. A general payment is therefore of the
form (¢(yr — K))4+ and is made at time M, where ¢ € {—1,+1} and M > T.
Again following Section 14.2, the value of this payment at time zero is

Vo = Dous <wBS(yO, 0, K,T) + (1 — w)BS(ys, 0, K, T))

where w and yg are as above and BS' is the market standard forward Black-
Scholes option pricing formula,

BS(y, g, K7 T) = ¢yN(¢d1) - ¢KN(¢d2)a

log(y/K) 1
dy = =222 4 L5VT,
! ovT 2

_ log(y/K) 1
d2* 0'\/T 2 \/Tv

¢ being +1 for a call and —1 for a put. The same comments made for the
CMS also apply for the convexity corrections for CMS options.

It is common market practice when valuing CMS caps and floors first to
calculate the convexity-adjusted forward swap rate, §o in (14.14), and then
claim that the value of the CMS option is given by

Vo = DomBS(jo, 0, K, T).
We can now see that this is justified, at least to first order, which is all any

convexity correction of this nature achieves. For, given any payoff F(yr) at
time M, we have

Ve" = Dou (wFo(yo) + (1~ ) Fo(yi) ) (14.15)
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where, recall from (14.12),

Fo(yo) = Es[F(yr)] -

Noting that Fj is C*° we can apply a Taylor expansion to Fy in (14.15) to
obtain

Vi = Doum <F0(y0) + (1 —w)(Folyg) — FO(ZJO))>

= Doar (Fo(yo) + (1= w)(y5 = 90)Fo (o) ) + 05 — wo)?
= Donm Fo(9o) + O(y5 — y0)* .

As is often the case, ad hoc market practice turns out to have a theoretical
justification.

14.3.3 LIBOR-in-arrears swaps

Unlike a vanilla interest rate swap, the LIBOR-in-arrears basis swap has
two floating legs but no fixed leg. For notational convenience, define L{ =
L[S;—1,S;]. The first floating leg is exactly the same as for a vanilla swap
— that is, it comprises a sequence of payments made at times Si,S2,... ,Sn,
the amount of the jth payment being given by aijgjil. The second floating
leg makes payments on the same dates but the LIBOR is set in arrears, the
amount of payment j being ajLJSjl (with the obvious definition of S,,+1 and
Lnth).

To calculate the value of the LIBOR-in-arrears leg we consider each cashflow
in turn. It is easy to see that this is just a special case of the more general CMS
above, taking, in the case of the jth payment, M =T = S; and yr = L%':H.
However, to analyse this product we do not need even to formulate a model
for the evolution of rates, as long as we know the prices of an appropriate set
of market caplets. The technique we use here was first presented by Breeden
and Litzenberger (1978).

The value at time S; of the jth LIBOR-in-arrears payment is just the
payment amount o ngl. Observe that we could take this payment and
immediately reinvest it until time S;11, at which time it will be worth

Vi, () = ag i (14 oy L4

9‘+1(
. . 2
— oy L5 + agaga (157) (14.16)

This formula is smooth in the variable Lg_l, and for any smooth function
V(x), x > 0, we have the linear representation

Vi) = VO + V') + [ V()@ - K). a. (14.17)
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Equation (14.17) represents the payoff V(z) as a linear combination of caplet
payoffs. But the value of a linear combination of derivatives is just the sum
of their individual values. Substituting (14.16) into (14.17), we conclude that
Vy/, the value at time zero of the LIBOR-in-arrears payment, is given by

Vi = a;Dos,, L) + / 20011 CY(K) dK,
0

where CV(K) is the value at time zero of a caplet with strike K, setting at S;
and paying (Lg1 — K); at Sj;1. Note that at no point have we assumed a
model in this analysis.



15

Implied Interest Rate Pricing
Models

15.1 INTRODUCTION

In Chapter 13 we introduced the general class of terminal swap-rate models
and studied three examples: the linear, geometric and exponential swap-rate
models. Each of these examples was constructed by postulating a functional
form for the discount factors, at the terminal time T, and then using the
distribution of one given market swap rate and the martingale property of
numeraire-rebased asset prices to determine the remaining free parameters
of the model. In this chapter we will consider a class of terminal swap-rate
models constructed in a different way.

One of the major advantages of using the terminal swap-rate approach to
develop a model for pricing European derivatives is the explicit control one
can exercise over the functional form of the discount factors in terms of an
underlying stochastic process. A second is the ability to calibrate this type of
model accurately to the market-implied distribution of a given swap rate or
LIBOR. A practical difficulty with the approach is that for the more realistic
examples, such as the exponential swap-rate model, the calibration algorithm
specified in Section 13.4.1 can be slow to converge when the calibrating swap
has many cashflows (for example, quarterly for ten years is a problem).
The algorithm given there can be adapted to give better convergence but
the performance is still insufficient for a live trading environment. That is
not to say that an efficient algorithm cannot be developed, and indeed this
may be a simple matter, but at this point of time we are not aware of
one. In the absence of a more efficient calibrating algorithm it is useful to
develop an alternative terminal swap-rate model with similar properties to the
exponential or geometric model but which calibrates much more efficiently. A
special case of the implied pricing models presented in this chapter achieves
precisely that.

The defining property of an implied interest rate pricing model is that it

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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is one which is constructed to correctly price a number of standard market
products. The starting point is the assumption that the complete discount
curve at the terminal time 7T is some (to be determined) function of a random
variable r. The prices of the calibrating products which must be correctly
valued are then used to imply what this functional form must be. To develop
and use such a model in practice it is important to first identify which
instruments will be used for the calibration (always a collection of caps and/or
swaptions) and then to have a method for implying the functional form from
these prices.

The rest of this chapter is as follows. Throughout we will consider the case
when the random variable r is univariate. First, in Section 15.2, we show how
the functional form of the discount curve at time T', {Dpg : S > T}, can
be implied from the prices of the standard market swaptions which expire at
time T'. To do this we use the prices of swaptions of all strikes and, for the
underlying swaps, of all (regularly spaced) maturities. The resulting model
is, in fact, a terminal swap-rate model. In Section 15.3 we briefly consider
the numerical implementation of an implied model, then in Section 15.4 we
consider in detail the problem of pricing an irreqular swaption. The feature
of interest about this product is that it is not in general clear which standard
market swaption is most closely related to this exotic product. The chapter
concludes in Section 15.5 with a discussion of the relationship between these
implied models and the geometric and exponential models we met in Chapter
13. It turns out that if the volatility of all the calibrating swaptions takes
the same value then the implied model is almost indistinguishable from the
equivalent exponential or geometric model.

15.2 IMPLYING THE FUNCTIONAL FORM Drg

Consider a payers swap with fixed rate K which starts at time 7" and makes
payments at times S1,S2,. .. , Sy, and let yi* denote the forward par swap rate
for this swap at time ¢. We know that the value of this swap can be written
in the form

U = PRy — K)

and that the value at the maturity date T of a swaption written on this swap
is then
Vr(K) =Pryr — K)+.

We will suppose throughout this section that we are today, that is at time
zero, given the prices of these swaptions for all K > 0, i.e. {VJ*(K): K > 0}.
For each coupon date of this swap, S;, ¢ = 1,2,...,n — 1, one can also
consider the swaps maturing at time S; which make payments at the times
S51,89,...,5;. We will additionally suppose that we know the prices of
swaptions for all strikes written on all these underlying swaps, {Vj(K) : K >
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0,i=1,...,n— 1}. What we shall do is develop a model which is consistent
with all these prices simultaneously.
To develop this model we need to make the following assumptions:

(i) There exists some univariate random variable r which summarizes the
state of the economy at time T and thus the discount curve at T' can be
written in the form {Drpg(r) : S > T}.

(ii) All the swap rates yh(r) (the exact functional form here being derived
from the functional form of the underlying discount factors), are monotone
(either all increasing or all decreasing) in the random variable r.

The first assumption means that the model is a one-factor model. The
second assumption is a reasonable one to make since it means that the single
factor being used is a measure of the overall level of interest rates. It is unlikely
that one would want to develop a single-factor model for the discount curve
in which the stochastic variable does not represent the level of rates.

We can now derive the functional form {Drg,(r) : i = 1,2,... ,n} from
these two assumptions and the swaption prices {V#(K): K >0,i=1,...,n}
(we shall provide the functional form for other S later in this section). To
achieve this we shall, in Theorem 15.1, derive the functional forms {y%(r) :
i=1,2,...,n}. That these are equivalent follows from the relationships

Drs, = Drr =1

and
Drr — Drg,

T i=1

Yy = R O

To obtain the functional forms y%.(r) we make the following observation.
Since we have assumed that there exists a single factor r which governs all
discount bond prices, and since each y%. is monotone in r, then given K; there

exist K, ..., K, such that
{r: yqln(r) <Ki}={r: yZT(r) < K;}. (15.1)

If we can, in some measure, find the distribution of a single y% and if we can
also find, for each K7, the values K; in (15.1) then we have in effect derived
the functional form that we desire. More precisely, we will have derived the
functional forms y%(y}.), giving us the result we require in the case r = y+.
The result for any other random variable r can now be derived immediately
from this.

The following theorem provides the desired link between each of the K.

Theorem 15.1 Given any A € (0, Dor), there is a unique solution to the
equations (taking V¥ =0)
Vg (Ki)
0K; 1

Vg (K)

=1+ OéiKi)TKi

— i (VE(K) + A). (15.2)
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Furthermore the solution {K;(\)} satisfies
A = DorF(yh < Ki(N) (15.3)

for each i, where F is the forward measure to time T (the measure under
which all D.p-rebased discount factors are martingales), and

{rayp <K} ={r:yp < K;(V)}
for all i and j.

Proof: We work in the forward measure F, in which case
Vo (Ki) = DorEr[Vz (X))

o0
= DOT/ (=Drr + Drs, + K;iPr) dF(r)

— 00

r*(K;) )
= DOT/ (*1 + DTSi + KZP%) dF(T) s (154)

— 00

where 7*(K;) is the (possibly infinite) supremum value of 7 such that the
integrand is positive. Differentiating with respect to K; yields

OVi(K; r*(Ki) ;
807(&_) = DOT/ P dF(r). (15.5)

— 00

Substituting (15.4) and (15.5) into the right-hand side of (15.2) and
rearranging gives

Dot /T*(Ki) ]Dji,_1 d]F(T) — (II()\ — DOTF(T < r*(KI))) . (156)

Observe that this is increasing in K; so, given A, (15.2) will have at most one
solution. Choosing K1, Ko, ... , K, such that, for all ¢ and j,

DOT]F(y%w < Kl) = )\,

{r:yhr(r) <K} = {r:yh(r) < K;},
we have
r(Ki) =i (Kp) =7,

DorF(r <r*) = X.
With this choice, (15.6) now reduces to

T*(Kifl) i
Dor / Pl R (r)

— 00
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which is precisely the left-hand side of (15.2). It follows that this is our required
solution. O
The proof above is developed in the forward measure. When considering
each swaption in isolation it is more natural to work with swap rates and to
work in the appropriate swaption measure, as we did in Chapter 11. It is this
property of the market that obscures the relationship between each of the
swaptions — the proof is easy once we have the relationship (15.2) given to us.
We have derived an implied functional form at the swap payment dates
S;. It remains to specify the functional form at intermediate time points.
There are many ways in which this could be done. One approach which has
considerable practical advantages is to define the intermediate discount factors
by some simple interpolation algorithm. For example, one could use a log-
linear interpolation of discount factors,
Siy1— 9

S-S,
——  log(Drs, ——— log(Drs, 15.7
Sit1— S Og( TS1+1) + Sit1— S Og( TSl)’ ( )

log(Drs) =
where §; < S < S;4+1. This has the advantage that it is exactly what many
banks do in practice. At the maturity time T the liquid market instruments
determine the discount factors Drgs, and banks then calculate intermediate
discount factors according to the formula (15.7), or some other similar simple
interpolation routine. Theoretically, however, this model will admit arbitrage
— numeraire-rebased discount bond prices for intermediate bonds will not be
martingales. This effect is small enough that it is not relevant in practice.

If, despite the practical insignificance of the theoretical arbitrage caused by
this assumption, one wants to generate a model that is exactly arbitrage-free
then this can be done quite easily in a number of ways. Perhaps the simplest
would be, for each intermediate time S, to find some constant wg such that

Dos = wsDys, + (1 —ws)Ds, .,
where S; < S < S;y1. It then immediately follows from the martingale
property of the numeraire-rebased gridpoint bonds, D;g,, that the numeraire-
rebased bond D;g is also a martingale. If one wanted to mirror more closely
the market practice of interpolating using (15.7), then an alternative would
be to use the interpolation

log(Drs) = wslog(Drs,,) + (1 —ws)log(Drs, ) ,
or more generally
f(DTS7 S) = wsf(DTSi+17Si+1) + (1 - wS)f(DTSnSi) s

for some function f. In these latter cases the values wg would need to be
calculated numerically so that the martingale property held. This would,
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however, be very efficient and could be done in exactly the same way as we
solved for intermediate discount factors when we discussed the exponential
swap-rate model in Section 13.3.1.

Now that we have derived, from market prices, the joint distribution of
the swap rates at T', we can (numerically) price any derivative from market
swaption prices. Of course, this will only be meaningful if a one-factor model
is suitable for the particular product being considered. See Section 15.4 for
further discussion of this point.

15.3 NUMERICAL IMPLEMENTATION

To implement an implied model in practice we must solve (15.2). For this we
need to know the functional forms V{(K) and the first derivatives %.
All this information is available in the market. Note, in particular, that the
swaptions market generally prices using Black’s model. In this case the value

at time zero of a receivers swaption of maturity T is given by
Vi (Ki) = Pyl KN (—dy) — yo N (—dy))],

where

. log(yo/Ki) | 1
df = =20 4 LoVT,
1 O'i\/T 20

dy = di — oV,

N(-) is the standard Gaussian distribution function and o; is the market
volatility for this swaption.

To derive the joint distributions in this case we work in the forward measure
again. Fixing A € (0, Dor), equation (15.2) becomes

Py IN(—dy ) + oid = Pi[N(=d3) + aiygN (—dy)] (15.8)

The form of (15.8) and, more generally, (15.2) is very simple and so it can
be solved inductively in ¢ using Newton—Raphson. This calculation is very
quick because of the quadratic convergence of the Newton—Raphson algorithm
(see Press et al. (1988)) and the well-behaved form of the functions involved.
Furthermore, if we are solving (15.8) for a grid of A values in (0, Dor) then
the solution for one A will be a very good first guess at a solution for the next
neighbouring A. As a result convergence only takes one or two iterations of
the algorithm.

One final decision to be made is what spacing should be used when choosing
the values of A at which to calculate the functional forms. One could space
the values evenly over the interval (0, Dor) which, given the interpretation
of A in (15.3) is certainly one reasonable choice. An alternative, the one we
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have usually adopted, is to choose instead an equal spacing for the first par
swap rate y'. For each value of ! the corresponding A can be calculated from
(15.8), thus saving one application of the Newton—Raphson routine.

15.4 IRREGULAR SWAPTIONS

We now consider the problem of pricing an irregular swaption and how an
implied pricing model could be used to value such a product. We shall see
that the problem is not as straightforward as one might at first expect.

Recall that under the terms of a standard swap one counterparty pays to
another a series of floating cashflows and in return receives a series of fixed
cashflows. Using the terminology of Chapter 10, the jth floating cashflow,
paid at S;, is for the amount Ac; L1, [T}, S;] (A being the notional amount)
and the corresponding fixed cashflow is for Aa; K, K being the fixed rate. By
an irreqular swap we mean an agreement in which, as for a vanilla swap, a
series of floating and fixed cashflows are exchanged but for which the notional
amount of each cashflow pair may differ between pairs. That is, the jth floating
cashflow is for an amount AjajLTj [T;,S;] and the jth fixed cashflow is for
Ajo; K, where now the A;,5 = 1,...,n, may differ but must all be non-
negative.

This is a considerable generalization on a standard swaption. The restriction
that all the A; be non-negative ensures that this product is primarily sensitive
to the overall level of interest rates and not to the shape of the yield curve.
Thus a one-factor model will be sufficient. So suppose we now wish to use
a terminal swap-rate model to price this product, first calibrating to some
related vanilla swaption(s). If we adopt the approach of Chapter 13 and fit
an exponential model calibrated to a single swaption, the question arises as
to which swaption is appropriate. For example, if all the A; are (very nearly)
equal this is clearly a vanilla product and the calibrating swaption is obvious.
On the other hand if all but the last A; are equal and A, = ¢ which is
small, then the correct calibrating swaption is one with an underlying swap
of maturity S,—1. When the A; are linearly decreasing to zero the problem
is altogether more difficult to decide. One alternative in this case is to use an
implied model and calibrate to all the underlying swaption prices. This has a
clear weakness, as the following theorem demonstrates.

Theorem 15.2 Consider a linearly amortizing receivers swap, namely an
irregular swap for which the notional amounts Aj;, j = 1,2,... ,n, are given

by

T

A =
’ 27:1 o’
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with the o; being the usual accrual factors. Now let

n
Ut = Z CthSj
7=0

be the value at t of this swap (where, in fact, it follows from the FRA analysis
of Section 10.6.3 that, taking Ao = Ap11=0,¢; = Aj(1+a;K)— Ajt1). For
i=1,2,...,n, let

U}(Ki) = —Dis, + Dis, + K; Y _ a; Dy,

=1

be the value at t of a set of vanilla (receivers) swaps with strikes K ;. Suppose
that

U= wilj(K)) (15.9)
=1

for some K; and some positive w; and consider now the amortizing and vanilla
swaptions with payoffs Vp = (Ur)4 and Vi(K;) = (U(K;))+ respectively.
Let V; and V;(KZ) denote the values of these swaptions at time t <T'. Then

Vo< S (K) (15.10)

i=1

for all t.

Suppose now that we use a one-factor model to price each of these swaptions,
with resultant prices V; and Vi(K;). Then, assuming all swap rates are
increasing in the driving factor,

[/At - lllf E »L[/A K”L 1:)11
F 4 lw t( ) ( )

F= {{(wi,Ki),z' =1,2,...,n}: w; >0, U; = zwiUZ(KZ—)} .
i=1

Remark 15.3: This theorem shows how decomposing the linearly amortizing
swap into regular swaps, as in (15.9), gives a corresponding overhedge for the
amortizing swaption in terms of vanilla swaptions, (15.10). The implications
of the second part of the theorem for implied interest rate models is clarified
in Corollary 15.4 below.
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Proof: The inequality follows immediately since

Vr = max(Ur, 0)

= max (zn: w; Uk (K;), 0)

i=1

< Z w; max (Ui (K;),0).

i=1

Thus the original option always pays an amount no greater than the sum of
the vanilla swaptions and so its value at t must obey the same inequality. Note
that this holds independently of any modelling assumptions.

The second part of the result relies heavily on the one-factor property
and the monotonicity of each product in the driving random variable r. The
argument is essentially the one-factor decomposition of Jamshidian (1989).
Let r* € (—o00,00) be the value of r such that Ur(r*) = 0. We deal with
the degenerate case when no such r* exists later. Choose each K; such that
UL(K;,r*) = 0, namely

_ Drsy(r") = Drs, (1)
> =1 @ Drs, (%)

K; (15.12)

and let w;, i =1,...,n, solve (15.9).
Telescoping back from ¢, to ¢; shows that such w; do exist and are given
(with the convention wy,11 = ¢p41 = 0), by

1+ K;) =t = it G G (15.13)
Q; Q41 QA Qg

The final identity that we require for these w; to solve (15.9) is that
co=—Y w, (15.14)
i=1

but this follows since, by construction, (15.9) holds at ¢t =T, r = r*.

We now make two observations. The first is that w; > 0 for each ¢ and
so this solution is indeed feasible for our minimization problem. This follows
inductively from (15.13) since the right-hand side is positive, given the form
of the ¢; for a linearly amortizing swaption, and also (15.12) ensures that
(1 + a;K;) > 0. The second observation is that Ur and Ui(K;) are both
decreasing in r, which follows since all the cashflows except the first (whose
value is independent of r) are positive and discount factors decrease in r.
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To complete the proof note that, by construction, all the swaps have zero
value when r» = r* and so monotonicity in r implies

VT(T) = Z wif/f;(r, K;)

i=1

for all . Hence (15.10) is an equality in this case and the infimum is attained.

The argument above started with the existence of a value r* for which the
amortizing swap had zero payout. In the absence of such an r* the amortising
swap value is either always positive or always negative. We deal with the
former case, the latter being similar.

For i = 2,3,...,n, let K; = sup, K;(r) where K;(r) is as in (15.12), and
define w;, as before, using (15.13). Now choose w; and K; such that (15.13)
and (15.14) hold. Observe that each w; is again non-negative and every swap
has non-negative value for all r. The proof is complete. O

Corollary 15.4 A one-factor implied pricing model calibrated to all the
market prices V§(K;) will always yield an upper bound for the value of a
linearly amortizing swaption.

Proof: For the implied interest rate model, the model and market prices of
the calibrating swaptions are equal by construction, V§(K;) = Vi (K;) for all
i and K. It thus follows from (15.11) and (15.10) that

Vi <Vi.

Thus the price from the implied model always bounds the true linearly
amortizing swaption value from above. ]

This systematic overpricing of linearly amortizing swaptions is a direct
result of the one-factor assumption and full calibration. It is worth spending
a little time understanding why this is the case because the issue needs to be
considered carefully when pricing any product with a single-factor model. The
problem is that in the model all the forward LIBORs are perfectly correlated
with each other, whereas in the real market they are not. The volatility of each
calibrating swaption depends on the law of the underlying swap rate, and this
in turn depends on a subset of the forward LIBOR and their interactions. In
particular, the correlation structure of these forward LIBORs has a significant
effect. On the other hand, in the one-factor model the correlation between
the forward LIBORs is unity. In calibrating correctly to the swaption prices
within a one-factor model, i.e. one with perfect correlations, the model
must compensate by systematically adjusting the volatilities of the forward
LIBORs. But this compensation, while it is ideal for the products to which
the model is calibrated, is far from suitable for other products which have a
different dependency on the underlying LIBORs.

To rectify this problem we must remember the purpose of developing and
using a one-factor model and use general higher-level information before
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specializing to a specific model. In all the applications so far there has been a
very clear market rate, with a known volatility, to which we should calibrate
the model. We have then consistently developed a model for the whole term
structure (at the terminal time 7T') so that we can capture some pricing effect,
such as the convexity of a CMS. The situation for an irregular swaption is
different since there is no clear liquid instrument against which to calibrate
the model.

What we must do in this situation is first decide what it is in the market
that has most effect on the price of the irregular swaption. In fact there is
an obvious answer to this, the par swap rate for the underlying irregular
swap, which we define shortly. As we shall see, this rate clearly captures the
important features of the market, but it has the drawback that there is little
direct market information about its volatility. But we can estimate this by
various means.

To expand on this approach, consider a general irregular swap that
comprises n cashflows and has a fixed rate K. Suppose that cashflow j occurs
at time S; and that the notional amount on which this cashflow is based is
A; > 0. Then the value at time ¢ of the fixed leg is

n
Z AjajKDtSj

Jj=1

and, using the FRA analysis of Chapter 10, the value of the floating leg is

n

ZAj(DtSj,1 - DtSj)'

Jj=1

For this swap structure we can define the corresponding PVBP, P, and par
swap rate, y, via

P= ZAjOéthSj )
j=1

251 Ai(Des,, — Drs;)
Yt = j2) .

We now model and price the swaption very much as we did for vanilla
swaptions. Take P as numeraire and y as a log-normal process in the
corresponding swaption measure S. Once more y is a martingale in this
measure, being a linear combination of numeraire-rebased asset prices, and
we obtain, for the payers swaption,

Vi = PEs[(yr — K)+|F]
=P, (ytN(dl) - KN(dg)) . (15.15)
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Equation (15.15) has exactly the same form as (11.8), the price of a vanilla
swaption, and the definitions for d; and dy are exactly as given there:

_ log(y:/K)

1~

d + 50:VT — t,
YTt 2
I K
dy = f)g(yt/ )_%@ T ¢,
Ot T—t
_ 1 ("
U?:ﬁ ; O'idu

From the above it is clear that we do not, on this occasion, need to model
the full discount curve at time T', {Drpg : S > T} — everything we need to
model is summarized by the irregular swap rate. However, we are left with
the problem of how we should set the volatility for this irregular swap rate y.
But it is now very clear that this is what matters and we are able to exploit
to the full our knowledge of the true covariance structure between the various
market LIBORs and swap rates. To do this one can use various degrees of
sophistication based on the market swaption and cap floor volatilities.

The simplest reasonable approach would be the following. Very roughly
speaking, any vanilla par swap rate can be considered to be a weighted average
of the LIBORs which underlie the corresponding swap. To see this, write

vi =Y BiLi(Ty, S5, (15.16)
j=1

where

B; = athSj

= .
Py

Of course the 3; also depend on the forward LIBOR but, to simplify, we
overlook this fact. If by some means (we shall not go into this, but one way is by
historical analysis) we can estimate the correlation structure for the LIBORs
then equations (15.16) allow us to derive the (approximate) LIBOR volatilities
from the swaption volatilities. From these volatilities and correlations we can
now calculate the volatility of the irregular swap rate,

ve =y LTy, 53],

=1
where
= AjathSj
ot 7Pt .

What we have done here is use full information about the multi-factor
nature of the real world to choose the ‘best’ one-factor model for pricing the
irregular swaption. We have not needed to use a full terminal swap-rate model
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because a single rate (the irregular par swap rate y) has summarized enough
about the market to price the product.

As a final point on this product, note that if one were to price a CMS
based on this irregular swap rate then it is possible, extending the approach of
Chapter 13 in the obvious way, to develop a terminal swap-rate model based on
this irregular swap rate. This product is unlikely to occur in practice because
counterparties like payments to be determined from a readily available rate
such as a LIBOR or a vanilla swap rate.

Returning to the implied pricing models, the subject of this chapter, the
analysis above might suggest that they are of limited use. The fitting of a
single factor to many swap-rate distributions has created a model with unde-
sirable features. The problem was not one caused by the implied fitting idea
itself, which is an efficient technique, rather it was caused by the choice of
distributions to fit. However, if we use the technique in a slightly different
way it turns out to be very powerful. We will demonstrate this in the next
section by generating an arbitrage-free terminal swap-rate model with proper-
ties very similar to those of the exponential model defined in Chapter 13. This
alternative model has the distinct advantage that it is much easier to calibrate
because equations (15.2) can be solved sequentially rather than needing to be
solved simultaneously as in the algorithm of Section 13.4.

15.5 NUMERICAL COMPARISON OF EXPONENTIAL
AND IMPLIED SWAP-RATE MODELS

A single-factor implied interest rate model such as those derived in this
chapter, or more generally the one-dimensional examples of Markov-functional
models introduced in Chapter 19, can have undesirable properties and give
misleading prices if used inappropriately. The problem, as discussed in the last
section, is the reduction of a multi-factor world to a single-factor model and
is one which is relevant to any one-factor model — you cannot get everything
right so be careful to focus on the right quantities for the pricing problem to
hand.

For the amortizing swaption, calibrating a one-factor implied model to the
prices of all the underlying swaptions was not the right thing to do. So the
idea of calibrating to all these underlying swaptions as an end in itself is not
sensible. However, by careful choice of input prices it is possible to generate a
one-factor implied pricing model which has relevant (to the problem at hand)
properties and behaviour. This should not be surprising since, after all, any
one-factor model is determined by its marginal swap-rate distributions and an
implied model can be fitted to any desired marginals. We illustrate this idea
and technique by formulating an implied pricing model which is very similar
to a predefined exponential swap-rate model. Other behaviour can be imposed
in a similar way.
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The problem we consider is this. Suppose we are given an initial discount
curve, {Dps, 0 < S < oo}, and we wish to generate an exponential swap-
rate model for which the swap rate y” is log-normal in its own swaption
measure S™, i.e. a model which prices all swaptions of expiry time T on the
swap rate y™ according to Black’s formula. Calibration of this algorithm can
be prohibitively slow, so we would like an alternative model which has very
similar behaviour to the ‘target’ exponential model.

To achieve this, the procedure we follow is this. We will develop an implied
model which values all the swaptions {V{#(K;) : 1 < i < n} according to
Black’s formula. Clearly we want the volatility of y™ to be o,, but what
should we choose for the volatility o; of the swap rate y*? We use the following

heuristic. In the exponential model, we know that, for each i =1,... ,n,
Drs,(2r) = exp(=Cs,2r), (15.17)
; 1-— —Csg,
yi = = exp(=Csizr) (15.18)

> j—1 ajexp(—Cs,2r)

If we were to replace the random variable zp in (15.17) and (15.18) by some
constant Z, then we could conclude immediately, remembering that we have
defined Cg, =1, that

ZAJ = _log(DTSn) ;
log(Drs.
CSF*M’ i=1,....n—1,

and, furthermore,

dy(Z) i <CSiDOSi 2321 Csj ajDOSJ‘ > (15 19)

> — Y
dz 0\1-— Dys, 23:1 OéjDosj

The sensitivity of the swap rate y® to the variable 2 is given by (15.19). If, for
each i, we use this as a proxy for the sensitivity of the swap rate y* to a driving
Brownian motion, then we are led to select the volatilities o; according to the
rule )

onyn  dyh/dz’

So now we can build an implied model with these volatilities o;, 7 =
1,...,n. The implied model will have each swap rate being precisely log-
normally distributed in its own swaption measure. But how close is this to
the ‘target’ exponential model? We can investigate this numerically and do so
below. Note, however, that the point of this numerical analysis is to show how
close the two models are. Thus we can be assured that the implied model has
similar properties to the (more explicit) exponential model. However, there
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is no reason to believe the implied model is inferior to the exponential model
which it attempts to emulate. Both are arbitrage-free, both calibrate perfectly
to the swap rate y™, both give rise to discount curves of approximately the
same shape for each value of the random variable zp (as guaranteed by the
numerical comparison below). However, the major benefit of the implied model
is that it can easily be calibrated efficiently, whereas the exponential model
cannot.

To compare these two models we have considered a model with expiry
time T = 1 calibrated to a nine-year swap which pays annual fixed coupons.
The volatility of the one-year into nine-year swaption is taken to be 20%
throughout and the corresponding forward swap rate is taken to be 7.00%. We
then consider various interest rate curves, upward-sloping, downward-sloping
and flat, and see how similar the models are.

The three different interest rate curves used are summarized in Table 15.1.
For each of these curves and for each of the two models we calculated the
following quantities:

(i) for each swap rate y® and for a range of strikes K, the value of the
associated payers swaption;

(ii) for each swap rate y® and for a range of K, the probability in the
corresponding swaption measure S’ that the swap rate is below the level
K, Si(y < K).

It turns out that the differences are greatest for the swap rate y!, as one
might expect given that this rate is least similar to the one-year into nine-
year swap rate to which both models have been calibrated. The worst results
were observed for the upward-sloping curve, and Figures 15.1 and 15.2 below
present the results in this case. Figure 15.1 shows the difference in the PVBP-
forward swaption values (i.e. swaption value/swap PVBP) for both models
plotted against the strike. The maximum difference was 0.33 basis points
(0.0033%). Figure 15.2 shows the difference in the cumulative probabilities
for the two models as a function of the level K. In this case the maximum
discrepancy was 0.00125.

Table 15.1 Interest rate curves

Term/Years

1 2 3 4 5 6 7 8 9

Upward sloping Swap rate |5.31% |5.54% [5.77% [5.99% |6.21% |6.42% |6.62% |6.81% |7.00%
Fwd libor |5.31% |5.79% |6.27% |6.75% |7.23% |7.71% |8.18% |8.66% |9.12%

Flat Swap rate [7.07% [7.06% |7.05% |7.04% | 7.03% |7.02% [7.02% [7.01% |7.00%
Fwd libor |7.07% |7.05% |7.03% |7.01% [6.99% [6.97% |6.95% |6.94% |6.92%

Downward sloping | Swap rate |8.76% |8.51% [8.28% [8.05% |7.83% |7.62% |7.41% |7.20% |7.00%
Fwd Libor |8.76% |8.25% | 7.75% | 7.26% |6.78% [6.30% |5.82% |5.35% |4.88%
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Multi-Currency Terminal
Swap-Rate Models

16.1 INTRODUCTION

The majority of exotic interest rate trades, even ones which involve several
currencies, can be valued using single-currency models and thus fall within
the scope of Chapters 13—15. The reason for this is the fact that the trades
usually comprise two or more legs, one in each currency, and each can be
valued independently of the others. However, there are still many trades which
do genuinely require a model for the interest rate and foreign exchange (FX)
rate evolution of several currencies simultaneously. Models of this type, again
for application to European derivatives, are the topic of this chapter.

The terminal swap-rate models developed in Chapter 13 have many desir-
able features and are particularly suited to European derivatives. In devel-
oping a multi-currency model one would like to retain these properties of
the models. Indeed, it would be nice to be able to develop a multi-currency
analogue which, when considering a single currency, reduced to a standard
terminal swap-rate model. This we can in fact do, as we shall see. As was
the case for the single currency, the resulting models are arbitrage-free, have
the advantage that they are parameterized in terms of standard market rates,
and can be calibrated to appropriate prices in the interest rate market. Fur-
thermore, within the model the resulting (PVBP-weighted) forward FX rate
(defined precisely below) is log-normal and reduces to the standard market
FX model when interest rates are taken to be deterministic. Another desirable
feature is that the model is symmetric, in that it has the same general form
when viewed from any currency.

Section 16.2 below provides the definition and derivation of a multi-currency
terminal swap-rate model. These ideas are then applied, in Section 16.3, to
value spread options and cross-currency swaptions. To do this we use the linear
swap-rate model, and this results in convexity corrections which generalize
those developed in Chapter 14. Of course, the more sophisticated exponential,

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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geometric or implied models could also be used for other products which
warranted it.

16.2 MODEL CONSTRUCTION

As stated in Section 16.1, our objective in this chapter is to extend the class of
terminal swap-rate models to the multi-currency setting. We want to do so in
such a way that we retain all the desirable properties of a single-currency
terminal swap-rate model. In particular, we want an arbitrage-free model
(or more generally a modelling framework) which allows us to specify the
functional form of discount factors in each currency. We now develop just
such a model.

Suppose we wish to value some given product and to do so we must model a
total of n currencies. Suppose further that in each of these currencies we have
identified a market swap rate, the rate 4 in currency i, to which we want to
calibrate the model. Extending the notation of Chapter 10 in the obvious way,
we denote by P? the PVBP corresponding to the calibrating swap in currency
i and by {Dig:0 <t < S < oo} the discount factors in currency i.

The specification of the multi-currency model is carried out in two stages
as follows.

Step 1: Consider each currency separately and in that currency define the
functional form Di.¢(y4), S > T.

Step 2: Fix a probability measure in which to work (usually the swaption
measure for the calibrating swap in currency 1) and in this measure
define the joint law of the calibrating swap rates and the spot exchange
rates, {y*, X?: 1 <4 < n,0 <t <T}, X} being the value at ¢ in
currency 1 of one unit of currency 1.

Of course, in carrying out these two steps we must ensure that the resulting
model is arbitrage-free and has all the properties intended at the outset of the
modelling process.

We shall go through each of these steps in turn. For clarity we first consider
the case when the calibrating swap rates y’ are log-normally distributed in
their respective swaption measures (which we denote by S?). This corresponds
to all the calibrating swaptions being priced by Black’s formula and is the
most common assumption made in practice — it would be unusual, with the
possible exception of yen derivatives, for a bank to price an exotic option using
a model which explicitly models a volatility smile (i.e. non-log-normal swap-
rate distributions). It is the case, however, that the techniques presented here
can be adapted to incorporate volatility smiles, and so we shall later show
how this can be done.
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16.2.1 Log-normal case

We carry out the two steps described above in turn.
Step 1:In each of the currencies i =1, ... ,n, we select the general functional
form desired for the discount factors at the terminal time 7" as a function of the
relevant calibrating swap rates. Usually this will be the same for all currencies
but it need not be. Thus, for example, currency 1 could use the exponential
swap-rate model whereas currency 2 could use the linear swap-rate model. We
then follow exactly the procedure of Chapter 13 to determine the parameters
of this functional form (the constants Cs for the exponential model, the
constants A and Bg for the linear model). This step of the procedure requires
that we know the volatilities of the respective swap rates but we do not
actually set up the model on a probability space at this stage.
Step 2: To complete the model specification, we now define the law of all
the swap rates (in a single measure) and of the various FX rates and show
that these, together with the functional forms defined in step 1, combine to
produce a full, arbitrage-free, multi-currency terminal swap-rate model.

Let (Q,{F:},F,P) be a probability space supporting a correlated 2n-
dimensional Brownian motion (W, Wi;1 < i < n) with

AWidW} = pidt, dWidW} = pijdt, dWidW] = p,;dt.

As will become clear, the measure P will in fact be the swaption measure
corresponding to the PVBP numeraire P!. Define the vector process
(y*, M";1 < i <mn) to be the solution to the SDE

dy; = —0(61piy; dt + oly,dW/,
dM;} = I MidW}

for deterministic functions ¢’ and 6%. This SDE clearly has a unique strong
solution and thus uniquely defines the process (y*, M"*). Indeed it can be solved
componentwise and yields explicitly the solution

t t
vi =i [ otaws— [ (puotot+ bo?)au), ()
0 0
M;Mgexp</ &;quf%/ (62)? du).
0 0

The processes M? will be used to define the FX rates and, accordingly, we
will always set 6* = 0. Thus the Brownian motion W is redundant and was
only included to simplify notation (to save running the FX index from 2 to n
rather than from 1 to n).

Denote by X/ the value in currency 1 at time ¢ of one unit of currency i. The
multi-currency model is now completed by defining all the discount factors and
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the FX rates in terms of the process (y*, M*:i =1,...,n) as follows. First
we use the functional forms derived in step 1 to define the discount factors at
T from the swap-rate processes y* via

Dig = D (), 1=1,2,...,n.

Note that this automatically also defines the various PVBPs, P%. Secondly,
we define the FX rates at time 7" by

This completely specifies the model at time T'. To specify the model at any
earlier time we use the martingale property of P!-rebased assets, these assets
being the pure discount bonds quoted in units of currency 1,

X{Djs X;Dig
—E 7|,
j2 "I PE ¢

for all t <T < S. Note, in particular, that since each M* is a martingale,

. PiX}
Mt = t<*t ,
t Ptl

forall0 <t <T.

Remark 16.1: Remark 13.1 regarding the filtration {F;} also holds here. That
is, all numeraire-rebased assets should be martingales with respect to the asset
filtration rather than with respect to the original filtration for the probability
space. Once again, for the models and examples presented here, we can work
with either filtration.

It is straightforward to check that this completely determines all the asset
price processes and the FX rate processes (although we will only need to
consider them at the terminal time 7" in applications). This follows, as it did
in Section 13.4 for the single-currency case, from the observation that D, =1
for all 7 and ¢ and the fact that X! = 1.

The steps above clearly uniquely define a multi-currency model. What is
not yet clear is that it is arbitrage-free and that it has the kind of properties
that we intended. This we now show.

To establish that the model in arbitrage-free, we show that all Pl rebased
assets are martingales. That is, for all  and S the process D?;le isan {F:},P)
martingale (and thus (P!, P) is a numeraire pair for the economy). To see this,
fix ¢ and note first that, for all ¢ and S,

?

pt Pl

DisXi _Dig .
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It therefore follows from Lemma 5.19, that PIX " is an ({#:},P) martingale

if and only if f is an ({F:}, Q) martingale where

_ M
=~

dP |,

But, applying Girsanov’s theorem for Brownian motion (Theorem 5.24) to W*
we see that (16.1) can be written as

t t
vi = shesp ([ oty -3 [ (ol au)
0 0

where W' is an ({#:}, Q) Brownian motion. But now, in currency ¢, we are
in precisely the situation under which we set up the original single-currency

terminal swap-rate model and, by construction, the process [;f isan ({F:},Q)
martingale, as required.

To conclude this section we make several observations about the properties
of the model we have just defined:

(i) The measure Q just constructed is, in fact, the swaption measure S* under
which all Pi-rebased assets are martingales.

(ii) The PVBP-weighted forward FX rates M* are log-normal martingales in
the measure P (= S'). One could also define the FX rates X%, where
X7 := X} /X! is the value in currency i of one unit of currency j, and
the correspondlng PVBP-weighted forward FX rates, M7 := Mj] /M.
It is left to the reader to check that, for each i and j, the process M %
is an {F;} martingale in the swaption measure S’ corresponding to the
numeraire P?. Furthermore, all the forward par swap rates y* take a
similar log-normal form in this measure and thus the model is symmetric
— its general properties are not dependent on the particular currency used
to set up the model initially.

(iii) Observe that the dynamics of any of the discount curves, currency i for
example, depends only on the swap rate in that currency, 3%, and not on
the FX rates or on the swap rates in other currencies. That is not to say
the currencies are independent of each other: they are not. Furthermore,
note that, if only one currency is considered, this multi-currency model
reduces to the underlying single-currency terminal swap-rate model.

16.2.2 General case: volatility smiles

The treatment above was for the case when the swap rates were log-normal
processes, this being the most common assumption made in practice. However,
just as was the case for single-currency terminal swap-rate models, the analysis
extends easily to allow for non-log-normal distributions for the swap rates y .
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To cope with volatility smiles in the single-currency case, a model was set
up, in Section 13.4.2, as follows. First we calculated a functional form yr(Wr)
which would give yr the required distribution, W here being a Brownian
motion. Then the functional form Drg(yr) was derived to be consistent
with the martingale property of PVBP-rebased assets. Thus, indirectly, we
calculated a functional form Dpg(Wr).

In this multi-currency setting we apply these same ideas, along with the
techniques introduced in Section 16.2.1 to extend to several\gurrencies. First,
as in step 1 above, we calculate the functional forms D%.o(W2). We have not
at this point defined the law of Wi, but we know that if it were a Brownian
motion in the measure S? then currency ¢ would, in isolation, define a single-
currency terminal swap-rate model. We now carry out step 2 along similar
lines to the log-normal case above. Take the same probability space, as before,
supporting the correlated Brownian motion (Wi,wi; 1 < i < n), and now
define the vector process (2%, M%; 1 <i < n) to be the solution to the SDE

dzi = —0l6tpy dt + otdW}
dM} = 6 MW} |

The process z = (z1,...,2") is, under the measure S!, a Brownian motion
with drift, the drift being chosen such that, for each 4, z* is a (driftless)
Brownian motion under the measure S’. Setting D% := Dig(z%), and

defining X* from M?, P°® and P! as in Section 16.2.1, now yields a multi-
currency model with all the desired properties. The details are left as an
exercise for the reader.

16.3 EXAMPLES

We consider two examples of particular practical importance: spread options
and cross-currency swaptions. Henceforth, to simplify notation, we will drop
the superscript ! when the context is clear. We consider the case when the
swap and FX rates are all log-normal processes with constant volatilities
and use the linear swap-rate model in each currency. The constant volatility
restriction is purely for notational convenience.

16.3.1 Spread options

Consider a cross-currency spread option, the payoff for which is made in
currency 1 at time T and is for an amount

Vi = (ayﬁg) — By *K)+,
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where a, § and K are positive constants. The index variables yé? ) and y(T3 ) are

two predefined swap rates in currencies 2 and 3, and the payment currency,
currency 1, may be the same as one of the index currencies.
Working in the measure S, the time-¢ value for this option is given by

Vi = PiEs | (ay?) - gyl - K) _PrI7]. (16.2)

We can evaluate this expectation analytically in the case K = 0 or via a
one-dimensional numerical integration when K > 0. However, rather than
naively evaluating (16.2) by substituting in the appropriate distributions, it is
instructive to examine the structure of the product in more detail. We do this
by following the ideas and techniques introduced in Chapter 14 for treating
convexity corrections.

We introduce some further notation. Let

M(Al, AQ, 01,02, 0, K, T) =K [(AleNl — A26N2 — K)+:|
where (N1, N2) is a bivariate normal random variable such that
N; ~ N(—30?T,0?T)

and cov(Ny,N3) = o0102pT. In the case when K = 0 this reduces to
Margrabe’s exchange option formula (Margrabe (1978)) which is given by

M(Ala A25 01,02, P, OaT) = AlN(dl) - AgN(dg),

where

log(A;/A
di = 70g;\}% 2) + %gﬁﬁ,

o lOg(Al/AQ) _ 1
d2 - ¢\/T 2¢\/T?

¢2 = Uf + 03 — 2p0o102.

In the case K > 0, M must be evaluated numerically, conditioning first on
N> and evaluating the ‘inner’ integral explicitly.
Returning to the evaluation of (16.2) and writing

(au—pv - K)y = f(u,v),

the payoff can be expressed as the sum of two terms

Vr = f(y(T2)ay(TB)) = f(y(T2)ay(TB)) <A+BT?JT>PT7
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the parameters A and Br being as defined in Section 13.3.3 for the linear
swap-rate model. Define Y to be the measure given by

avy| — y
t<T. 16.3
T o s (16.3)
Then Y is a martingale measure corresponding to the numeraire y; P;, and it
follows from Corollary 5.9 that

Vi = APEs £ (v, 07|17 + Brw POy [£ (4, o1) 7]

= wDrBs [ (o )\ 7] + (1= w)DurB 1 (0 08”172

where

AP, t

Dyr

We must now find the conditional distribution of (yé? ), yé? )) given F; in the

measures S and Y. We already know this for S, the original measure under
which the model was set up and under which the processes y® satisfy (16.1).
Under S the conditional distribution of (log yé? ), log y(T3 )) given F; is bivariate
normal. This joint distribution is specified via the mean and covariance
structure which, recalling that we have dropped the time-dependency of the
volatilities, is given by

Es [log y%\ft} =logy; —o'6'pu(T — 1),

var(log yp|Fi] = (¢")(T — 1),

and

corr[log y;), log y;- (3) |Fi] = p2,3 -

To find the corresponding law under Y we apply Girsanov’s theorem
(Theorem 5.24) to (16.1) (we know the Radon-Nikodym derivative is given
by (16.3)), to establish that y® is given by

Yi = y4exp (O'iﬁ;ti + (c'0’pri — 0°6" i — %(Ui)Q)t),

where W} := W} — glopy;t is an ({F},Y) Brownian motion. Thus, under
Y, the conditional distribution of (ygw2 ), yg? )), given F;, is again Gaussian, the

covariance structure being as before but now having mean

Ey [log y%lft} =logy; + 0’0 pui(T —t) — 0’6" pss(T — 1)
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It now follows that
Vi = wDyr M® + (1 — w)Dyr MY (16.4)

where

MN =M <Oé (yt(N;Q)) 7ﬂ<y§N;3)> 50-(2)70(3)7 P23, K7 (T - t))
and, for i = 2,3,

<y§§;i)) L yzexp(iai&iﬁh(T _ t)),
(yp{;i)) * _ yzexp((alail)li . Uiﬁiﬁu) (T . t)) )

The form of the valuation formula (16.4) is particularly striking. The value is
expressed as an affine combination of two Margrabe-type terms, the weighting
being dependent only on the domestic discount curve at time ¢. The Margrabe
terms each have two ‘convexity-adjusted’ forward swap rates as input. In the
first term the convexity adjustment is caused by the correlation between the
respective swap rate and the corresponding FX rates. In the second term
these forwards are additionally adjusted for the correlation between the swap
rate and the domestic swap rate. This is a natural extension of the results
presented in Chapter 14 for convexity in a single currency.

16.3.2 Cross-currency swaptions

A cross-currency swaption is an option to enter a cross-currency swap. There
are several different types of cross-currency swap and we will consider four of
them. The risks and pricing formulae for each of these are somewhat different,
but all four fall within our framework.

With initial and final exchange on variable notional

This is one of the most common examples. On entering the swap on date T’
the two counterparties make an initial exchange of principal. One receives a
unit amount of domestic currency (currency 1) and in return pays (X 7(?))_1
units of currency 2. This initial transaction has zero value. The counterparty
who receives the unit domestic amount also pays, on dates S;, j = 1,2,... ,ny,
fixed amounts o; K, and finally he returns the initial unit payment at time Sy, .
In return for making these payments, this counterparty receives in currency
2 on dates Sj(?),j = 1,...,n9, a series of floating LIBOR payments plus a

margin, m, on the notional (XT(?))*1 (as in the floating leg of a standard
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interest rate swap). He also receives his initial principal (X (TZ))_1 back at
time 57(122).

To value this swaption, note first that in the case when m = 0 the net value
at time T of all the payments in currency 2 is zero. Further note that the time-
T value of the currency 1 principal exchange is Drr— Drg,, , the time-T" value
of the fixed payments made in currency 1 is K 2?11 a;Drg; and the time-

T value of the marginal payments received is (X ) m Z e’ 2)D(Q)(z) in

@ p®

units of currency 2 or m e
y Z =1 ] TSJ(2

, expressed in units of currency 1. It

then follows that for the swaption

ni nz
Vi = (DTT - DTS”1 — KZ OéjDTSj +m Z o 2)D(2;(2)>
j=1 j=1 +

= (PT(yT -K)+ ij(?))_i_ ,

and thus

PO
Vi :PtES|:((yT—K)+mP—> ‘}—t:|
T

A+ B
(v () 15]
T Y1 +

This can be evaluated by first conditioning on yé? ) and then performing the

remaining integral numerically.

Without initial and final exchange on variable notional

This is exactly as above except the initial and final principal payments are

not made. Note that the time-T" value of the floating LIBOR. payments made

in currency 2 is exactly yé? )P}Q) units of currency 1. We now have

Ve = (v P — KPr+mpy)

and so

2) Py’
+

(2)
Yypr +m
= PtE§|:<(A+BTyT)<W) — K) ‘.7'—{| .
A+ Brlyy +

Evaluation is carried out numerically as above.
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With initial and final exchange on pre-agreed notionals

This is a variant of the first example. There the cashflows in currency 2 are all
made based on a notional (X (T2))*1. In this example they are made on some
pre-agreed amount, C. Now we have

Ve = (Pr(yr - K) + OmxP ppY)
=P ~ K +cmMP) |
T (yT miip ) .

and so
Vi = PEs |:(yT - K+ CmM}2))+ ‘.7'-{| .

This expression is similar to those in the spread option example and evaluation
is carried out in the same manner.

Without initial and final exchange on pre-agreed notionals

This is a variant of the second example. Earlier the floating payments were

made on a notional amount (X (T2))_1. In this example they are made on some

pre-agreed amount, C. Now we have

Ve = (0XP 0 + m)Pf) ~ KPr)

which yields the time-T" value in currency 2 as

v (COf +mPP — KO ey

and so, working in the measure S(?),
Vi = PPEge) [(C(yg) +m) — K(M}Q))JL | ﬁ} '

This expression is again similar to those in the spread option example and
evaluation is carried out in the same manner.






Orientation: Pricing Exotic
American and Path-Dependent
Derivatives

In the last three chapters of this book we consider the problem of how to price
American and path-dependent products. By this we mean products which are
not European, ones whose payoffs can only be determined by observing the
market on several (more than one) distinct dates. If the product can be divided
into simpler subproducts, it is assumed that at least one of the subproducts
is not European. If the payoff can be determined completely by observing the
market, with no decisions and actions being taken by the counterparties, we
use the terminology path-dependent; if, in addition, the actions of one or both
counterparties affect the payoff, we say the product is American. This latter
class includes Bermudan swaptions which we introduce shortly.

The dependency of these products on the market on several dates means
that to price them we must also model the market on all the relevant dates.
This is certainly a generalization of the models considered in Chapters 13—
16 where, although we proved that the models introduced extended to all
dates, we only concentrated on the model’s properties at a single date. This
generalization clearly makes the modelling problem more difficult.

The general approach to modelling multi-temporal products is identical to
that for European products. That is, the first step is to understand, at a
high level, the relationship between the product in question and the market,
in particular which features of the market are relevant to the product and
must be modelled accurately, and which other products are already traded
in the market relative to which this product must be priced. Once this has
been done an appropriate model can be developed which reflects the required
features of the market. Any model will only capture some properties of the
real market and will be a (very) poor reflection of other features of the market
more generally. Hence the need to understand the product in question well at
the outset and to tailor the model to the product, just as we did for European
products such as irregular swaptions in Section 15.4.

Understanding what in the market and within any given model has most
effect on the price of a multi-temporal derivative is far from easy. There
is still a shortage of research available on this problem. When modelling
these products people often take the view that adding more factors (driving
Brownian motions) to a model gives a more realistic model of the market and
that this will therefore give a better price for the derivative. To an extent this
is true. However, whenever an extra factor is added various parameters must
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be fitted. For many models it is often unclear how these should be chosen
and what effect they will have on the derivative’s price. And every time a
new factor is added the computation problem of calculating a derivative price
numerically gets much more difficult.

Recently, starting in 1995, there have been significant developments in
interest rate modelling which have made the pricing of multi-temporal
derivatives much easier. Prior to this date the primary models used for path-
dependent and American products were short-rate models. The main benefits
of these models are that they are arbitrage-free and easy to implement.
However, they have the major drawback that they are parameterized in terms
of a variable, the short rate, which is only distantly related to the product
being priced. Consequently, it is usually difficult to assess how well a short-
rate model captures those features of the market relevant to the pricing of
any given product. We shall discuss models of this type in Chapter 17, in
particular the Vasicek—Hull-White model which is highly tractable and easy
to implement.

The breakthrough in 1995 was the introduction of the first market models.
These models are formulated directly in terms of the dynamics of market rates
such as LIBORs and swap rates. This has two major consequences. First, it is
now possible to formulate models which reflect well the (implied) distributions
of precisely those market rates relevant to any particular derivative product,
and thus these models have much better calibration properties than short-
rate models. The second major consequence is greater clarity and focus in the
thought process around the pricing of multi-temporal derivatives. Now that
we can model directly the law of a finite number of market rates on a finite
number of dates, now that we realize (as long as we work in an appropriate
probability measure) that it is only the distribution of these particular rates
on these particular dates that affects the derivative price and that given this
distribution the infinitesimal behaviour of any process is irrelevant, we can
focus on what it is about this (high- but finite-dimensional) distribution that
most affects the derivative price and which must be captured by the model.
And now it is also much clearer what information in the real market we
should use when pricing a particular derivative product. We shall discuss
market models in Chapters 18 and a further development, Markov-functional
models, in Chapter 19. This latter class of models shares with market models
the ability to model market rates directly, but has improved implementation
properties and also moves further away from the idea of specifying derivative
pricing models via the infinitesimal behaviour of relevant stochastic processes.

An important example of this type of multi-temporal product which we shall
meet repeatedly in the remainder of this book is the Bermudan swaption, or
equivalently a cancellable swap. Let T = Sy be the start date of a swap with
payment dates S1 < ... < S, and, as usual, let o, ¢ = 1,... ,n, denote the
corresponding accrual factors. If two counterparties enter a swap they are
each obliged to make all the cashflows even if on some occasions it is not
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to their advantage. A cancellable swap is one in which one counterparty has
the right, on any payment date, to cancel all the remaining cashflows. This
he would clearly do if interest rates had moved against him. A Bermudan
swaption is the option part of the cancellable swap. It gives the holder the
right, on any of the swap payment dates, to enter the remaining swap. It is
clear that a cancellable receive-fixed swap is just the combination of owning a
Bermudan payers swaption and entering the underlying receive-fixed swap —
if you exercise the swaption then the new pay-fixed swap will precisely offset
all remaining obligations on the original receive-fixed swap.

What is it that we need to model to value a Bermudan swaption? Recall
that for the vanilla swaption, analysed in Chapter 11, the only thing that we
needed to model, as long as we worked in the relevant swaption measure, was
the forward par swap rate. It is clear that for the Bermudan we must model
all the discount factors relevant to the underlying swap, {D.g, : 0 < i < n}.
Indeed, working in the martingale measure corresponding to the numeraire
D.g,, it is straightforward to see (just write down the valuation formula) that
all we need to model is the %n(n + 1)-dimensional vector random variable
(Ds;s; : 0 < i < j < n). This is equivalent to modelling the sn(n + 1)-
dimensional swap-rate vector (y;{ :1<i<j<n), where T; = S;_1 and

ij DtTi - DtSj
yt - ’

ij
Pt
7
Pt] = E athSk.
k=1

The market provides information, via swaption prices as described in Section
13.2.2, on the distribution of each y% in its own swaption measure S¥. To
develop a model which correctly captures all these marginal distributions
would be overfitting. Even if this were a good idea, it would involve too many
random factors to be implementable in practice. However, as we shall see in
Chapter 19, it is possible to develop a practically implementable model (driven
by a univariate Brownian motion) which correctly captures the market prices
of swaptions corresponding to the par swap rates yIT”, those corresponding to
the swaps which could be entered if the Bermudan were exercised, and with
enough free parameters to fit their joint distribution to a degree sufficient for
Bermudan valuation.






17
Short-Rate Models

17.1 INTRODUCTION

This chapter is devoted to the study of short-rate models. We single out,
in particular, the Vasicek—Hull-White model for more detailed study. At the
theoretical level short-rate models have already been considered in Chapter 8,
where they were related to other classes of models. What we actually mean
here is the special case of arbitrage-free models of the terms structure for
which the short rate {r,,¢ > 0} is a (time-inhomogeneous) Markov process
in the risk-neutral measure Q. Usually we will also restrict attention to a
short-rate process driven by a univariate Brownian motion, but we need not
make this restriction in general. This class of models has been of considerable
importance historically, primarily because they are both arbitrage-free and can
be implemented numerically. Recently their popularity has been decreasing
amongst practitioners with the advent of market models which have better
calibrating properties.
All the short-rate models in common use are specified via an SDE,

dry = p(re, t)dt + o(re, t) dW,

where W is a Brownian motion in the risk-neutral measure Q. We shall meet
several examples in the coming sections. The functions p and o are chosen to
give the model particular behaviour, tractability, and to make it arbitrage-free.
For example, the Vasicek—Hull-White model satisfies an SDE of the form

th = (Qt — aﬂ"t)dt + oy th7 (171)

where a, 6 and o are deterministic functions of time. The exact form of these
functions is chosen to fit the model to initial bond prices (to make it arbitrage-
free) and to option prices. We shall discuss this further later.

The Markovian property of the short rate, in the risk-neutral measure Q,
is essential for these models to be implementable in practice. To see why this
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is the case, recall from Chapter 8 that the value D1 of a pure discount bond
at ¢ which matures at T is given by (see equation (8.11))

Dir = Eq [exp < /t . du> ’ft} , (17.2)

where {F;} is the augmented natural filtration generated by the Brownian
motion W. The Markov property of r ensures that, for all pairs t < T,
(17.2) is a function of the triple (r¢, ¢, 7). Thus the state of the market at
t is completely summarized by the pair (r,t). It is this property that allows
one to price a derivative using any of the standard numerical techniques such
as numerical integration, simulation, trees or some finite-difference algorithm,
as appropriate. We shall not discuss these standard techniques but refer the
reader to Duffie (1996).

In this chapter we do the following. In Section 17.2 we give the defining
SDE for a few of the best-known short-rate models. In each case there are
parameters which need to be determined by fitting the model to market
prices. This calibration must usually be done numerically and can often be
onerous. One model for which the calibration is relatively straightforward
is the Vasicek—Hull-White model which we study in detail in Sections 17.3
and 17.4. The form of the defining SDE (17.1) is such that the solution
process is a Gaussian process and therefore much can be said about this model
analytically. In particular, closed-form bond prices result. In Section 17.3 we
show how to recover the Vasicek—Hull-White model parameters efficiently
from market prices, and in Section 17.4 we consider the problem of pricing
a Bermudan swaption using the Vasicek—-Hull-White model. We provide an
algorithm which is highly efficient and stable. The algorithm exploits the
Gaussian property of the Vasicek—-Hull-White model and can be applied to
other Gaussian processes such as some of the example Markov-functional
models introduced in Chapter 19.

17.2 WELL-KNOWN SHORT-RATE MODELS

Here we briefly describe a few of the best-known short-rate models. By far
the most important for practitioners are the first two, the Vasicek—Hull-White
model and the Black—Karasinski model.

17.2.1 Vasicek—Hull-White model

Vasicek (1977) introduced the first short-rate model, not with derivative
pricing in mind but from an economic perspective. For his model, under Q,
the (mean reverting) short rate satisfies the SDE

dry = (0 — ary)dt + odW,
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for some constants 6, a and o. It is immediately clear that the Vasicek model
does not have enough free parameters so that it can be calibrated to correctly
price all pure discount bonds, i.e. we cannot in general choose a,c and 6 to

simultaneously solve
T
Dor = Eqg [exp (— / Tu du)]
0

for all maturities 7' > 0. This led Hull and White (1990) to extend this model
by replacing these constants with deterministic functions,

d’f’t = (9t — atrt)dt + O'tth . (173)

It is apparent from (17.3) that the short rate r can take negative values
in the Vasicek—Hull-White model. This is obviously an undesirable feature,
one much criticized. However, in our view this criticism is overplayed since
all the main short-rate models have their own particular weaknesses and, as
long as the model is calibrated and used appropriately, this in itself should
not usually present too many problems. Indeed, the Black—Karasinski model,
which is often used instead of the Vasicek—Hull-White model precisely because
it keeps interest rates positive, suffers from giving too high a probability to
sample paths of » which spend large amounts of time at large positive values.
This is just as problematic, leading, for example, to infinite futures prices!

The major advantage of the Vasicek-Hull-White model, and the primary
reason why it is used so widely, is that it is highly tractable. This tractability
is important in order to be able to calibrate the model efficiently to market
prices. The SDE (17.3) is well known as one which yields a Gaussian process
as a solution and it is easily solved. To do this, consider the process y; := ¢;1¢

where .
¢ = exp </0 audu> .

Applying It6’s formula to y yields
dyr = ¢i0rdt + rordWy

and thus
t t
Yt = Yo +/ ¢u0udu +/ ¢uguqu
0 0

t —~
— o+ /0 Gubudu + W (&), (17.4)

where

t
& = / 202 du
0
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and W is a Brownian motion (adapted to the filtration {F;} = {.7-"5;1}). To
see this last step just check that the process ﬁ//, defined by

— £
W = / GuoudW,y,
0

satisfies the defining properties of a Brownian motion (Definition 2.4).

The representation for y; given in (17.4) allows us to make all the necessary
deductions and calculations for the short-rate process r¢ (= ¢; 1yt) that we
need when calibrating the model to bond and option prices. In particular,
given rg, both ¢, t > s, and integrals of r; against deterministic functions
will be Gaussian. From this we obtain immediately the standard result for
the value at time ¢ of a pure discount bond paying unity at time 7', namely,

T
Dy =Eq [exp <— / Tudu> ’ft} = Aype Birre (17.5)
t

for suitable A and B to be determined. These functions can be evaluated
directly, using the properties of Brownian motion and log-normal random
variables, to yield A and B in terms of the functions 6, a and o, and the reader
may choose to do so now. However, there is a more direct way to calculate
these parameters, in terms of the initial discount curve {Dor : 0 < T < oo}.
We shall do this in Section 17.3.

17.2.2 Log-normal short-rate models

Motivated by the log-normality of LIBORs and swap rates as given by Black’s
option pricing formula (see Sections 11.3.1 and 11.4), and by a desire to have
a model with positive interest rates, one is led to postulate a short-rate model
in which the short rate is a log-normal process,

dlogr: = (6; — atlogry) dt + ordWy . (17.6)

This model, usually referred to as the Black—Karasinski model (Black and
Karasinski (1991)), and the Vasicek—Hull-White model are undoubtedly the
most commonly used short-rate models in the markets. The Black—Karasinski
model has the distinct advantage over the Vasicek—Hull-White model that it
retains positive interest rates. However, as mentioned earlier, the cost, due to
the log-normality, is heavy positive tails for the distribution of each r; which
leads to infinite values for futures prices (see Hogan and Weintraub (1993)).
This illustrates quite clearly the dangers of a model which is parameterized
in terms of a variable only remotely related to the relevant market rates. A
second drawback is that fitting the model to market prices is time-consuming.
If we knew the function o, it would be a straightforward and quick matter to
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fit the remaining parameters. The way to proceed is using a tree algorithm
and forward induction as described by Jamshidian (1991). (We shall not cover
this topic.) However, when simultaneously fitting the model to option prices
to determine o one must resort to some search algorithm to solve for the
function o; fix o, solve for 6, change o, re-solve for 8, and so on.

The function a in the SDE (17.6), and also in (17.3), is extremely important.
We shall defer discussion of this until Section 19.7. Some practitioners
simultaneously fit all three functions 6, a and ¢ to the market, others fix
a (as discussed in Section 19.7) and then fit just § and o. The latter is, in our
view, the better approach. Note that if we were to set a; = —&¢/o; then

r = exp(as + ot Ws)

1 Lo,
Oét()'t<0gr0+/ —d’l,l,>
(o)) 0 Oy

This special case is known as the Black—-Derman—Toy model.

where

17.2.3 Cox—Ingersoll-Ross model

We include this model because it is extremely well known. However, it is not
one that we have ever used for derivative pricing purposes.

The original Cox—Ingersoll-Ross model (Cox et al. (1985)) is defined via
the short-rate SDE,

dry = (0 — ary) dt + o/TedWy , (17.7)

for constants 6,a and o. Three features are immediately clear from the
SDE (17.7). First, the short rate is mean-reverting, being pulled towards the
level 6/a. Second, its diffusion term is decreasing with the level of the short
rate according to ,/r;. This is intermediate between the Vasicek-Hull-White
model, in which the diffusion term does not depend on r; and for which rates
can go negative, and the log-normal models in which the diffusion term is
proportional to r; and rates are strictly positive. In fact, it can be shown that
if @ < 302 the Cox-Ingersoll-Ross model will eventually hit zero; if § > 302
it is always strictly positive.

The third property to note about the Cox—Ingersoll-Ross model is that
there are not enough free parameters to fit an arbitrary initial term structure.
This is easily rectified by modifying to the generalized Cox—Ingersoll-Ross
model,

d?"t = (Ot — atTt) dt + O't\/T_tth . (178)

The SDE (17.8) is readily solved when 6, > 0?2 for all ¢. For this generalized
model there are, as was the case for the log-normal models, no closed-form
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bond pricing formulae and thus any implementation would again be relatively
onerous to calibrate simultaneously to the initial discount curve and option
prices.

17.2.4 Multidimensional short-rate models

This is not a topic we shall cover in much detail. In the financial literature
there are a great many short-rate models which involve two factors but these
are rarely used for derivative pricing in practice. See, for example, Musiela and
Rutkowski (1997) and references therein. There are three primary reasons for
this. The first is the difficulty with implementing such a model. For example,
calibrating a tree, already onerous for all but the Vasicek—Hull-White model,
will now be even more costly since the tree will be (at least) two-dimensional
and there will be more parameters to fit. The second problem is one of
understanding how these factors and associated model parameters affect the
properties of the model and consequently option prices. The third reason is
the fact that a one-factor model is usually enough for path-dependent and
American-type products, as long as the model is fitted with the product to be
priced in mind, a point discussed in Section 15.4 in the context of European
amortizing swaptions.

Having given all these caveats, two-factor models can be developed. From
an implementation viewpoint, one needs the resulting model to be of the form

re = f(X1, Y3, 1) (17.9)

for some (time-inhomogeneous) Markov process (X,Y). Typically the process
(X,Y) would be driven by a (two-dimensional) Brownian motion. A special
case of (17.9) is when the process (X,Y) takes the form

t
Xt=u§f+/ oX dWX,
0
t
Vimul + [ olaw,
0

for deterministic functions uX,uY,0% and ¢¥ and for a Brownian motion

(WX ,WY). In this special case one knows explicitly, for any ¢ > s, the
distribution of (X, Y;) (hence of ;) given (X;,Ys). When the function f at
(17.9) is linear in (X,Y") we are once more in the situation where bond prices
are available in closed form and this considerably simplifies the calibration
of the model to market data (but the effect of each of the two factors is still
difficult to appreciate).
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17.3 PARAMETER FITTING WITHIN THE VASICEK-
HULL-WHITE MODEL

We now detail how all the parameters of the Vasicek—Hull-White model can
be calculated from market prices. Recall that the short rate is driven by the
SDE

d’f’t = (gt — atrt)dt + Utth (1710)

in the risk-neutral measure Q, and furthermore (equation (17.5)), bond prices
in the model are of the form

DtT = AtTeiBtTrt .

We shall show how to derive each of the functions a,6,0, A and B. Note,
however, that for derivative valuation explicit knowledge of each of these
parameters is not necessary. The reason for this, as we shall shortly see, is
that for the Vasicek—Hull-White model it is more convenient to work not in
the risk-neutral measure but in the forward measure corresponding to taking
some fixed bond D.7 as numeraire. If we do this the only parameters we need
to explicitly derive are (various integrals of) the functions ¢ and a.

Throughout this section we assume only that the initial discount curve,
{Dor : T > 0}, is right-differentiable with continuous right derivative almost
everywhere (the usual case in practice). We comment on the implications of
the discount curve not having a continuous derivative in Section 17.3.3.

The market prices to which the model will be calibrated are bond prices
(i.e. the initial discount curve) and option prices, either caps and floors or
swaptions as appropriate to the pricing application. We shall assume that the
mean reversion function a has been prespecified. This means that it is only
possible to calibrate the model to correctly price at most one option, with a
given strike, per maturity date. One could fit the function a as well, and doing
so would allow us to simultaneously fit to the prices of two different options
per maturity date (such as a swaption and a caplet). However, in Section 15.4
we discovered the dangers of fitting a one-factor model to the price of more
than one option per expiry date. Furthermore, as discussed in Section 19.7, the
mean reversion has such a significant effect on the joint distribution of market
swap rates that we should take care to ensure that any fitting algorithm fixes
this parameter in a way most appropriate to the exotic option being priced.
With the two remaining degrees of freedom (6 and o) one could, in principle
(as long as the prices are consistent), calibrate the model to the full initial
discount curve and one option price for each option maturity date T'. However,
in applications it is only necessary to calibrate to options with a finite number
of maturity dates and thus it is common to fix a functional form for o between
the relevant dates Tj.

We also suppose that the prices of the market options that we use to
calibrate the model are consistent with the initial assumptions about the form
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of a, i.e. given our choice for a there exist § and o consistent with the market
prices.

For future reference we make the following definitions, all relating to
integrals of the original model parameters.

o1 = eXp(/Ot audu>, Py = /Ot ¢;1du,

t t t
& = poondu, G = Yupioodu, = V22 o2 du,
u-u uU-u 77 uruTu
0 0 0

t t
0 0

It is only actually ¥ and £ that we shall need for the pricing algorithm
described in Section 17.4 below.

17.3.1 Derivation of ¢, ¥ and B.p

Given that a is a predefined user input (for current purposes) the evaluation
of ¢ and v is straightforward. To calculate By, 0 <t < T, we note that, for
each T',

t t
Myt := exp (—/ Tudu)DtT = exp(—/ rudu> AtTe_BtT”
0 0

defines a martingale {M.7, ¢ < T} in the risk-neutral measure, i.e. the measure
in which (17.10) holds. Applying 1t6’s formula to M.p yields

dM, dD
tT _ Ttdt + tT
M;r Dyr
=[=re+ (Aig/Air) = 1iBig + 302 B — Bur(0, — avry) |t
— UtBtTth

(A’ and B’ representing the derivative with respect to the first parameter ¢).
Since M.r is a martingale the finite variation term is identically zero for all
values of r; and t. It thus follows that

—1 - Bir + a;Bir =0, (17.11)
(Ajp/Asr) + 307 Bip — Birfy = 0. (17.12)

Solving (17.11) subject to the condition By = 0 (which is required since
DTT = 1) yields

T
Bur — m/t o du = do(br — ).
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17.3.2 Derivation of &,¢ and n

We already know all the terms in each of the respective integrands except
o. It suffices to calculate &,t > 0, since this implicitly defines o and thus ¢
and 7. In practice we will only have a finite set of market option prices to
calibrate to and so will calculate & for a finite set of times and assume a
(simple) functional form for o at intermediate points.

Suppose we have available the price Vj of an option expiring at 7' and

paying
(§ ¢;Drs, fK) .
- +
J<J

This general form includes all standard caps, floors and swaptions. Taking D.p
as numeraire, it follows that

Vo = DorEr [(chDTSJ - K)J’
i<

where the measure F is equivalent to the original risk-neutral measure and is

such that %i is a martingale for all S > 0. Indeed, F and Q are related by

= exp ( — /trudu) %
7 0 Dor

Ds,
Applying It6’s formula to (the martingale) —% and changing measure to F

D
yields

dF
dQ

Dys Dys =
d( 22 = 25 By — Byg)oud
<DtT> DtT( r = Besy)oedW:
Dys =
= #(QZ}T* 7/157)¢t0tth’
v

for an ({F;},F) Brownian motion W. This SDE can be solved explicitly and
yields the unique solution (see Chapter 6)

DtSj _ DOSJ ! . 1 2
D Do P <(7/’T_ d’sj)/o PuoudWy — §(¢T— Vs;) §t>
Dos. A
= 2% oxp (0 - ws)W(8) — ylor—vsPe) (73
or

where W is an ({F¢1},F) Brownian motion, and thus

1
Yr—1hg. )W &r)— = (Yr—ibs. )2
Vi = E]F[(ZC]'DOS,e(M ¥s,)W(Er) 2(11 ;) &1 _ KD()T) } (17.14)
: +
Ji<J
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Suppose for now that we already know the value of £&7. Here we show how
then to calculate Vy(&r), the option value for this particular &p. Solving for
&r can then be completed by iterating over & with either Brent or Newton-
Raphson to match the value V4(&r) to the true market option value Vj.

Given a value for &7, evaluation of (17.14) is performed using the decompo-
sition first introduced by Jamshidian (1989). A requirement for this approach
to (be guaranteed to) work is that the payoff must be monotone in the realized
value of W. This is always the case for standard options, including those with
amortizing and forward start features.

The first step in this approach is to find the value @ for W({T) which sets
the term inside the expectation (17.14) to be exactly zero. A safe Newton-
Raphson algorithm (Press et al. (1988)) will do this quickly. We can then
rewrite (17.14) as

T/ 1 \ e )
Vo = E]F[ § CjDOSJ- (e(w—ws]m (€r)—5 (Wr—vs;)%er Kj) } 7
+
J<J

where

K; = exp ((r — vs,)0 — 2(vr — vs,)%¢r)

and the =+ in the expectation is + if the payoff is increasing in W and — if
it is decreasing. With this decomposition the expectation can now be easily
evaluated.

Before moving on we note that should an alternative model be required
in which a is not chosen a priori but is instead a function of ¢ then the
starting point for the algorithm would be this section, solving for a and o
simultaneously.

17.3.3 Derivation of pu, A and A.rv
Substituting for Byr in (17.12) and integrating yields

log(Asr) = log(Aor) + trp — A — 2[W7& — 200G + ). (17.15)

We know Agr from the values Dyp, namely Agp = DOTPOT"U . Substituting ¢t =T
into (17.15), differentiating with respect to T' and noting that Ay = 1 yields

pr = Yrér — (v — ¢T* log(Aor) (17.16)

and thence

Ar = log(Aor) — ¥r ¢T IOg(AOT) LWier—nr).

Substituting back into (17.15) now gives the function Ar.
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Remark 17.1: Observe from equations (17.16) that if the initial discount curve
does not have a continuous first derivative everywhere then there will be time
points at which the function yu is also discontinuous. This corresponds to the
function # having a delta function component at these time points. As a result
the underlying short-rate process is continuous whenever the initial discount
curve has a continuous derivative but undergoes jumps at the time points
where the discount curve has a discontinuous derivative.

In the theory of SDEs as discussed in Chapter 6 we only considered SDEs for
continuous processes. However, the jump in the function u is of a deterministic
amount at a deterministic time and this corresponds to a deterministic jump
in the short-rate process r at a deterministic time. Thus, although we have not
strictly covered such processes, it is easy to see that the theory developed is
sufficient by inductively applying the continuous theory between jump times,
explicitly incorporating the jumps, and piecing together the solutions.

17.4 BERMUDAN SWAPTIONS VIA VASICEK-HULL-
WHITE

We defined the Bermudan swaption in the preceding Orientation section
on multi-temporal products. Here we consider it again and describe an
efficient algorithm to value Bermudan swaptions within the Vasicek—-Hull-
White model.

The Bermudan we consider here is more general than that described in
the Orientation. There we restricted to a Bermudan which could be exercised
only on payment dates of a vanilla swap. Furthermore, the swaps on which
the constituent options were based were all themselves vanilla swaps. Here
we allow the exercise dates, on which the holder has the right but not the
obligation to enter a swap, to be an arbitrary but finite sequence of times
T1,...,Tk. If the option is exercised the underlying swap which the holder
enters may be irregular, with irregular payment dates and irregular coupon
amounts. For the swap which can be entered at the exercise time T;, we
denote by S;o the swap start date and by S;;,1 < j < J;, the payment dates.
We saw in Chapter 10 that the value of any swap can be written as a linear
combination of discount factors. Thus if the option is exercised at T; the value
of the swap entered is

L= () ¢ijDrs,)+ (17.17)
i<Ji

for some known constants c;;. Where there is no risk of confusion in what
follows we will tend to drop some of the subscripts.

In the following sections we describe in detail an algorithm for pricing a
Bermudan swaption such as this. Bermudan pricing is usually done by build-
ing a tree to carry out a dynamic programming calculation via backward
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induction and is standard. The algorithm described below also uses backward
induction but exploits the Gaussian structure to gain extra efficiencies. We
refer to the set of (r4,t) pairs used in the algorithm as a tree but we do not
explicitly assign probabilities to transitions within the tree as is usual for stan-
dard binomial and trinomial pricing trees. The steps we need to go through
to implement the algorithm are the following;:

(i) Choose a probability measure within which to work and use a set of
market instruments to calibrate the Vasicek—Hull-White model. If we
were to work in the risk-neutral measure Q this would determine (various
integrals of) the functions a, 6 and o in (17.10). We shall see that not all
of these are needed explicitly.

(ii) Specify the locations of the nodes in the tree and how the intrinsic value
of the Bermudan will be calculated at each of these nodes.

(iii) Calculate at each node the discounted future value of the Bermudan, and
thus calculate the Bermudan value at this node by taking the maximum
of this with the intrinsic value at the node.

We address each of these in turn.

17.4.1 Model calibration

The model needs to be calibrated so that it correctly prices a set of market
instruments. These instruments will typically be (pure discount) bonds and
either swaptions or caps and floors, as appropriate.

Calibrating a Vasicek—Hull-White model to these products is, because of
the one-factor Gaussian structure, a straightforward task. We will for our
current purposes assume that the (critical) mean reversion function a has
been chosen and fixed beforehand, although these techniques also apply to
the more general situation when a depends on o.

For our algorithm we shall work in the forward measure corresponding to
taking as numeraire the bond D.r, , that is the bond which matures on the
exercise date of the last option in the Bermudan swaption. We are given the
initial discount curve, {Dor,0 < T < oo}, and a set of option prices, one
maturing on each date T;. The only parameters we shall need to imply are
the underlying bond prices Dyg,,, which can be read off from the discount
curve, the values ¢, and vgs,;, a user input since a is predefined, and the
values £7,. Recall that we saw how to derive the function &, using a safe
Newton-Raphson or Brent algorithm (Press et al. (1988)), in Section 17.3.2.

17.4.2 Specifying the ‘tree’

The first step is to identify the random process that will be modelled by the
‘tree’ and then allocate the positions of the tree nodes.
We saw in Section 17.3.2 that, if we work in the forward measure F
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corresponding to the numeraire bond D.7,, then all discount factors could
be written in the form

Dys _ Dys
D1y Doty

exp((¥ric = ¥5)X — §(¥r — ¥5)°), (17.18)

where X is a (deterministically) time-changed Brownian motion,
Xt = W(&t)v

and W is as defined in (17.13). Note that (17.18), an equation for ratios of
discount factors, defines all discount factors since we can recover D;r, by
substituting S = ¢ into (17.18). We shall take the Gaussian process X as the
one we model with the tree.

The most striking property of the tree is that we only position nodes at
times when decisions must be made, namely T4, ... , Tk. At intermediate times
no decisions need to be made and the value function V is well behaved. We
are thus able to calculate any intermediate properties explicitly.

At each grid-time T; we position nodes to be equally spaced in the variable
Xr,. This ‘vertical’ spacing between nodes is a user input, depending on the
accuracy required. We will describe shortly the location of the top and bottom
nodes in any column.

The importance of being able to choose the times of nodes should not be
overlooked. We have positioned the nodes at precisely those times at which
we need to know the option’s value and so have not lost accuracy caused by
nodes missing decision points.

The choice of the locations of the extreme nodes in each column depends
on the required accuracy. To understand the effect of this choice, note that
Vo(Xo), the Bermudan value at zero, can be written as

Tk

Vo(Xo) = Dory Ex [VT(X»D—1 ]
= Dor Er [VT(XT)DT%K ‘ X7, < mz:| IP(XTi < mz)
+ Doty Er {VT(XT)DTTIK | X7, > mi]IP’(XTi > m;) (17.19)

where 7 is the random time at which the option is exercised and V;(X;) is
its value at time t. By truncating column 7 of the tree at m; we are ignoring
the second term in (17.19) and also the probability in the first term. Given
that the process X is Gaussian, the first probability differs from one by a
term O(exp(—mZ/2¢r,)). The second term decays to zero at the same rate
since the payoff is at most O(exp(cm;)) for some constant c¢. This argument
extends to include all the exercise times T; and shows that errors resulting
from truncation are below polynomial in order of magnitude.
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Should we wish to choose the limits to guarantee a certain level of accuracy
we can use the above argument to do so. What is important is the number
of standard deviations of the Gaussian distribution for X7, covered by the
nodes. The limits should thus be set at a fixed number of standard deviations
above and below zero, the mean for Xr,. In practice, because the error decays
so quickly, the exact level is not important and a conservative value can be
chosen without adversely affecting the algorithm’s speed.

The precise algorithm for placing nodes is as follows. First select your node
spread, m. Locate the top node in each column at the value m+/var[Xr,] =
m\/f—Ti . Then locate nodes at a regular spacing A, chosen depending on
the accuracy required (as described in Section 17.4.5), down from this node
until the first node lower than —m \/57 . We do not specify any further tree
structure at this point. Strictly speaking, the algorithm is not a standard tree
algorithm, and we do not assign arcs and probabilities as in a tree.

17.4.3 Valuation through the tree

To value the Bermudan swaption we work back in time from the final exercise
date assigning option values at each node in the tree. On the final exercise
date, if we have not already exercised, the option value is its intrinsic value
which can be calculated as a closed-form expression from (17.17) and (17.18).

To calculate the value of the option at any other node in the tree, suppose
first that we have calculated the value at all later nodes. Let ¢ be the time
of this node and T be the time of the next set of nodes. Let V;(X;) be the
value at this node, F:(X;) be the ‘discounted future value’ of the option at
this node (if we choose not to exercise), and I;(X;) be the intrinsic value at
the node. Then

‘/t(Xt) = max(Et(Xt), It(Xt)) (1720)
E (X, _
lt)( t) = Er | Vr(X1)D7p, Xt}
T
D 1 2
= D—OT(EWTK%)T) ‘T Ep [VT(XT)GXP(WTK - ¢T)XT> \ Xt:|~
0Tk

(17.21)

All that remains is to evaluate (17.21), and thus V;(X}), efficiently.

17.4.4 Evaluation of expected future value

There are many ways to evaluate an expectation for a univariate random
variable. There are two important considerations for us. The first is that the
integrand in (17.21), VT(XT)exp((wTK - ¢T)XT>, is piecewise C°°, but not
in itself C'*°. The problem is (see equation (17.20)) that V takes two distinct
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functional forms, one below an exercise boundary X7, the other above it. We
must first estimate the level X7 from the values of Ep(Xr) and Ip(Xyp) at
the nodes. This can be done by fitting a polynomial to E7 and Iy about the
exercise point and solving, as illustrated in Figure 17.1.

E(X7)

10X

X7

Figure 17.1. Changing functional form in the integration

Having calculated X'T, our estimate of X7, we now perform the integration
on each side of Xr, separately. To do this efficiently, over each interval [z, z +
Al, approximate Vp(Xr) by a polynomial P, of order n, using neighbouring
points. Then approximate the integral of Vi over this interval by instead
calculating the integral of P analytically (we know the integral of the
polynomial against a Gaussian explicitly; see Appendix 3). This procedure
is very closely related to that of Gaussian quadrature (Press et al. (1988)).

One further point on efficiency should be mentioned. This issue does not
affect the asymptotic order of convergence, rather it affects convergence only
through the constant term. The point to consider is that we do not just
wish to integrate for one value of X; but for a whole set of values. Also one
of the most expensive calculations in the whole algorithm is to calculate the
exponential function which is needed both as part of the integrand and also in
the evaluation of the normal density function which appears in the expressions
for the integrals of a Gaussian against a polynomial. We do not go into the
details here, but it is a straightforward matter to exploit the fact that the
values X; and Xp are equally spaced to considerably reduce the number of
calls to the exponential function. Effectively as much of the calculation as is
similar for differing nodes is carried out only once and cached.
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17.4.5 Error analysis

There are three (and only three) distinct sources of error within the algorithm.
The first, which we have already discussed in Section 17.4.2, is that caused by
‘clipping’ the tree. This is of negligible order compared with the other two.

All the errors come about as part of the integration routine. Let t < T be
two successive exercise times. Within the algorithm we are aiming to calculate
the function

E(Xy) _ Dor
Dy1y, Doty

e~ 3 Wr—vr)erg, [F(XT) | Xt] (17.22)

where F(Xr1) = Vp(Xr)exp((¢Yr, — ¥7)X7). The expectation in (17.22) can
be expressed as

Ee| F(X7) | Xi| = Bel Fu(X1)Lixrsxz) | Xo| + Ba Fa(Xr)Lxp<xzy | X

where X7 is the exercise point at which F' is non-smooth and F; and F5 are
smooth functions (Er and Ir in fact). What we actually calculate (exactly)
is

Er [Gl(XT)Jl{XT>XT} |Xt} + Er [Gz(XT)Jl{XTSXT} \Xt}

where G; and G2 are our polynomial approximations to F; and F5 and XT
is our estimate of X 7. It follows that the error, the difference between these
two, is

E]F |:(F1 - G1)<XT)]1{XT>XT} | Xt} + EIE‘ {(FQ - GQ)(XT)]l{XTSXT} | Xt

+ e[ (F = Fo)(X0) (L xz) — Lixgs ) | X2

Since G is a local polynomial approximation of order n to F', it follows that
the magnitude of the first two terms is O(A™™!), where A is, as before, the
spacing between neighbouring nodes at time 7. The remaining term is the
expectation of a function taking the value zero outside an interval of size
| X7 — X2| which is O(A™t1) if we calculate X7 with a polynomial of order
n. Over this interval the integrand F; — F» is also O(A™™1)] so the net error
contribution is O(A2(™+1). Finally, the function F is not dependent on A
and thus the net overall error is O(A™T1).

In terms of the time to run the algorithm, there are K columns of nodes
corresponding to the K decision times, each containing O(m/A) nodes, where
m is the range covered by the columns. Each node performs a calculation
involving all the nodes at the next column, so the total number of calculations
is O(m?/A?), which is thus the order of the time to run the algorithm. Now
we must increase m as A decreases to ensure that the clipping error is not
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significant. Suppose we increase m like A ~¢ for some ¢ > 0. The clipping error
will then decrease faster than any polynomial order in A. Thus the run time
is O(A=2(1=)) " and the error is o( A1), for any 7. This finally yields an
error which is o(T~2("+D+€) for any & > 0. This compares with a standard
Vasicek-Hull-White tree where the error is O(T~2).






18
Market Models

18.1 INTRODUCTION

The short-rate models of Chapter 17 have been around for many years. They
have the virtue of being easy to understand (although they are not usually
transparent in their properties) and, in the case of the Vasicek—Hull-White
model, can be very efficient to implement. Where they are less ideal is in their
calibration properties. For example, when pricing a Bermudan swaption it is
only possible to calibrate a Vasicek—Hull-White model, for each swaption
maturity date, to correctly price one swaption of a given strike (two if we
also fit the mean reversion parameter). But which one should it be? That
is not at all clear, and given that the Vasicek—Hull-White model yields a
Gaussian short-rate process whereas the market does not, the precise choice
will in general be important.

Recently, to overcome this calibration problem, a new class of models has
been developed, the class of market models. The approach was pioneered by
Miltersen et al. (1997) and Brace et al. (1997) in the context of LIBOR-
based models and later extended to the swap-rate context by Jamshidian
(1997). The essential new and defining feature of these models is that they
are parameterized in terms of standard market rates such as LIBORs and
swap rates. Furthermore, it is easy, in the case when option prices are given
by Black’s formula and thus the link between the SDE governing the evolution
of the appropriate market interest rates and the terminal distributions of these
rates is clear, to define these models so that they exactly match market prices.

The major breakthrough that came with the introduction of market models
was a new way of thinking, one which focuses directly on the market interest
rates to be modelled. In this chapter we shall present these models. We provide
the necessary defining equations and prove that models do exist with these
properties. Importantly, we do not prove that they fall within the (HIJM) class,
defined fully in Chapter 8, rather we show that they are numeraire models
(N). The extra burden of proving the models to be (HJM) is unnecessary,
as discussed in Chapter 8. We shall also prove that the models are strong
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Markov, an important property if they are to be used for pricing in practice.

Despite all their benefits, the market models defined in this chapter have a
significant drawback. Although the models are strong Markov, the dimension
of the Markov process is the same as the number of LIBORs or swap rates
being modelled. So, for example, to price a Bermudan swaption which gives
the right to cancel a ten-year swap paying quarterly coupons, the underlying
Markov process would be 39-dimensional (there are 39 unknown cashflows
in the swap). It is infeasible, in practice, to implement such a model except
by simulation or by approximation. Certainly the techniques introduced in
Chapter 17 could not be employed. We shall meet an alternative class of
models in the next chapter that overcomes this problem.

Since they were first introduced in 1995, market models have generated
considerable interest and there is already an extensive literature on the
topic. Of particular note are the original articles, mentioned above, and
a comprehensive survey article by Rutkowski (2001). For a discussion of
implementation issues and market models with smiles, see Glasserman and
Zhao (2000) and Andersen and Andreasen (2000) respectively.

In this chapter we shall describe the two basic models, one for LIBOR,
the other for swap rates. These models are ideal for pricing path-dependent
LIBOR and swap derivatives for which the price can be obtained by
simulation. Because of the implementation problems, Bermudan swaptions
are not easily treated using market models. We also introduce an alternative
swap-rate model, the reverse swap-rate model. This latter model is intended
for pricing European swap and LIBOR derivatives, but again prices must be
obtained via simulation. We develop each of these models in turn in the next
three sections, first deriving the form of the SDE they satisfy (which is what
we need in practice), then establishing that the SDE does admit a (strong
Markov) solution and thus that such a model does indeed exist.

18.2 LIBOR MARKET MODELS

The first market models studied were LIBOR market models. The idea was
to develop a model directly in terms of a set of (contiguous) LIBORs, and
in particular to develop a model under which the caplets corresponding to
these LIBORs were all priced using the market standard Black formula. More
generally, however, the objective was to (partially) define a term structure
model via an SDE for the LIBORs.

There are several steps required to define a model in this way, and these
steps are common to the swap-rate models developed in Sections 18.3 and 18.4
below. These are as follows.

(i) Specify an SDE for the forward LIBOR (swap rates in Sections 18.3
and 18.4) and determine the necessary relationship between the drift
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and diffusion terms for any corresponding term structure model to be
arbitrage-free.

(ii) Prove that a solution exists to the SDE defined in step (i).

(iii) Check that, for this solution, there exists a numeraire pair (N, N) for
which all the numeraire-rebased bonds defined by the SDE (only a
finite number at this stage) are martingales under the measure N.

(iv) Demonstrate that this partially defined model can be extended to a
model for the whole term structure in such a way that the extended
model also admits a numeraire pair.

Here we shall carry out steps (i)—(iv) for the LIBOR market model. So, let
Sp < 51 < ...< S, be asequence of dates and, for i = 1,...,n, we define the
corresponding forward LIBORs,

Dts,',l - DfS

L= L. (18.1)

aiDtS,,

We will develop the model working in the forward measure F corresponding
to taking the bond D g, as numeraire, and with this in mind we also make the
definitions, for 0 < i < n,

_ Dy,
- b
Dys,

Hi = H (1 + Osz{) ,
j=1

where in the second equation the product over the empty set is unity, i.e.
II° = 1. It will also be convenient to define D"*! =1 and L™ = 0.
Note immediately from (18.1) and (18.2) that, for ¢ = 0,...,n — 1,

Di: (18.2)

Di = (1+ a; LiTYDi*!, (18.3)

a relationship that will be used inductively to derive the form of the SDE for
the forward LIBORs, and further that

Di= H (1+aL]) = Iy (18.4)

3
j=i+1 t

18.2.1 Determining the drift

Suppose that we wish to develop a model for the term structure of interest
rates for which, for each i = 1,...,n, the forward LIBORs L! solve an SDE
of the form

dL; = py (L) Lidt + oy (L) LydW} (18.5)
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where W is a (correlated) Brownian motion with dW/dW] = p;;dt and
L = (L',...,L"). As stated earlier, we work in the forward measure F
corresponding to taking D.g, as numeraire. Then, if this model is to be
arbitrage-free, each of the D must be a martingale under this measure. This
imposes a relationship between the diffusion coefficients o and the drifts i’
in the SDE (18.5). Here we derive that relationship. Note that, in this section,
we only provide a necessary relationship between the drift and diffusion terms.
We do not yet show that a suitable process exists which satisfies (18.5), i.e.
we only carry out step (i) described above. Steps (ii)—(iv) are treated in the
next section.

So suppose each of the Diis a martingale under the measure F. Then,
applying It6’s formula to (18.3), we obtain

dD} = (1+ ;1 L) dDi ! + p 1 DY AL + i 1d LD . (18.6)
Substituting from (18.5) and equating local martingale parts in (18.6) yields
d[)i =1+ ai+1L§+1)dD§H + D§+1O‘i+1Li+1Ué+1 dwiTt,

whence

i+1
Oéi+1Lt

LidDi = It gDit! 4 it pitt < '
td t t t t 1 +C¥z‘+1Lfg+1

)g;“dw,;“ )

(We have here suppressed the dependence of o; on L;. We shall do this later
also, for both oy and p;.) It follows by backward induction, down from i = n,
that for i =0,... ,n—1,

mani = 3 H{Dg’(i‘)‘ng _
j=it1 1+OLJLg

>0g thj ,

and thus

I WD N
dDi = D; 3" ';J;( ol j>agdwg
57 WD \1+a;L]

L I S
=D; 3" (L)agdwg. (18.7)

J
j=it1 1+ Oéth

Now we can also equate the finite variation terms in (18.6) to obtain, for
1=0,...,n—1,

Ayi+1, i+1 i+l i+1 ri+1 i+1 77yi+1
Oéi+1Dz /Lz Lz dt + Oéi+10'z Lz thZ dDz =0 5
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and thus, again by backward induction, it follows that

W)= 3 (“j—”)oz@»az (Lo

J
j=it1 ]. —+ Olet

Finally, the original SDE (18.5) becomes

. - o, LI ; j ; ; ; ;
ai=—( 3 (Jitj)gg(Lt)ag(Lt)pij Lidt +oi (L) LidW; . (18.8)
j=i+1 1—|—ath

18.2.2 Existence of a consistent arbitrage-free term structure
model

The results of Section 18.2.1 are all that we need in practice when using
a market model. However, we need to check that the model given there is
consistent with a full arbitrage-free term structure model (steps (ii)—(iv) as
defined above), and this we now do.

To begin, we must show that the SDE (18.8) for the forward LIBORs has a
solution. In general it will not since the SDE given there is of a very general
form. However, in the important case when o’ is bounded over any time
interval [0,¢] a solution does exist. This includes the special case of most
practical relevance (and which leads to Black’s formula for option prices)
when o}(L;) = 0%, a locally bounded function of time which does not depend
on the LIBORs L%, i =1,... ,n.

Establishing existence of a solution to the SDE in the above cases follows
from the general theory for SDEs as developed in Chapter 6.

Theorem 18.1 Suppose that, fori =1,... ,n, the functions o* : R* xRt —
R are bounded on any time interval [0,t]. Then strong existence and pathwise
uniqueness hold for the SDE (18.8). Furthermore, the solution process L is a
strong Markov process.

Proof: First consider the modified SDE
dLi = ﬂi(Lt)Li dt + &é(Lt)Li thi (18.9)

where N 4

L' = L' pisey,

¢(L) = o¢(L)
and L = (ﬁl, e ,ﬁ”) For any fixed ¢ > 0, this modified SDE is globally
Lipschitz over the time interval [0,¢]. This follows since both /i and & are
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bounded on [0, t]. It thus follows from Theorem 6.27 that strong existence and
pathwise uniqueness hold for the SDE (4, ji). (Note that all the components of
the driving d-dimensional Brownian motion in Theorem 6.27 are independent,
whereas W in (18.9) is a correlated Brownian motion. Casting (18.9) in that
form is a straightforward matter.)

Let L now be a solution process for the SDE (6,01). By applying Itd’s
formula to obtain an SDE for logi it is clear that the process L can be
written in the form

i = the( [ ol awi+ [ (345~ HoLE)7)an).

Since 6 and fi are bounded, the process L is a.s. strictly positive and thus is
also a solution for the original SDE (o, y) (which only differs from (&, ) when
the solution process takes negative values).

The strong Markov property follows immediately (for L and thus for L)
from Theorem 6.36. O

We have just shown that there is indeed a process L satisfying the SDE
(18.8). This was necessary for the model to be arbitrage-free. Of course it
is not sufficient. We must additionally check that all D.g -rebased assets are
martingales in the measure F (step (iii)). But, from (18.7), D’ can be written
as a Dolean exponential,

N t D i ) )
D;Dgg(/ Z(O‘Ji%)ggdwg).
0 ;S ol

Observing that the exponentiated term has bounded quadratic variation over
any time interval [0,¢], it follows from Novikov’s condition (Theorem 5.16)
that D is indeed a true martingale.

It remains to show that the economy can be extended in such a way that
all numeraire-rebased assets for the whole economy are martingales. This is
straightforward. Up until time S,, we have taken D.g_ as numeraire but have
not defined its law fully as yet. What we have done is define the law of the
processes L. However, since Dg,s, = 1, we can recover the functional form
Dg;s, (Ls,) from (18.4). Extend the model as follows. For any S; < ¢ < Si41,
define
Siy1—t t—S;

'DSiSn<Lt) + _DSi+ISn<Lt) :

D L) = —/— o
isn(Lt) Si+1 —Si Sit1—S;

This is a continuous semimartingale and its law can be found from that of the
process L and the defining functional forms. We use this to define a numeraire
model (as defined in Chapter 8): for 0 <t < § < 5,,, define

Dys = Dys, (Ly)EBr [Dgg (Ls)|F] -
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It is readily seen that this is consistent with the assumptions made above. To
complete the model, for ¢t < S,, < S take

Dys
D S = D Sn )
t t Dos,
and for S, <t < S
Dys
Dig = ——
tS Dot

For the corresponding numeraire, take D.g, until time S, and then the unit
rolling numeraire from then on.

18.2.3 Example application

One important exotic product which is relatively popular is the limit cap.
This product is so closely related to the underlying vanilla cap that accurate
calibration is essential, and thus the LIBOR market model is ideally suited to
valuing this product.

A limit cap is identical to a vanilla cap except there is a limit imposed on
the total number of caplets that can be exercised. As per a cap, the limit
cap thus comprises a number of payment dates S;, ¢ = 1,2,... ,n, and a set
of strikes K;, i« = 1,2,...,n. There is also a limit number m. The holder
of a limit cap receives the first m caplets that set in the money. Note that
the option holder does not have the right to refuse to exercise any particular
caplet that sets in the money (perhaps because it is only just in the money)
and thus the product is path-dependent but not American. This means that
pricing can be carried out via simulation of the LIBOR process and option
payout, and the high dimensionality of the Markov LIBOR process does not
cause major difficulties.

One could choose to implement a multi-factor LIBOR market model to
price this product. Because for each reset date there is only one market rate
used to determine the option payoff, in practice we ourselves have always
restricted to a single-factor model (see the discussion in Chapter 9). One
can, by introducing a mean reversion parameter, as discussed in Section 19.7,
reflect the relevant market distributions even within the one-factor setting.

18.3 REGULAR SWAP-MARKET MODELS

For path-dependent products based on swaps and swap rates, such as barrier
swaptions (discussed in Section 18.3.3), we would like to develop swap-rate
models analogous to the LIBOR models just introduced. The procedure for
doing this is identical to that for LIBOR models, with only the notation and
algebra being more difficult.
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We make the following definitions relating to a series of swaps all maturing

on the date S,,. Taking for convenience ag = 1, we define, for i = 0,... ,n,
n
Pti = ZathSj ,
j=i
Pl = P zn:a. Des, (18.10)
Dys,, ! Dys,

and, for 1 <i < n,

Dys,_, — Dys

% i—1 n
yp = — (18.11)
\I/i = H (1 =+ ajyg'H) .
j=1

We also take P*t1 = y"t1 = 0 and U0 = 1, ¥~! = (¥1)~1. It follows from
(18.10) and (18.11) that, for i =0,... ,n,

Pl =a;+ (1+ agyitH P (18.12)
whence, for i =0,... ,n,

TP = U WP
It then follows inductively that

n i1
Zj:i o; U

P = :
t \I/i_l

(18.13)

We follow the same four steps in developing the swap-market model as we
did in Section 18.2 for the LIBOR market model, starting with the derivation
of the relationship between the diffusion and drift of the market swap rates.

18.3.1 Determining the drift

We want to develop a model for the term structure of interest rates for which,
for each i =1, ... ,n, the forward par swap rates y* solve an SDE of the form

dy; = pi(ye)yi dt + of (ye)y; AW, (18.14)

where W is a (correlated) Brownian motion with dW/dW; = p;;dt and
y = (y',...,y"). We again work in the forward measure F corresponding
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to taking D.s, as numeraire. Then, if the model is to be arbitrage-free, each
of the Pi, 1 =0,...,n, must be a martingale under this measure. This again
imposes a relationship between the diffusion coefficients ¢ and the drifts i’
in the SDE (18.14), which we now derive.

Suppose each of the Piisa martingale under the measure F and apply It6’s
formula to (18.12) to obtain

AP} = (1 + ay; ™) AP + i Py + cudyi T AP (18.15)

Suppressing the dependence of o (and later of u*) on the vector y, equating
local martingale parts yields

dpti =1+ azyiﬂ)dpt”l + ptHl zy§+1 '+1thi+1 )

whence
i—1 75 i 7 pit1 i (v i+1 ittt
Ui-lgpt = pigpt + Ut p ? 7 dWl
t t 1L 11 <1+C¥1 z+1>
It now follows by backward induction, down from ¢ = n, that for ¢ =
0,...,n—1,
vildp) = Z o 1P3< IRY >ogde,
j=it1 1+Olj 1yt
and so " e )
o o \I/J_ PJ . J . .
B =B Y i t( L1t j>agdwg. (18.16)
j=it1 \Ift Pt 1+ a5 1Y

Now we can also equate the finite variation terms in (18.15) to obtain, for
1=0,...,n—1,

aiPtiJrl 1+1 Z+1dt _|_ ;o Z+1 +1thi+1dPti+1 — 0’

and thus, for i =1,...,n,
n s .
: VR iyl N\ o
p(ye) = — 15, =)ot (ye)od (ye)pi -
j;+1 VP \1+a; 1y Y

Finally, the original SDE (18.14) becomes

, N UTR (O ay
dy; = < z 1A < = 1yt >Ut(yt)‘7t (yt)p”>ytdt + i (ye)y; AW} .

j=it1 U B\ + oy
(18.17)
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18.3.2 Existence of a consistent arbitrage-free term structure
model

It remains for us to prove that the SDE (18.17) has a solution and that there
is a full arbitrage-free term structure model consistent with this SDE. This
is precisely steps (ii)—(iv) of Section 18.2. Step (ii) is carried out as for the
LIBOR market model and leads to the following theorem. Note that this
again includes the important special case when o (y;) = o?, a locally bounded
deterministic function of time.

Theorem 18.2 Suppose that, fori = 1,... ,n, the functions o* : R* xRt —
R are bounded on any time interval [0,t]. Then strong existence and pathwise
uniqueness hold for the SDE (18.17). Furthermore, the solution process y is a
strong Markov process.

Proof: The proof is identical to that for Theorem 18.1 once we have established
that the functions u’ are bounded over the time interval [0,t] when y® > 0
for all 4. This is immediate once we observe, from (18.13), that Wi P, is

decreasing in 1. O
Now that we know that (18.17) admits a solution for suitable o, we must
carry out step (iii) and show that for this solution and for each i = 0,... ,n,

the processes D.g,/D.s, are martingales in the measure F. Equivalently, we
need to show that the processes P? are martingales. That they are local
martingales follows from the form of (18.16). But, from (18.16), P’ can be
written as a Dolean exponential,

n

t i—1 pj j
N A yi—-1pJ a1yl ) )
Pzszé'/ v u Iou )aﬂudW,{).
e (0 2 \112—11%3(

J
j=i+1 1 + O —1Yu

The integrand is bounded over any finite time interval [0,¢] and thus Piisa
martingale by Novikov’s condition. The model is completed by carrying out
step (iv) and extending to all bonds and to the time interval [0, 00). This last
step is precisely the same as for the LIBOR model of Section 18.2.

18.3.3 Example application

The most important swap-based multi-temporal product in the market is
undoubtedly the Bermudan swaption. Whereas the models described in
this section are theoretically well suited to pricing this product, the high
dimensionality of the underlying Markov process, combined with the American
nature of the Bermudan swaption, means it is very difficult to use market
swaption models for the Bermudan.

One product for which a market swap-rate model is suited is the discrete
barrier swaption. This product is similar to a vanilla swap with one
modification. If, on any of the swap reset dates T; = S;_1, the par swap



Reverse swap-market models 347

rate y° is above a given barrier level H; then the rest of the swap is cancelled
and no further cashflows take place. This is an up and out barrier swaption.
There are also the obvious variants, the up and in, down and out, and down
and in swaps.

The discrete barrier swaption is path-dependent and can be valued within
a swap-market model using simulation. One factor is a natural choice and a
mean reversion parameter (see Section 19.7) should be included to create the
desired joint distributions for the underlying swap rates.

18.4 REVERSE SWAP-MARKET MODELS

The model described in Section 18.3 above is suitable for path-dependent
products such as barrier swaptions where the exotic product to be priced is
related to a collection of swap rates which set on different dates but which have
a common maturity date. There are other situations where several swaps need
to be modelled and they have in common not their maturity date but their
start date. One example of this was the spread option which was discussed in
Section 16.3.1. Here we return to the problem of pricing European derivatives
and present a variant of the model described in Section 18.3 which is suitable
for such products. As will become clear, most of the procedure for developing
the model is similar to that in Section 18.3, with the exception of step (iv)
in the construction which uses techniques developed for terminal swap-rate
models.

Now we make the following definitions relating to a series of swaps all
starting on date T'= Sy but with maturity dates S1,...,.S5,. Note that these
differ from those of Section 18.3. We define, for i = 1,... | n,

%
Ptl = E OlthS].,
j=1

i Dyr — D Si
Y= (18.18)
t
.. pi '\ Dis,
Pli=—t =% a;— 18.19
t DtT Zl J DtT ( )

and

I =[] (1 + ajy{) :

j=1

It follows from (18.18) and (18.19) that, for i =1,... ,n,

(14 awi)P! = a; + P71, (18.20)
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i _ i—1 i—1 pi—1
I Py = olly ~ + 10 P,
where P° = 0 and II° = 1. Induction now yields

Z;‘:l a; 1T

P = : 18.21

18.4.1 Determining the drift

Once more, we wish to develop a model for the term structure of interest rates
for which, for each ¢ = 1,... ,n, the forward par swap rates y* solve an SDE
of the form

dy; = pi(ye)y; dt + o} (ye)y; AW} (18.22)

where, as before, W is a (correlated) Brownian motion with dW;dW; = pijdt.
For this model we work in the measure F corresponding to taking D.r as
numeraire. Applying It6’s formula to (18.20) yields, for i = 1,... ,n,

APt = (14 ay})dP} + o Pidy} + cidyid P} . (18.23)

Since we require each Pi to be a martingale under the measure F, we can
substitute (18.22) into (18.23) and equate local martingale parts to obtain

dPi7 = (14 uyl)dP} + Plagyiot dW;

%)Qth ,

I 'dP~t = P} + Hiﬁg’(l "

and thus, inductively,
MdP} = Z IT! P/ <

v aiTHE [ a _
dp; = fpgz i <7aﬂyt j)agdwg.
— IR \ 1+ a;y;

) AW
1 +ajyt

Equating the finite variation terms in (18.23) now yields
Pti/ii(yt) dt + UZ(%) thidPti =0,

and thus

: T P}
pi(ys) == L5

7
;Y. i j
(—J : -)at<yt>oz<yt>pij-

= 1+ oz]yt
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Thus the SDE (18.22) can finally be written in the form

. L TP oyl ; j - i ; '
dy! = — Lot <7j ¢ .>0’Z ol i | ys dt + o} AW} .
Yt (E B \1+a,y) (W) ot (ye)pis | i ¢ () y; AW

Jj=1

(18.24)

18.4.2 Existence of a consistent arbitrage-free term structure
model

Again we must complete the model by carrying out steps (ii)—(iv) of Section
18.2. Observing from (18.21) that II: P} is increasing in i, exactly the same
proof as used for Theorem 18.2 yields the analogous result here.

Theorem 18.3 Suppose that, fori = 1,... ,n, the functions o* : R* xRt —
R are bounded on any time interval [0,t]. Then strong existence and pathwise
uniqueness hold for the SDE (18.24). Furthermore, the solution process y is a
strong Markov process.

The proof of this result also establishes that the solution process y has
all its components strictly positive. It then follows from the definition of y?
(equation (18.18)) that, for each i, Dys, < Dyr and thus P} < > =1 - So
the continuous local martingale P is bounded, hence a true martingale and
we have completed step (iii).

Thus far we have only defined the dynamics of a finite number of bonds
and so we must extend the model. There is, as was the case for the terminal
swap-rate models of Chapter 13, no unique way to extend the economy, and
in practice we do not carry out this extension, we just need to know that it
can be done. We can do this in a very similar way to that used in Section
13.4.2 to extend a terminal swap-rate model.

To carry out this extension, observe that at time T the discount factors
Drg, can all be written as a function of the strong Markov process y, indeed
as a function of yr (see equation (18.21)). For intermediate maturities S,
define Drg by
Siy1 =8 5-5
Siy1— S; Drs, + Siy1— S; Drsi
where S; < § < S;y1, and for S < T define the ‘pseudo’-discount factors
Drg = eXp(—CA’Sy%«) for Cg being the unique solution to

D .
—DOS = Ep [eXp(Osy%)} :
oT

We then define discount factors at any earlier time ¢ < T from the (required)
martingale property,

Drs =

_ Dys/Dyr _ Er[Drs|Fi]
Dy /Dyr Er[Dri|Fe] -
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Finally, we extend the model beyond T in a deterministic manner by setting

Dr(yr)
Drs(yr)’

forT <t<S§S.

18.4.3 Example application

As mentioned above, this model is designed for pricing European swap-rate
derivatives. One important application is the single-currency spread option
which pays an amount (agt — 392 — K), for two par swap rates §! and §?2
and for constants a, 8 and K.

This product needs a two-factor model because there are two market rates
setting on the same date required to determine the payoff. Recall that in
Chapter 16 we priced spread options based on the spread between two market
rates in different currencies but could not work in one currency since there we
only developed terminal swap-rate models with one factor per currency.

The path-dependent nature of the SDE (18.24) means that pricing must be
done by simulation, even though the underlying product is European.
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Markov-Functional Modelling

19.1 INTRODUCTION

In this final chapter we consider models that can fit the observed prices of
liquid instruments in a similar fashion to the market models, but which also
have the advantage that derivative prices can be calculated just as efficiently
as in the Vasicek—Hull-White model, the most tractable short-rate model. To
achieve this we consider the general class of Markov-functional interest rate
models, the defining characteristic of which is that pure discount bond prices
are at any time a function of some low-dimensional process which is Markovian
in some martingale measure. This ensures that implementation is efficient
since it is only necessary to track the driving Markov process, something that
is particularly important for American products such as Bermudan swaptions.
Market models do not possess this property (for a lourdimensional Markov
process) and this is the impediment to their efficient implementation. The
freedom to choose the functional form is what permits accurate calibration of
Markov-functional models to relevant market prices, a property not possessed
by short-rate models. The remaining freedom to specify the law of the driving
Markov process means the model can be formulated to capture well those
features of the real market relevant to a given exotic product.

19.2 MARKOV-FUNCTIONAL MODELS

In Chapters 13—16 we developed a range of models to price exotic European
derivatives. We did this by focusing on the specific product to be priced
and on those features of the market relevant to that product. Because
we were studying Furopean products we were able to focus on market
distributions at one particular time. We explicitly modelled the distribution
of one appropriate market rate and then fitted a suitable functional form to
the full discount curve on that date. What resulted was a model with the
following important properties:

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)



352 Markov-functional modelling

(a) it was arbitrage-free;

(b) it was well calibrated, correctly pricing relevant liquid instruments
without being overfitted;

(c) it was realistic and transparent in its properties;

(d) it allowed an efficient implementation.

Here we develop models which also have the four properties above but which
are specifically designed for the pricing of multi-temporal derivatives such as
Bermudan swaptions. In particular, we shall develop models which satisfy the
following definition.

Definition 19.1 An interest rate model is said to be Markov-functional if
there exists some numeraire pair (N,N) and some process z such that:

(P.i) the process x is a (time-inhomogeneous) Markov process under the
measure N;
(P.ii) the pure discount bond prices are of the form

Dis = Dys(xy), 0<t<0s<S,

for some boundary curve 9g : [0,0*] — [0,0*] and some constant 0*;
(P.iii) the numeraire N, itself a price process, is of the form

Nt:Nt(iL't) 0§t§8*

Remark 19.2: The constant 0* and the boundary curve ds : [0,0*] — [0, 0*]
are introduced so that the model does not need to be defined over the whole
time domain 0 < ¢ < S < co. In the applications we have encountered it has
always been of the form

S, ifS<T,
ds = { (19.1)

T, ifS>T,

for some constant 7.

All the models discussed in Chapters 13-16 were Markov-functional. In
fact all models of practical use are Markov-functional, including the short-
rate models of Chapter 17 and the market models of Chapter 18. However,
each of these fails to some degree to satisfy properties (a)—(d). By focusing
on the Markov-functional property we will be able to develop models which
satisfy all four criteria and can be used to price multi-temporal products.

To satisfy property (d) and to be able to implement a Markov-functional
model in practice the driving Markov process must be of dimension one or at
most two. This is an ambitious requirement given that the product to which
the model is being applied is multi-temporal. The payoff, and thus also the
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valuation, of any multi-temporal derivative depends on (the joint distribution
of) a set of forward swap rates or forward LIBORs. The model must capture
(certain aspects of) the joint distribution of these rates.

Suppose we are aiming to price a product whose payoff depends (primarily)
on the swap rates (or LIBORs) {y!,... ,y™} on their respective setting dates
T1,...,T,. We assume, for now, that for each distinct setting date T; there
is only one associated swap rate y? relevant to the product. (This, therefore,
explicitly excludes products such as Bermudan spread options for which a two-
dimensional driving Markov process would be appropriate. We discuss how to
develop a Markov-functional model for products such as this in Section 19.5.)
The question arises as to whether it is possible to specify a Markov-functional
model for which the driving Markov process is only one-dimensional but which
nonetheless accurately captures the important properties of the joint distri-
bution of the ¢, i = 1,... ,n. In particular:

(Q1l) Given a one-dimensional Markov process x and a set of market swap
rates (or LIBORs), can we find functional forms D;gs(x;) such that the
model accurately reflects the prices of other vanilla market instruments
(i.e. swaptions) with payoffs dependent on each of the y% 7 Equivalently
(as we saw in Section 13.2.2), can we find functional forms such that the
marginal distributions of the yi in the associated swaption measure S*
agree with those implied from the market?

(Q2) If we can do this and capture the relevant marginal distributions, is there
still enough freedom in the model so that the full joint distribution of
the vector {y% : 1 <i < n} is adequately captured, or will satisfying
(Q1) lead to a model that is overfitted and thus a poor model for
the application to hand? We saw a case of the latter problem when
discussing irregular swaptions in Section 15.4.

The answer to the first question is yes, and Section 19.3 is devoted to
showing how to do this.

Turning to the second question, for all the applications that we shall
consider it turns out that, given the Markov process z, the functional forms
yZTl (z7,) are uniquely determined by the associated swaption prices. Thus the
only way to affect the joint distribution of these rates is then through the
choice of the Markov process x. But x is arbitrary and so there is considerable
freedom remaining in the selection of = to affect this joint distribution. There
is enough flexibility remaining even if we restrict = to be a Gaussian process,
one for which numerical implementation is particularly eflicient (as we saw
when pricing Bermudans with the Vasicek—-Hull-White model in Section 17.4).
In order to be able to choose x to give a good model we must have some
understanding of how the dynamics of = affects the relevant joint distributions.
Much insight can be gained by a close examination of the Vasicek—-Hull-White
model because of its tractability. We do this in Section 19.7.
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19.3 FITTING A ONE-DIMENSIONAL MARKOV-
FUNCTIONAL MODEL TO SWAPTION PRICES

Throughout this section and the next we shall restrict attention to developing
and understanding Markov-functional models for which the driving Markov
process is one-dimensional. We extend to the more general case in Section
19.5. We shall suppose that we have already selected the martingale measure
N in which to work and have specified the driving Markov process x. We
consider the problem of how to choose the functional forms for the numeraire
and discount factors so that the model calibrates accurately to the prices of a
set of swaptions, those corresponding to the rates y!,... ,y™ setting on dates
T <...<T,.

Defining the payment dates for the swap (FRA in the case when 3¢ is a
LIBOR) associated with the rate y* by S;., j=1,2,... ,m;, we assume in the
discussions below that, for all i, j, either S’; > T, or 5’;. = Ty, for some k > i.
The assumption makes the ideas below easier to develop but is not strictly
necessary for the results that follow. It does hold for the most important
products encountered in practice, such as a Bermudan swaption associated
with a cancellable swap. If the assumption does not hold one can always
make it hold by introducing auxillary swap rates y* as necessary.

To specify the model fully we must define the functional forms D;g(z;) for
all0 <t <8 <S) ,0<t<T,, and also the functional form N (x;).
Note from Definition 19.1 that, given the law of the process x under N, to
completely define a general Markov-functional model it is sufficient to specify:

(P.ii’) the functional form of the discount factors on the boundary g, i.e.
Dass(l‘as) for S € [0,8*};
(P.iii") the functional form of the numeraire N;(x;) for 0 < ¢ < 9*.

That is, we do not need to explicitly specify the functional form of discount
factors on the interior of the region bounded by 0g. This follows because
these interior discount factors can be recovered via the martingale property
for numeraire-rebased assets under N,

Dags(zos)

DtS(-'L't) :Nt<$t)EN[ N, (»Ta )

}'t] : (19.2)

We shall always consider Markov-functional models for which the boundary
is as given by (19.1). In this case the terminal time is the last swap start date
T,. For t < T, we know the form of the discount factors on the boundary,
Dyi(x¢) = 1. Thus, all we need to know is the functional form of discount
factors at Ty, D, s(21,), S > T), and the functional form of the numeraire
for t < Tp, Ni(zy).

Before deriving these functional forms, we make one further important
observation. For the multi-temporal product in question the value depends
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only on discount factors at the times 7T4,...,7T, and for maturities SJZ'-, i =
1,...,n,7=1,... ,m;. Thus we are interested in the functional forms only
on the grid shown in Figure 19.1.

(T4 S (T, 8
X X x X X
(To—1 S77)
X X X X X
X X x x/
X X x/
x/x/
X
1 1 1 1 1
T T, T,

Figure 19.1 Model gridpoints

Since we need only specify the model on the boundary, it follows that all
we need to define to recover the grid are the functional forms DTnS; (zr1,),

j=1,... ,my, and the functional form Np,(z7,), 1 <i <n.

19.3.1 Deriving the numeraire on a grid

We now show how to construct these functional forms inductively in such a
way that the resulting model correctly prices options on the swaps associated
with the rates y’. We work backwards from 7, to 7} constructing the
functional forms on the grid of Figure 19.1. Completing the specification of
the model at other times is not necessary for the application. However, just
as was the case for our discussion of terminal swap-rate models and market
models, we need to know that it can be done in such a way that the resulting
model is arbitrage-free. We do this in Section 19.3.2.

As a first step we must specify the functional forms Dr, gr (zr1,), 7 =
1,...,my, to be consistent with swaptions associated with the swap rate
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y™. We have seen how to do this in Chapter 13 in our discussion of terminal
swap-rate models so we shall assume we have already carried out this step.

It remains to specify the functional form of the numeraire at the times
Ti1,...,T,. We will make two further assumptions:

(A.i) the choice of numeraire is such that Nt (z7,) can be inferred from the
functional forms of the discount factors at T,;

(A.ii) the ¢th forward par swap rate at time T7, yIT, is a monotonic increasing
function of the variable z,.

The latter assumption is natural if z is intended to capture the overall level
of interest rates.

In the remainder of this subsection we show how market prices of the
calibrating vanilla swaptions can be used to imply, numerically at least, the
functional forms N, (z7,) for ¢ = 1,...,n — 1. Equivalent to calibrating to
vanilla swaption prices is calibrating to the inferred market prices of PVBP-
digital swaptions. A PVBP-digital swaption corresponding to y* having strike
K has payoff at time T; of

where P? is the PVBP of the swap corresponding to the swap rate y*. Its value
at time zero, applying the usual valuation formula (Corollary 7.34), is given
by

Vi (K) = No(w0)Bx | P (01, Lyt (a5 1) (19.3)
where
A s P/Zzn (:I,‘T)
Pi (xp,) = ———~
(o) Nr, (z1,)

That knowledge of V&(K ) for all K is equivalent to knowlege of the vanilla
swaption prices V{(K), again for all K, follows as in Section 13.2.2 from the
identity Vi (K) = — 2 Vi (K).

To determine the functional forms of the numeraire N, (z7,) we work back
iteratively from the terminal time T),. Consider the ith step in this procedure.
Assume that Np, (z71,),k =i+ 1,...,n, have already been determined. We
can also assume that
Dr,s(zr)

DTiS(xTi) = Np. (xT)

is known for relevant grid-times S > T, having been determined using (19.2)
and the known (conditional) distributions of x7,, k =4,... ,n. Note that this
implies that P7, is also known.
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Now consider yiTi, which can be written as

Dr,r, — Drys;i
yTl - sz“l
N;'— Drgi Ny
= = N*ll . (19.4)
T:"'T;

Rearranging equation (19.4), we have that

Nr(er,) :
T.(21;) = = . - .
PTZ} (xTz )yi (xTz) + DTZS;,“ (xTz)

(19.5)

Thus to determine N, (27, ) it is sufficient to find the functional form y?. (z7; ).
By assumption (A.ii) there exists a unique value of K, say K*(z*), such
that the set identity

{zr, > 2"} = {yf, > K'(z*)} (19.6)
holds. Now define
Ji(@*) = No(wo)Bx [P (01, Lgar, 50 |- (19.7)

For any given z* we can calculate the value of J&(z*) using the known
distribution of x7, under N. Furthermore, using market prices we can then
find the value of K such that

To(a) = Vi (K). (19.8)

Comparing (19.3) and (19.7), we see that the value of K satisfying (19.8) is
precisely K‘(x*). Clearly, from (19.6), knowing K *(z*) for any z* is equivalent
to knowing the functional form y#. (21, ), and we are done.

It is common market practice to use Black’s formula to determine the
swaption prices Vi (K). Observe, however, that the techniques here apply more
generally. In particular, if the currency concerned is one for which there is a
large volatility skew, meaning the volatility used as input to Black’s formula
is highly dependent on the level of the strike K, these techniques can still
be applied. This is particularly important in currencies such as yen in which
it is not reasonable to model rates via a log-normal process. The ability of
Markov-functional models to ‘adapt’ to all different markets is one of their
major strengths.
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19.3.2 Existence of a consistent arbitrage-free term structure
model

As we did for the terminal swap-rate models in Chapter 13, and for the market
models in Chapter 18, we need to ensure that there exists a full arbitrage-
free term structure model consistent with this Markov-functional model. The
approach we adopt here is very similar to those used earlier.

What we have already done in Section 19.3.1 is to derive a functional form
for the numeraire N at the grid-times T;. By definition each of the bonds D.r,
when divided by the numeraire is a martingale,

Dy, D1, T;
—~ =E — | Fi| -
= | S| 7
It remains to show that we can develop a model such that this also holds for
maturities T ¢ {T1,...,T,}. We extend to other maturities as follows. For any
t <T,, define
Tig—t t-=1T
N =—N ——Nr 19.9
t(zt) CZ-;+1 _ CZ-‘Z I] (:Ct) + EJ,»l _ Cz—; Tl,+1 (xt)7 ( )

where T := 0 and T; < t < T;41. This is a continuous semimartingale and its
law can be found from that of the process z and the defining functional forms
Nz (). Use this to define a numeraire model (as introduced in Chapter 8) as
follows. For 0 < ¢ < 5§ < T, define

Dys(1) := Ni(z)En[Ng " (z5)| ),
and for 0 <t < T, <8 define

Dis(e) i= Ni(0)En [M‘ f,} .

N, (v1,)

It is readily seen that this is consistent with the assumptions made above.
To complete the model, extend the model in a deterministic fashion from
time T),: (or)
Dy, t(zr,
Dys = —=—=,
D, S(xr,)
for T, <t <8S.
For the corresponding numeraire, take N until time .S;, and then the unit

rolling numeraire from then on.

Remark 19.3: Note we could also have taken

Dor — Doz, g
el |V ) +
Dor, — Dop,, & (21)

i+1

Do, — Dor

N7 () = Dor. — Dor..
() Dy, — Dor,,,

Ng, (a:)
instead of (19.9). If we wanted to actually build such a general model this
latter interpolation is more convenient since it is N~! that appears in valu-

ation formulae, and it is also consistent with a general initial discount curve
{D()t it Z 0}
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19.4 EXAMPLE MODELS

In this section we introduce two example models, both one-dimensional,
which can be used to price LIBOR- and swap-based interest rate derivatives
respectively.

19.4.1 LIBOR model

The model we now describe, the LIBOR Markov-functional model, is designed
to price path-dependent and American products which depend explicitly on
a contiguous set of forward LIBORs. We denote this set of forward LIBORs
by L' for i =1,2,...,n. Denote by T; the start of the ith LIBOR period,
by S; the end, and let o; =.S; —T; be the corresponding accrual factor.
So, in particular, S; =T;;; for i=1,...,n—1 and, using the notation of
Chapter 10, Li = L;[T;, S;]. Further, write T, := S,,.

An example of the type of product we might wish to price with this model is
the flexible cap. A flexible cap is defined by the sequence L?, a corresponding
set of strikes K;, and a limit number m. The holder of a flexible cap has the
right to exercise (or not, as he may decide) up to a maximum of m caplets.
This contrasts with the limit cap, introduced in Chapter 18, for which the
option holder was forced to exercise any caplet setting in the money, up to
a maximum of m. It is the added American feature of the flexible cap which
makes it hard to price using the market models of Chapter 18.

As described in Sections 19.2 and 19.3, a Markov-functional model can be
specified by properties (P.i), (P.ii’) and (P.ii'). We work in the swaption
measure S" corresponding to the numeraire D.g,. Here we will be consistent
with Black’s formula for caplets on L" if we assume that L" is a log-normal
martingale under S”, i.e.

dL} = o} L}dW, (19.10)

where W is a standard Brownian motion under S” and ¢" is some determin-
istic function. We will often take of' = ge™, for some o > 0 and some mean
reversion parameter a, for reasons explained in Section 19.7. Note, however,
that this form is too simplistic to use in practice as it does not dynamically
fit an appropriate implied market correlation structure.

It follows from (19.10) that we may write

1t
L} = Lj exp (—5/ (og)gdu—l—wt),
0

where z, a deterministic time-change of a Brownian motion, satisfies

We take = as the driving Markov process for our model, and this completes
the specification of (P.i).
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The boundary curve dg for this problem is exactly that of (19.1). For this
application the only functional forms needed on the boundary are Dr, 1, (z;)
for i = 1,2,... ,n, trivially the unit map, and Dz, g, (7, ). This latter form
follows from the relationship

1
D e ———
S T T Ly

which yields

1
1+ o, Liexp(— fo U”2du—|—xT).

Dr,s, =

This completes (P.ii’).

It remains to find the functional form Nr,(zr,), in our case Drg, (z1,),
and for this we apply the techniques of Section 19.3.1. Take as calibrating
instruments the caplets on the forward LIBORs L?. The value of the ith
corresponding digital caplet of strike K is given by

Tri DTiTi+1 ("BTl)

Vo (K) = Dos,, (z0)Es» Drs (or) i @r)>K)

If we assume the market value is given by Black’s formula with volatility &°,
the price at time zero for this digital caplet is

Vi(K) = Dor, ., (z0)®(d3), (19.12)

where (LK)

. log(Ly/K 14

dy = ———=+ — 56"\/T;

STV,
and ® denotes the cumulative normal distribution function.

To determine the functional form Dr,g, (zr,) for i < n, we proceed as

in Section 19.3.1. Suppose we choose some z* € R. Evaluate by numerical
integration

DTiT+1(xT)]1 :|
Dr;s,(ar,) 7T

AT

Ji(e") = Dos, (w0)Es» [

DT +1Ti41 ($T1+1 )
DT’H»lSn (xTi+1 )

oo o0 1
=D A Py, | du| ¢zp, (v)d
o5.00) [ || G tenon ()] 6y ()0
(19.13)
where ¢, denotes the transition density function of zr, and ¢$Ti+1 |z, the

= Dos,, (z0)Esn |:ES" {

density of x7,,, given x7,. Note from (19.11) that Par,, lor, 15 @ normal
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density function with mean z7, and variance fTT "1 (0™)? du. Finally, note the
integrand in (19.13) only depends on D7, s, (¢1,,,) which has already been
determined in the previous iteration at T4 ;.

The value of Dr,g, (z*) can now be determined as follows. Recall from
(19.5) that to determine Dr;g, (z*) it is sufficient to find the functional form

LY, (x*). From (19.6) and (19.8),

Ly, (2") = K'(a")
where K*(z*) solves B
Tila®) = F(K (a)) (19.14)

We have just evaluated the left-hand side of (19.14) numerically and K ‘(z*)
can thus be found from (19.12) using some simple algorithm. Formally,

Ly (%) = Liexp| —3(6")2T; — 61 y/T,0 (M)} .

DOTH»I (1‘0)

Finally, to obtain the value of Dr,g, (z*) we use (19.5).

19.4.2 Swap model

Here we construct a swap Markov-functional model suitable for pricing swap-
based products such as the Bermudan swaption. The model described here is
suitable for the special case of pricing a Bermudan swaption which corresponds
to a cancellable swap. We restrict to this case to keep notation simple.
Generalizations are straightforward.

We have already met Bermudans and cancellable swaps on several occasions,
in particular in the preceding Orientation on multi-temporal products and
in the discussion of the Vasicek—Hull-White model in Chapter 17. Here we
suppose that the cancellable swap starts on date 77 and has payment dates
S1,...,5,. As previously, we refer to the exercise times of a Bermudan
swaption as T1,...,7T, and denote by «; the accrual factor for the period
[T;, S:]. '

For this model the ith forward par swap rate y*, which sets on date T;, has
coupons precisely at the dates S, ... ,S,, and is given by

i _ Dir, — Dys,
Y = Ta

n
where ;
.PtI = E OéthSj .
j=i

Note that the last par swap rate y™ is just the forward LIBOR, L",
for the period [T),,S,]. As in the LIBOR example above, we take D.g,
as our numeraire and work in the swaption measure S™. Furthermore, we



362 Markov-functional modelling

specify properties (P.i), (P.ii’) and Dr, s, (z1,) exactly as for the LIBOR
model. However, (P.iii’), the functional form for the numeraire D.g_ at times
T;,i=1,... ,n—1, will need to be determined.

For this new model the value of the calibrating PVBP-digital swaption (as
defined in Section 19.3.1) having strike K and corresponding to y* is given by

‘702(K) = DOSn (.’Iﬁo)Egn DT.S (:IZT)

(v}, (27> K} | -

If we assume that the market value is given by Black’s formula then the price
at time zero of this PVBP-digital swaption has the form

Vi (K) = Pg(x0)®(ds) (19.15)
where

Here Black’s formula implies that the marginal distribution of the yIT are
log-normally distributed in their respective swaption measures.

Next suppose we choose some z* € R and, for ¢ < n, evaluate by numerical
integration

Jé(g;*) = DOSn (xo)ESn |:DTS (:IZT)

]]'{ITi >:E*}:|

Pr. . (xr,
= Dys, (20)Esgn [Egn [M

Fro | Lip so*
DTi+ISn<mTi+1) TZ:| (o> }]

oo o pi
= Dos,, (o) /* |: ﬂ(ﬁznﬂ |z, (w) du:| ¢wTi (v) dv

—00 DTi+1Sn (u)

Note that to calculate a value for J§(z*) we need to know Dr,, 1, (21,,,), j >
i. These will have already been determined in the previous iteration.
Now, as in Section 19.3.1,

yr,(z") = K'(z")
where K*(z*) solves _
Jo(z*) = Vg (K*(2")). (19.16)

Having evaluated the left-hand side of (19.16) numerically, K*(z*) can be
recovered from (19.15). Formally, we have

3 * i ~i i B Ji z*
vr, () = yoexp | ~3(6")°T; — &'V T;® 1(%)]
0

:130)

The value of Dr,g, (z*) can now be calculated using (19.5).
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19.5 MULTIDIMENSIONAL MARKOV-FUNCTIONAL
MODELS

All the discussion so far has focused on Markov-functional models for which
the driving Markov process is one-dimensional. This is sufficient for many
practical applications, but not all. One product not covered is the Bermudan
callable spread option. Another important example is as follows. Consider a
swap for which one leg is a standard floating leg, with payments being based
on LIBOR, and the other is a CMS leg, with the amount of each payment
being based on some swap rate. Now suppose we wish to value this swap when,
additionally, the counterparty paying LIBOR has the right, on any payment
date, to cancel the rest of the swap. We call this product a Bermudan callable
CMS. A two-factor model is needed to price this product accurately. The
reason for this is the fact that the value of the underlying swap is insensitive
to the overall level of interest rates (both legs increase in value as interest
rates go up), but it is highly sensitive to the shape of the forward interest rate
curve, i.e. to the relative level of different forward rates.

The techniques developed in Sections 19.3 and 19.4 relied heavily on the
one-dimensional property of the Markov process z. In particular, we assumed
in (A.i) that the swap rates to which we calibrate are monotone functions
of the process z. This and the one-dimensional property of x resulted in the
set identity (19.6) which was crucial for the efficient implementation. This
property would be lost if  were taken to be of higher dimension.

The solution to this problem, of retaining the set identity (19.6) while
increasing the dimensionality of the Markov process, is to generalize = to
be a one-dimensional process which is not itself Markovian but which is a
deterministic function of some higher-dimensional process which is Markovian:

Tt = f(ztat)v

where z is a (time-inhomogeneous) Markov process of dimension d and
f : R?x R — R. As in the one-dimensional case, in practice we usually
take z to be a time-changed Brownian motion.

If we adopt this approach, all the techniques developed in Sections 19.3
and 19.4 still apply. Of course, the algorithm takes longer to run since one-
dimensional integrals have been replaced by d-dimensional integrals, but that
is always the case for a genuine d-dimensional model. What remains is to
choose the Markov process z and the function f. By careful choice of these
it is possible to generate a wide range of models which calibrate to selected
marginal and joint distributions. Work in this area is at a very early stage,
but here we outline one of the simplest choices that can be made.
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19.5.1 Log-normally driven Markov-functional models

The high dimensionality of the (log-normal) market models in Chapter 18 is a
severe impediment to their use for pricing and hedging American-type prod-
ucts. A considerable literature has developed which attempts to overcome
this, sometimes by clever use of simulation, sometimes by approximating the
market model by some process of lower dimension. In this latter case the
most common approach used is to replace the state-dependent drift in the
market model by some simpler drift. For example, we could replace the state-
dependent drift jii(L;) in equation (18.5) by the corresponding drift with time
t replaced by time zero throughout. The resultant LIBOR process is then
jointly log-normal and Markov-functional, with the dimension of the driving
Markov process being equal to that of the underlying driving Brownian motion
in equation (18.5) (which will usually be much less than the total number of
LIBORs being modelled).

More sophisticated approximations along similar lines, allowing for (deter-
ministic) time-dependent drifts and accurate convexity adjustments, are also
available. All admit arbitrage but they do give yield curve distributions similar
to those of the market model being approximated.

A simple log-normal approximation to a log-normal market model makes a
good basis for selecting the function f in the Markov-functional approach. For
example, what follows is, in outline, a model designed for pricing a Bermu-
dan callable CMS. Suppose we have in mind a two-factor Markov-functional
model which prices exactly all swaptions based on the rates yZT i=1,...,n,
on which the constant maturity leg payments are based. Start by defining an
approximate LIBOR market model using equation (18.5) but with the drift
term y} (L) replaced by ) (Lo). (We use a LIBOR market model in preference
to a swap market model because LIBOR is the other relevant index for the
Bermudan callable CMS.) It follows from equation (18.8) that the approxi-
mate LIBOR process L for this approximating model now satisfies the SDE

. " L) o o
dij=—| 3 (20 ) oiolpy | Lidt +oiLiaw;,
j=i+1 1+ oL

which in turn admits the solution
¢ ¢
Li = Liexp </ﬁ -3 / (o)) du + / adeWO , (19.17)
0 0
where _
) n o 'L] o
s\ 1+l

In the simplest case one might choose the volatilities o’ to be constant in
time and consistent with caplet prices and choose the correlations p;; so that,
within this approximate LIBOR market model, the swap rates gy, (which are



Relationship to market models 365

a known function of the LIBORs) have the correct market-implied variance.
The time-independent volatility structure can be generalized to incorporate
mean reversion, but we omit that possibility here for ease of exposition.

Now take the driving Brownian motion W to be of dimension 2, meaning
it can be written in the form W; = Mz; for some n x 2 matrix M and a
standard two-dimensional Brownian motion z. This and the assumption of
time-independent volatility mean that (19.17) can be rewritten as

Li = Liexp(u't — Lot + Mz} + Mp2}),
which is of Markov-functional form,
In particular N N
T, = Lr,(21)
Suppose now that we are constructing a Markov-functional model and have
done so at times Tj11, ..., T,. Applying the martingale property of numeraire-

rebased assets, we can recover the functional forms {Ly, (21,),j > i}. We now
write the swap rate §' as
g1, = U, (L, Ly, § > i) = [' (21, T)).

Using the above approximation to a market model as a guide, we take z
as any one-dimensional process such that, for each i =1,...,n,2(21,T;) =
fi(zr.,T;). There are many ways to define z at intermediate times but this
has no effect on the model so we shall not specify it further. Having chosen z,
we now proceed as in Section 19.3.

Following the above procedure leads to a model which is arbitrage-free,
calibrated exactly to the swap rates y} ,i =1,...,n, and which has the desired
correlation structure for each pair (LiT[, yZT ). The intertemporal distributions
of these rates can be controlled by the introduction of, and appropriate
choice of, mean reversion parameters. Section 19.7 discusses this in the one-
dimensional case.

19.6 RELATIONSHIP TO MARKET MODELS

An obvious question which arises is how the Markov-functional models of this
chapter relate to the market models introduced in Chapter 18. The class of
Markov-functional models is strictly larger. That it contains all the market
models described in Chapter 18 follows from Theorems 18.1, 18.2 and 18.3
which showed that the market models given there were all Markovian. That
the Markov-functional class is strictly larger follows since the driving Markov
process could be taken to have dimension greater than the number of swap
rates being modelled. In practice, of course, one would not choose to do this—a
primary motivation for the Markov-functional formulation is to reduce the
dimensionality.
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One could, as is common, define market models more generally than we did
in Chapter 18 by allowing the coeflicients of the driving SDE to depend on
the whole sample path and not just the current value of the market rates.
Clearly for this more general case the resultant model will not be Markovian
and, therefore, not Markov-functional. Indeed, in this generality the class of
market models is equivalent to the class (PDB) described in Chapter 8 and
thus is the most general class of continuous interest rate models that we have
considered. In particular, it is more general than the (HJM) class.

Often when people refer to market models they mean the special case when
the forward par swap rates are assumed to be log-normal martingales in their
associated swaption measures. This yields Black’s formula for the prices of the
associated swaptions. A further question, therefore, is whether it is possible
in this case to write a market model as a function of some lowdimensional
Markov process. In fact it is not. The reason for this is that the assumption
of log-normal processes in a market model is much stronger and more restric-
tive than the assumptions made when fitting a Markov-functional model to
swaption prices given by Black’s formula. In the latter case we only assume
that the swap rates, in their associated swaption measures, satisfy the mar-
tingale property and have a log-normal distribution on their respective fixing
dates. The additional restriction for log-normal market models is precisely
what makes those models difficult to use in practice because they cannot be
usefully characterized by a low-dimensional Markov process. The following
result, which can be extended to include the swap-market models, makes this
statement precise for the log-normal LIBOR-based market models.

Theorem 19.4 Let L = (L,... ,L™), n > 1, be a non-trivial log-normal
market model, where the L' are a set of contiguous forward LIBORs. Then
there exists no one-dimensional process x such that:

(i) Li= Li(z,) € C*Y(R,RY) fori=1,2,...,n;
(i) each Li(z:) is strictly monotone in x;.

That is, L is not a one-dimensional Markov-functional model.

Remark: We believe this result extends to hold for any process x of dimension
less than n and any functional forms L} ().

Proof: Suppose such a process z exists. Then it follows from the invertibility
of the map z; — L¥(z;) that we can write

Li=Ly(LY), i=12,...,n. (19.18)

Since L is a log-normal market model, it follows from (18.8) that it satisfies
the SDE

, " o LA o . o .
dL! = — Jit)ozaj ii | Ly dt + oy Ly dW} 19.19
t <j;rl<1+ang tOt Pij t tdot t ( )
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under the measure S™ (corresponding to taking D.g, as numeraire). Here
W = (Wl ... ,W") is a (correlated) n-dimensional Brownian motion with
thide = pijdt, ol,..., o™ are deterministic functions of time and the Q;
are, as usual, accrual factors. On the other hand, if we apply It6’s formula to
(19.18), we obtain

i [OLL 1y OL oLt ..
dLi = |t + 307 L})’ s |4+ sl
L} 1\ nympe O°Li oLt .o
i 3T L)’ e dt+8Ln o L dW; (19.20)

Equating the local martingale terms in (19.19) and (19.20) yields W& = W™,
for all 4, and
oL,  oiL;
oLy — oPL}’

(19.21)

Solving (19.21), we find
Li = ¢;(t) (L)% ® (19.22)

where c;(t) is some function of ¢t and 3;(t) = o} /o7.
Having concluded that W* = W™, for all i, (19.19) reduces to the form

. i a;LI
dL} = — Jit) i L dt + Usz dW" 19.23
; <j§1(1+ang oo i (19.23)

Substituting (19.22) back into (19.20) and equating finite variation terms in
(19.20) and (19.23) now gives (after some rearrangement)

LD | sinogrs) + oi(an - = - Y %

o \eit) j=i+1 1+a;L]

In particular, taking : = n—1 yields o = 0 and thus the model is degenerate.
O

19.7 MEAN REVERSION, FORWARD VOLATILITIES
AND CORRELATION

19.7.1 Mean reversion and correlation

Mean reversion of interest rates is considered a desirable property of a model
because it is perceived that interest rates tend to trade within a fairly tightly
defined range. This is indeed true, but when pricing exotic derivatives it is the
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effect of mean reversion on the correlation of interest rates at different times
that is more important. We illustrate this for the Vasicek—Hull-White model
because it is particularly tractable. The insights carry over to the market
models of Chapter 18 and the Markov-functional models of this chapter.
In the standard Vasicek—Hull-White model the short-rate process r solves
the SDE
d’f’t = (Ot — atrt)dt + Utth 5 (1924)

under the risk-neutral measure Q, where a, 6 and o are deterministic functions
and W is a standard Brownian motion. For the purposes of this discussion we
take a; = a, for some constant value.

Suppose we fit the Vasicek-Hull-White model to market bond and caplet
prices. The best we can do is to fit the model so that it correctly values
one caplet for each date T;, the one having strike K; say. It turns out, and
the reader can verify this from equations (17.4) and (17.14), that, given the
initial discount curve {Dgg, S > 0} and the mean reversion parameter a, the
correlation structure for the rr, is given by

e—a(Ti=Ti) | Vi
Vj

corr(ry,,rr;) = )
where v; = var(rg,). Furthermore, given the market cap prices, the ratio
v;/vj is independent of a. Thus increasing a has the effect of reducing
the correlation between the short rate at different times, hence also the
covariance of spot LIBOR at different times. This is important for pricing
path-dependent and American options whose values depend on the joint
distribution (rr,,i =1,2,...,n).

For other models, including Markov-functional models, the analytic
formulae above will not hold, of course, but the general principal does. Given
the marginal distributions for a set of spot interest rates {yi, i1=1,2,...,n},
a higher mean reversion for spot interest rates leads to a lower correlation
between the {y},i=1,2,... ,n}.

19.7.2 Mean reversion and forward volatilities

In the models of Section 19.4 we have not explicitly presented an SDE for
spot LIBOR or spot par swap rates. We therefore need to work a little harder
to understand how to introduce mean reversion within these models. To do
this we consider the Vasicek—Hull-White model once again.

We have in (19.10) parameterized our Markov-functional example in terms
of a forward LIBOR process L™. If we can understand the effect of mean
reversion within a model such as Vasicek—Hull-White on L™ we can apply the
same principles to a more general Markov-functional model.

An analysis of the Vasicek—-Hull-White model defined via (19.24) shows
that

L? =X t — Ol,; 1
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where
e—0Tn _ g—aSh —
dX; = <> UeatXtth,
a

1% being a standard Brownian motion under the measure S". The forward
LIBOR is a log-normal martingale minus a constant. Notice the dependence
on time ¢ of the diffusion coefficient of the martingale term: the volatility
is of the form constant x X; x e®. This is the motivation for the volatility
structure we chose for L in the Markov-functional model definition in (19.10).
But notice also that, for a more realistic correlation structure, one would at a
minimum need to make o a function of time and calibrate (19.24) to market
prices. This is not a topic we shall cover in any detail here. What is important
is not so much the exact functional form as the fact that the volatility increases
through time. The faster the increase, the lower the correlation between spot
interest rates which set at different times.

19.7.3 Mean reversion within the Markov-functional LIBOR model

To conclude this discussion of mean reversion we return to the Markov-
functional LIBOR model of Section 19.4.1 and show how taking o} = ge®
in (19.10) leads to mean reversion of spot LIBOR. Suppose the market cap
prices are such that the implied volatilities for L' and L" are the same, & say,
and all initial forward values are the same, Lé = Ly, for all i.

A
Ll
LIBOR n
n
L'” O EgnlLh | 77,]
Lo 1
| | »
T T |
Tl Tn

Figure 19.2. Mean reversion

Figure 19.2 shows the evolution of L' and L" in the situation when
the driving Markov process x has increased (significantly), z7, > xy. Both
L' and L" have increased over the interval [0,71] but L! has increased
by more. The reason for this is as follows. Over [0,7}], L' has (root mean
square) volatility &. By comparison, L" has (root mean square) vola-
tility & over the whole interval [0,T,], but its volatility is increasing
exponentially (in the case when o; =0, a constant) and thus its
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(root mean square) volatility over [0, 7] is less than . Since L™ is a martingale
under S™, it follows that

Esn [L3: |Fr,| = L3, < Lk, .

That is, in Figure 19.2 when spot LIBOR has moved up from its initial value
Lg at time zero to its value at T, LlTl, the expected value of spot LIBOR at
T, is less than L%«l. Conversely, when spot LIBOR moves down by time T4
(x1, < o) the expected value of spot LIBOR at T, is greater than its value
at T7. This is mean reversion.

19.8 SOME NUMERICAL RESULTS

We conclude with some numerical results comparing the prices of Bermudan
swaptions derived using some of the models discussed in this book. For
a 30-year Deutschmark Bermudan, which is exercisable every five years,
we have compared in Table 19.1, for different levels of mean reversion,
the prices calculated by three different models: Black—Karasinski, one-
dimensional Markov-functional and the Vasicek—Hull-White model. Note that
our implementation of the Vasicek—Hull-White model prohibits negative mean
reversions so we have not been able to include these results.

For every level of mean reversion, we have given the prices of the embedded
European swaptions (5 x 25, 10 x 20, 15 x 15, 20 x 10, 25 x 5). Since all
three models are calibrated to these prices, all models should agree exactly
on them. The differences reported in the table are due to numerical errors.
We adopted the following approach. First we chose a level for the Black—
Karasinski mean reversion parameter and reasonable levels for the Black—
Karasinski volatilities. We then used these parameters to generate the prices,
using the Black—Karasinski model, of the underlying European swaptions.
We then calibrated the other, Vasicek—Hull-White and Markov-functional,
models to these prices. The resultant implied volatilities used for each case
are reported in the second column. At the bottom of each block in the table,
we report the value of the Bermudan swaption as calculated by each of the
three models.

From the table we see that the mean reversion parameter has a significant
impact on the price of the Bermudan swaption. It is intuitively clear why
this is the case. The reason a Bermudan option has more value than the
maximum of the embedded European option prices is the freedom it offers
to delay or advance the exercise decision of the underlying swap during the
life of the contract to a date when it is most profitable. The relative value
between exercising ‘now’ or ‘later’ depends very much on the correlation
of the underlying swap rates between different time points. This correlation
structure is exactly what is being controlled by the mean reversion parameter.
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By contrast, the effect of changing the model is considerably less, and
what difference there is will be due in part to the fact that the mean
reversion parameter has a slightly different meaning for each model. The
precise (marginal) distributional assumptions made have a secondary role in
determining prices for exotic options (relative to the joint distributions as
captured by the mean reversion parameter).

Table 19.1 Value of 30-year Bermudan, exercisable every five years
Strike: 6.24%, Currency: DEM, Valuation Date: 11-feb-98
Mean Reversion = —0.05

European Receivers Payers
Mat ImVol BK MF HW BK MF HW
05 x 25 8.17 447.7 445.9 - 456.6 456.6 -
10 x 20 7.74 365.2 363.8 - 448.2 448.6 -
15 x 15 7.90 285.8 284.7 - 350.8 351.4 -
20 x 10 8.29 191.8 190.8 - 241.6 242.1 -
25 x 05 8.68 91.0 90.9 - 126.2 126.1 -
Bermudan 510.0 502.7 - 572.2 566.9 -

Mean Reversion = 0.06

European Receivers Payers

Mat ImVol BK MF HW BK MF HW

05 x 25 8.46 463.7 462.8 464.2 472.6 472.0 473.3
10 x 20 7.91 374.0 373.5 374.2 457.0 456.9 457.5
15 x 15 7.80 281.8 281.5 281.9 346.8 346.8 347.1
20 x 10 7.81 179.5 179.4 179.6 229.4 229.3 229.5
25 x 05 8.16 84.8 84.7 84.7 119.9 120.0 120.1

Bermudan 606.1 602.9 608.2 743.6 T17.7 727.3
Mean Reversion = 0.20

European Receivers Payers

Mat ImVol BK MF HW BK MF HW

05 x 25 8.37 458.7 457.6 459.3 467.5 466.8 468.0
10 x 20 6.99 326.2 325.4 326.2 409.1 408.8 409.3
15 x 15 6.67 237.1 236.4 237.3 302.1 301.7 302.4
20 x 10 7.32 166.7 166.4 166.6 216.6 216.4 216.6
25 x 05 9.40 99.8 99.5 99.6 134.9 134.8 134.8

Bermudan 647.4 665.8 673.9 885.5 814.7 813.6

Mat denotes maturity and tenor of embedded European option.
ImVol denotes implied volatility of embedded European option.
BK are prices calculated with Black—Karasinksi model.

MF are prices calculated with Markov-functional model.

HW are prices calculated with Hull-White model.
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Exercises and Solutions

Exercises
Exercise 1 Let M be a non-negative local martingale defined on the filtered
space (Q, {F:}, F,P) such that E[My] < co. Show that M is a supermartingale.

Exercise 2 Let (2, {F:},F,P) be a filtered probability space supporting a
one-dimensional Brownian motion W. Let X denote a local martingale of the
form

t
X; ::/ H,dW,,
0
where H € TI(W) is a deterministic function of time. Suppose that [X]; T oo
as t T oo and, for ¢ > 0, define
74 := inf {u >0 [X],> t}.
Show that X can be written in the form

Xi = W([X}t),

where T is a Brownian motion adapted to {F;} := {F,}.

Remark: The result above is sufficient for the application in Section 17.2.1.
For the more general result due to Dubins and Schwarz, where X is any
continuous local martingale, see Section IV.34 of Rogers and Williams (1987).

Exercise 3 Consider the SDE
dXt = —G,Xtdt + O'th7

where W is a one-dimensional Brownian motion and a and o are constants.
By applying It6’s formula to the process Y; := e* X;, show that the unique
solution to this SDE is given by

t
X, =e® (Xo —|—/ e“o dVVS>.
0

Assuming X, = g, a constant, specify the distribution of X;.

Financial Derivatives in Theory and Practice Revised Edition. P.J. Hunt and J. E. Kennedy
(© 2004 John Wiley & Sons, Ltd ISBNs: 0-470-86358-7 (HB); 0-470-86359-5 (PB)
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Further show that for t; < to,

U1

—a(ta—t

corr(Xy,, X;,) = e~271) o
2

where v; = var(Xy,).

Exercise 4 (i) Let P and Q be equivalent probability measures with respect
to F on the filtered space (2, {F;}, F) and let X € L£!(2, Fp, Q) for some fixed
t*. For s < t*, express the conditional expectation

Eq[X | ]
in terms of the Radon—Nikodym process

dQ
s = ) St*
PP, 5

(ii) Show that M is an ({F:}, Q) martingale if and only if pM is an ({F:},P)
martingale. (This is just Lemma 5.19(i).)

In Ezercises 5 to 9 and 11, (Q, F,P) is a probability space supporting a one-
dimensional Brownian motion W and {F/V} denotes the augmented natural
filtration generated by W. We will also use the notation A’ to denote the
transpose of the vector A.

The next exercise can be attempted after reading Chapter 5.

Exercise 5 Let pu, >0 and o > 0 be constants and consider a process
A" = (AW AP)) satisfying

M

rA 0

dA; = ! dt dW
' <[J,A£2) > * (JAELZ) ) !

Ay =(e7T)1).
For fixed T < oo, define a measure Q ~ P on F}! via

dQ

AP = €Xp (d)WT - %QSZT) )

w
}-T

where ¢ = o~ (r — p). Further, for some Vy € £} (Q, F¥, Q), define

Vo := e TEgVi).
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Suppose that there exists an { ]V} semimartingale X and {F/V}-predictable
processes o't and o such that
dX, = oy dAY + o dA?,
X = agl)Ail) + a§2)A§2)
X, >0 fortelo,T],
Xr="Vr

3

(i) Show that X, > V.
Hint: Consider the process X := X/A® under Q.

(ii) Further show that we can find processes X, a) and a® with the properties
described above and such that X, = V.

Hint: Define M, := Eq[Vr| F}'] and show we can take X; = AW,
Exercise 6 Black—Scholes economy

Consider the Black—Scholes economy as defined in Example 7.1: for the finite
time interval 0 < ¢ < T < oo, the price process A’ = (D, S) satisfies

th:'T'Dtdt (DT:].,T'>O),
dSy = pSydt + oSy dW, (Sy a constant).

(i) Writing SP = D;1S;, explain how we could use Girsanov’s theorem to find
a solution to the SDE

dSP = (u—r)SPdt + oSP aw,.

Remark: The easiest way to solve this equation is, of course, to consider log SP.

(ii) Set ¢ = o~ !(r — u). Use the solution you found in (i) to show that
SP exp (oW — $¢°)

is an {FV} martingale under P.

(iii) Let Q@ be a measure equivalent to P on F}!" defined via

dQ

e - 142
P s ‘= exp (QSWT 5P T) .

Deduce from (ii) that S” is an ({#]"}, Q) martingale.
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Next define a measure Q ~ Q on .7-'%1/ via

@ B efrTST
dQ FV S
Show that, for 0 < u <t <T,
Dy | w| _ Du
Es|l—|F) | = —.
Q |: St ‘7:u } Su

(iv) Show that the time-zero value of a derivative paying (S — K); at time
T is given by R
Vo = S[)Q(ST > K) — eirtKQ(ST > K) .

Exercise 7 For the Black—Scholes economy described in Exercise 6, let N
denote an EMM corresponding to the numeraire N = D + S.

(i) Find the SDE satisfied by (A", N) under the measure N.

(ii) Use your working in (i) and Lemma 5.17 to show that

dN|  N/Ny
dP | ~ Dy/Dy

exp (¢VVt - % 2t>7

where ¢ = o~ 1(r — p).

Exercise 8 Let {0}, > 0} be an {F}"}-predictable process bounded above
and below by positive constants. Consider the Black—Scholes economy
described in Exercise 6 but where now

dSt = ,LLSf dt + O'tSt de (S() = 1)
(i) Find the SDE satisfied by D := S~'D under P.

(ii) Show that there exists a unique EMM Q7 corresponding to the numeraire
S.

(iii) Find the solution to the SDE in (i) using Girsanov’s theorem.
Exercise 9 FExample of a path-dependent option

(i) Consider the Black—Scholes economy as defined in Exercise 6. Define

m; := min S,
ue(0,t]

and
M7 == max (X, — X;),

uelt,T)
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where
X, = —oW; + (%02 — ,u)t

and W is a one-dimensional Brownian motion with respect to (€, {F"}, 7, P).
Show that N
m3 = min {mf, StefMt-T}.
(ii) A lookback call option has payoff at time T' given by
VT: (S’T—’/Tlis:)7L = ST—m%

Use Girsanov’s theorem and the result of Example 2.17 to show that the value
at time ¢ € [0,T] of this option is given by

Vi = sN(hy1) — me "N (hs)

where

Oy\/T g
o losls/m) e
ON\/T g

ands::St,m::mf7T:T—t,r1:r—|—%02 andmzr—%o?

Exercise 10 Let W be a two-dimensional Brownian motion defined on the
probability space (Q, F,P) and let {F}"} be the augmented natural filtration
generated by W.

Consider an economy defined for the finite time interval 0 < ¢ < T < oo and
composed of three assets having price process A’ = (D, s s (2)) satisfying

dD; = rD; dt (DT: 1,7">0),
S = 8 (p; dt + dm), i=1,2,
where M) and M are continuous {F;"} martingales such that
(MO MU, =&;dt,  i=1,2,
for constants &;; with &; > 0, and

612
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(i) Use Girsanov’s theorem to show that there exists an EMM Q corresponding
to the numeraire S®.

Hence, setting X, := St(l)/St(z), show that

dX; = X; dYy,

Y, = (\/5: - 522,0)Wt<1) —1\/&22(1—p?) W,@

and W' = (W“), W<2>) is a Brownian motion under Q.

where

(ii) Show that the value at time zero of the attainable derivative paying
(S;l) — S:(ﬁ))+ at time T is given by

Vo = SSUN(dy) — S5 N (d),

where
log(Xo) 1
dy = + LogVT,
1 UO\/T 200
log(Xo) 1
dy = — 1ooVT
2 UO\/T 200
and

02 = &1 — 2619 + Eno.
Exercise 11 Completeness for the Black—Scholes economy

Remark: Completeness of the Black—Scholes economy follows immediately
from Theorem 7.45. This exercise works through a direct approach.

Consider the Black—Scholes economy as described in Exercise 6. Let Q°
denote the unique EMM corresponding to the numeraire S. (That Q° is unique
is a special case of Exercise 8(ii).)

(i) Apply the martingale representation theorem for Brownian motion (The-
orem 5.49) to show that, for any F}'-measurable random variable X satisfying

IEQs[\X/ST\] < 00,

there exists an {F/V}-predictable self-financing trading strategy ¢ such that

T
X:¢0'A0+/ 6o - dA,.
0
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(ii) Suppose (N, N) is some other numeraire pair for the economy. Show that,
for0<t<T,

dQ’ ~S/So

dN | zw N;/Ny

(iii) Show that the trading strategy ¢ of part (i) is admissible and hence that
the Black—Scholes economy is complete for the set

S = {X : X is an F}'-measurable random variable such that Eg[|X|] < oo},

where Q is the unique EMM corresponding to numeraire D.

Exercise 12 (i) Let £ be an economy defined on the probability space
(Q,{F},F,P). Suppose (N,N) is a numeraire pair for £ and let Vy be some
attainable contingent claim. Starting from the martingale valuation formula,
equation (7.15), show that

Vi = Z; By ViZy | ]

for some pricing kernel Z.

(ii) Find a pricing kernel for the economy described in Exercise 10. Is this
economy complete? Write down the Radon—Nikodym derivative

dQ”

0<t<T
dP ]:[A’ - =

where Q" denotes an EMM corresponding to the numeraire D.

Exercise 13 Recall that a rational log-normal model is defined by

Ar+ BrM;

Dip= ———,
i A, + B/ M,

where M is a log-normal martingale under Z, a measure locally equivalent to
the ‘real world’ measure P, My =1, and A and B are deterministic positive
absolutely continuous functions decreasing to zero at infinity.

(i) Show that a rational log-normal model is in the class (FH). (See Chapter 8,
page 190, for a definition of the class (FH).)

(ii) In the definition of an (FH) model suppose that

M; = exp (aVVt — %azt),
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where W is a one-dimensional Brownian motion under Z. Use this rational log-
normal model to find the time-zero value of a payers swaption having cashflows
at times S; < Sy < ... < S, start date T' = Sy < S1, and fixed rate K.

Exercise 14 Let (Q,{F:},F,P) be a probability space supporting a one-
dimensional Brownian motion W.

(1) For a short-rate model having short-rate process r and risk-neutral measure
Q, show that the time-t value of any attainable derivative with value Vy € Fi
at maturity time T can be expressed as

Vi = IEQ[eXp ( — /Tru du)VT
t

Further, show that we can write

7).

Vi = Dir B[ V| 7,

where F is a measure equivalent to Q on ]—'f‘ which you should specify.
(ii) Ho—Lee model
Suppose that under Q the short-rate process r satisfies the SDE

drt = Ht dt + O'th,

where 6; is a deterministic function of time and o is a constant.
Assuming that the model is calibrated to the initial discount curve, show that

8% log Dy, 9

Further, show that under F the short-rate process r satisfies
dry = (6; — o*(T — t))dt + o dW,,

where W is a standard Brownian motion under F.

Exercise 15 Consider an economy involving three currencies. Fori = 1, 2, 3,
let D}, denote the value at time ¢ of a zero coupon bond that pays a unit
amount at T in currency . Further, for 4,5 =1,2,3, 1 # j, let X,f'j denote the
value at time ¢ in currency ¢ of one unit of currency 7, and let Mf% denote the
corresponding forward FX rate at time ¢ for maturity at 7. Recall that

J
Dyr

i
Dir

ij ij
M = X,



Exercises and solutions 381

Suppose that a complete arbitrage-free model has been specified for the
economy for the finite time interval 0 <t < T < oo and let Q' denote the
EMM corresponding to numeraire D%.

(i) Show that the time-zero value, stated in currency 2, of a call option that
pays (X%3 — K). in currency 2 at time T can be expressed as

Vi (K) = X§' Dyp By [(X7” — XP°K) ]
(ii) Suppose we are given the prices for all strikes of call options on X#' and
X:?;l. If the model is calibrated to these prices explain, using the expression

in (i), what these prices tell us about the distributional information needed
to calculate call prices on X%3.

(iii) Let W* be a two-dimensional Brownian motion on the probability space
(Q,F,QY) and let {F;} be the augmented natural filtration generated by W*.
Now suppose that under Q! the processes M2 and M. 1T3 satisfy

dM 2 = oW pi2aw V|
AME = o@D NiB3aw @

where ¢V, 0(® and a are positive constants and
Wt,(l) _ MW;(I) + th*(2>, Wt(2> _ Wt*(2>'
If Q* denotes the EMM corresponding to numeraire D% show that, under Q?,
AMZ = o M2 AW,

where W is an ({;}, Q%) Brownian motion and

o = e‘“ﬁ\/(o(n)2 —2pcWe®) 4 ()2,

For this model derive an expression for VZ*(K), the time-zero value of the
vanilla FX call option described in (i).

Exercise 16 (i) Consider a Hull-White model in which the short-rate
process r satisfies the SDE

dry = (01‘ - a?"t)dt + odW;

under the risk-neutral measure QQ, where 6 is a deterministic function of time
and ¢ and a are constants.
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Let 0<Sy) <51 <...< 8,1 <8, be a sequence of regularly s_paced times
and set T; = S;_1, oy = S; — T;. Show that the forward LIBOR L} = L;[T;, Si]
satisfies the SDE

. e—Ti _ g—aSi £l 1 —~.
dL, = (7(1 >ea (L + a; ") odWy,
Wi being a standard Brownian motion under the EMM F’ corresponding to
taking D.s, as numeraire.

(i) Let V}(K) denote the value at time ¢ of a European put option on a
discount bond having payoff (K — Drg. ). at time 7; (not the more usual
payment time S;).

Show that the value at time ¢ of a cap having payment dates S1,...,.5,, and
strike K can be written in the form

= ; 1
i=1 !

and find a closed-form formula for V;/(K) for the Hull-White model described
in (i) above.

Exercise 17 (i) Consider a payers swaption on a swap with cashflows at
times S1 < Sy < ... < Sy, start date T'= Sy < S7 and fixed rate K. According
to Black’s formula, the value at time zero of this swaption is given by

Vo = Ry[yoN(di) — KN(dy)],
where

log(yo/l() 1~

dy = =L 4 15T,
T ey 2
log(yo/K) .

dy = =D 15 3T,
? ovT 270

0o is a positive constant and N(-) denotes the standard cumulative normal
distribution.

Suppose an arbitrage-free term structure model has been defined for which
the price of this swaption is consistent with Black’s formula as stated above
with volatility g for all strikes. Show that for this model the distribution of
yr is log-normal under an EMM corresponding to numeraire P = >_" | o; D.g,
where Q; = Si — Si—l-
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(ii) Let (,F,P) be a probability space supporting a one-dimensional
Brownian motion W. Let o; be a deterministic function of time ¢ bounded
above and below by positive constants and let 1 be a constant.

Now suppose an arbitrage-free term structure model has been defined for the
finite time interval 0 < t < T < oo such that, under P, the forward par swap
rate y satisfies the SDE

dy = py; dt + oy dW;.

Show that the model will be consistent with Black’s formula for the swaption

as given in (i), provided
1 /7
5= /0 o2 du.

In Ezercises 18 to 21, 0 < Sy < 81 < ... < S,_1 < S, denotes a sequence
of reqularly spaced times with T; := S;_1 fori=1,...,n+ 1. Further, we let
L} = L4[T;, S;] denote the forward LIBOR at time t for the period [T;, S;].

Exercise 18 (i) For each i =1,...,n, consider a caplet with start date T},
cashflow at time S; and strike K. According to Black’s formula, the value at
time ¢t = 0 of the ith caplet is given by

Vi = a;iDos, (LyN (dy) — KN (dy)),
where oy = S; — Tj, o is a positive constant and
log(Lf)/K) 1,
e 4 16T,

oi\/T; 2? \/_

i _ log(Ly/K) i
d2 = 0_27\;1__‘2 — %O’ \/f

Suppose an arbitrage-free term structure model has been defined which is
consistent with Black’s formula at time ¢ = 0 for all strikes for each of these
caplets. Find the distribution of L%F under an EMM corresponding to the
numeraire D.g.. '

di =

(ii) In a one-factor LIBOR market model, working in the measure F
corresponding to the numeraire D.g, , suppose L' := (L',... L") satisfies an
SDE of the form

dLj = py dt + o' Ly AW, i=1,...,n,

for constants o, W a one-dimensional Brownian motion, u' = 0 for all £ > 0
and, for 1 <1i <n,

n J
. oL S
= — E T 5 olo' L.
=i 14 oL
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Show that this model is consistent with Black’s formula as given in (i) for
each of the caplets.

Exercise 19 An alternative model to the LIBOR market model given in
Exercise 18(ii) is proposed as follows.
Suppose now that, under F, for i =1,...,n,

Lf; = Lé exp (O’th + 77;),

where W and o' are as in Exercise 18(ii) and 7] is a deterministic function of
t < T; chosen to satisfy . .
(D) = D)

)
where

DY .= 2T
! Dyg,

Lon

Show that, for i =1,...,n,
ni = log ﬁé —log EF[exp(ath)bﬁ].

Is this model arbitrage-free? Would this model be easy to implement in
practice?

Exercise 20 Fix k, where 1 < k < n. Working in the measure F* corre-
sponding to the numeraire D.g,, suppose that, in a LIBOR market model,

L= (L'...,L"
satisfies an SDE of the form
dLi = pidt +o'LLdW!,  i=1,...,n.

Here each o' is a constant, each p; is some general process, to be determined,
and W' = (W1, ..., W") is an n-dimensional Brownian motion having

AW} dW] = p;; dt
for constants p;; with p;; =1 for all 4.
(i) Why is pf = 0?
(ii) Show that, for 1 < i < k,
k j
i oLy ji i
PR g R
S Lol

where a; = §; — T for each j.
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(iii) Show that, for k < i <n,
i = Z O‘J'L{ oloipyi L
t = b ij Lot
i Lol
Exercise 21 Consider a LIBOR Markov-functional model specified using
the numeraire pair (D.g,,S") and having a driving Markov process z satisfying

dxt = Je“tth,

where W is a standard Brownian motion under S” and ¢ > 0 and a are
constants. Show that if this model is calibrated to caplet prices as given by
the Hull-White model discussed in Exercise 16 then this Markov-functional
model coincides with the Hull-White model on the ‘grid’, i.e. the functional
forms

{Drs,(zr,), 1<i<j<n}

are as for the Hull-White model.

Solutions

Solution 1 We need to check that conditions (i)—(iii) of Definition 3.90
hold. Clearly M is adapted by the definition of a local martingale and thus (i)
is satisfied. Condition (iii) requires us to show that M, > E[M, | F] for s < t.
Letting {T,} be a reducing sequence for M — M, we have

E[M/" | F] = M]",
where MtT" = My, Now

M, = lim M% = lim E[M" | F,] > E[M,| F,]. (20.1)

n—od n—oo

This last inequality follows from the conditional form of Fatou’s lemma: if
{Y,,} is a sequence of random variables in £(, F,P) with Y, > 0, and if G is
a sub-c-algebra of F, then

E[lim inf Y, | g] < lim inf E[Yn | g] .

Finally, to establish (ii), take expectations of both sides of inequality (20.1)
and set s = 0. This yields, for all ¢ > 0,

E[|M,]] = E[M;] < E[M,] < 0o

and we are done.
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Solution 2 Recall, from Section 4.5.1, that we have

t
(X], = / H?du
0

and, since H is deterministic, 7 is an increasing deterministic function of time.
Setting

Wt = Xf,-t - / Hu dVVu,
0

we have that

and so we will have established the result if we can prove that W is a Brownian

motion adapted to {}"ﬂ}. We do this by an application of Lévy’s theorem.
Thus we must show that W is a continuous local martingale adapted to {]-'T,}

and that [W], =t.

That W is adapted follows from the adaptedness of the stochastic integral.
Further, since X is constant on any interval of constancy of [X], it follows by
the continuity of the stochastic integral that W is continuous. Next we find a
reducing sequence for W in order to show that it is a local martingale.

Define

S, = inf{t >0: | Xy > n}

and
T, = 7'5771 = [X]g, -

n

Since 7 is increasing it follows, for each fixed ¢, that

Tt/\Tn = Sn A Tt
and

{T, <t} ={S, <nyeF,.

Thus
—r = e
Wi = Winr, = X3

and, since {5, } is a reducing sequence for X, it follows that W,T is a martingale

with respect to {F,}. We thus see that {T,,} is a reducing sequence for the
continuous local martingale W.
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To apply Lévy’s theorem and conclude that W is an {F;,} Brownian

motion, it remains only to show that [W] = t. But it is easy to check using

Theorem 4.18 and localization that

t

0

Solution 3 Strong existence and pathwise uniqueness for the SDE follow
immediately from Theorem 6.27. By It6’s formula,

dY; = d(e™ X;)
= ae” X, dt + " dX;
=aY, dt — aY, dt + oe™ dW,
= ge® dW,,

whence .
Y, = Y0+/ o dW,
0

and the required equation for X; follows. An application of Lévy’s theorem,
as in Solution 2 above, establishes that

N &'
Wy = / oe® dW,
0

is a Brownian motion where &; := fot o%e? du, and we can write
Xy =e " (Xo+W(&))-

Thus, when X, = xy, X; has a normal distribution with mean ez, and

variance
—2at

¢ 1—e
€72at§t — 67201,0,2 e?au du = 0,2
0 2a

Finally, observe that

COV(th ’ Xl‘z) = e—a(tﬁ-tg) cov (W(gtl)’ W(gtz))

= e lithlg,

and

e—alti+t2) W
COI‘I’()(LL1 s th) = 51‘,1 = eia’(tzft') 751‘1
Ve2he, (e, Ve2ahg,

as required.
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Solution 4 (i) If P ~ Q with respect to F, then P ~ Q with respect to F;.
By Corollary 5.9 applied to the o-algebras F; C F; we have

EQ[X |fg} _ EP[pTX | f9] _ E]p[pr | f?] )
Eplpt | 73 Ps
(ii) Suppose pM is an ({F;},P) martingale. To show that M is an ({F;}, Q)
martingale we must check that conditions (M.i)—(M.iii) of Definition 3.1 are
satisfied. Adaptedness of M follows from that of p and pM. Since pM is
integrable with respect to P (property (M.i) applied to the martingale pM)
we have

EQHMtH = EPHptMtH < 00.
Finally, using part (i) and the martingale property of pM, we have
Eq[M; | Fs] = Ps_lEIP[PtMt | Fs] = M.

The converse implication can be proved similarly.

Solution 5 (i) Write X; = Xt/Ail) and AEQ) = AP/AEI).
An application of 1t6’s formula shows that

dA® = (u—r)AP dt + o AP aw, (20.2)
and that

@ gAD | (20.3)

By Girsanov’s theorem .
Wt = Wt - ¢t

is an ({#"},Q) Brownian motion. Substituting for diW; in (20.2), we have

and so .
X, = X+ / 0@ AD div,
0

and thus X is a (positive) local martingale under Q. Since F)" is trivial we
can use the result of Exercise 1 to conclude that X is a supermartingale. In
particular, noting that Af]1> =T, we have

Xo > Eq[X4]

and so X, > Vj as required.
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(ii) Consider the ({F"},Q) martingale

M, = Eg[Vr| 7'].
It follows from the martingale representation theorem for Brownian motion
(Theorem 5.49) that there exists some {F/V} predictable H € TI(W) such that

t —_—
M, :=Eq[Vq] +/ H,dW,.
0

From (i), dW, = 0*1(A£2))71d121£2) and so

t
M, = Eg[V4] + / Huafl(Af))*ldAgf% (20.4)
0

Suppose we set X; = Al(fl)]\/[f,. We can now use (20.3) and (20.4) to form the

required (agl), a,@) . Take

Then by (20.3) we see that we need to choose
o) = %, — AP = M, — o AP,

It follows by Itd’s formula that d.X; = a,@ dAil) + ozl(f) dAIEQ) and further, since
Vris fﬁf—measurable and A(Tl) =1, we have X = A(Tl)MT = Vr, as required.
Since M; is the conditional expectation of a positive random variable we
have M; > 0. Noting that Ail) = e (T it follows that X, > 0 for t € [0,T].
Finally, observe X, = AV My = e TEg[Vi] = V.

Solution 6 (i) Using Wald’s martingale (Example 3.3) define

dQ
—| = W, — 147t t<T
AP ]:fw €xXp (¢ t 2 ) ) =4,
where ¢ = 0~ 1(r — p). By Girsanov’s theorem

dSP = oSP dw,,

where W, := W, — ¢t is an ({#"},Q) Brownian motion. Using Doléan’s
exponential (Example 4.36) we have

SP = SPexp (aWt — %0215)
= SPexp (oW, — Lot — (r — p)t) .
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(ii) Substituting for SP, we have
Sf) exp ((bWt — %¢2t) = Sé) exp((a + o)W, — %(U + ¢)2t)

which is of the form of Wald’s martingale with A = ¢ + .
(iii) Observe that
dQ
= E —_—

By Lemma 5.19(i), since pS? is an ({F}"},P) martingale, S is an ({F"}, Q)
martingale. Note this result is also immediate from the working for (i).

_dQ
PE= P

) ‘ ft‘/v} = exp (qut — % Qt).
7y

Finally, using the fact that S” is an ({F}"}, Q) martingale, define

. dQ
Pt -—@

efrTSD
= Sy 'EqleTSr| F] = L.
chtw So

Again we can apply Lemma 5.19(i) to deduce that, since D?p; = Syle " is a
constant (hence an ({F/"}, Q) martingale), it follows that Dy is an ({F"}, Q)
martingale and we are done.

Alternatively, a direct proof of the identity follows easily using Exercise 4(i).
(iv) Write
V= (ST — K)+ = ST:U-{ST>K} — K]]-{S1~>K}-

Then, applying the martingale valuation formula, equation (7.15), using
numeraire pairs (N1, N') and (N? N?), we have

ST:U-{S~>K} 2 Kﬂ{S~>K}
Vp = NiE [ — N2Ey | — =R ]
Ny N7

From our working in (iii) it is clear we can take (N',N')=(S,Q) and
(N?,N?) = (D, Q). Thus

Vo = SoBg [Is,>19] — ¢ " KEo[lis,> 1]
as required.

Solution 7 (i) Define Y; := N;/D; and observe that

N D
a( 20} = g PEdY Zasp = (- r)SP 4 oSPaw.
Dy Dy
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Thus

dD} = dy, ' = —Y,;2dY; + Y, }(dY;)?
— — (DM (e — r)SPdt + oSPAW,) + (DY) ’0>(SP) dt
= (=(u—r)+*SN)DYSYNdt — DY SNodW,

—p=r)+ UQSf{th) (20.5)

Y <th _ )

Noting that S¥ =1 — DY, we now also have dS}¥ = —dD}.

Since N is equivalent to P with respect to .7-"}”, by Girsanov’s theorem
(Theorem 5.24) there exists an {F}V}-predictable process C such that

t t
= exp < / C,dw, — 1 / C? du> (20.6)
]_-[1"' 0 0

N ¢
VVt:VVt—/C’udu
0

dN

dpP

and

is an {ﬂ”} Brownian motion under N.

Further, since (N,N) is a numeraire pair, we must have, from (20.5), that

(1) + o255
oDNSN

Cy = =oSN —o N u—r).

It then follows that

v —al P —oDYSP
sy ) T\ opNsy "

Finally, we have

dN, = dS, + dD,
= (,uSt + TDt)dt + O'Stde,
= (uSy + 1Dy, + 05,Cy)dt + oS, dW,

2 —
= (rNt + 02%) dt + o S;dW;.
t
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(ii) Substituting for C; in equation (20.6), we have

dN
dP

t t
= exp (/ oSNaw,, — %/ (UZ (Su\’)? + 20¢S,;;V) du) exp (qut — % Qt)-
]:rw 0 0

N; /Ny
D,/Dy’

It remains to show that this first exponential is just

Let Q be the equivalent martingale measure corresponding to numeraire D.
Recall that

dQ
b3 — W, — Lot
d]P> -7:,11* eXPp ((b t 2 >7
N; /N
where ¢ = o~ (r — p1), and that, under Q, p; := Dt;DO is a martingale with
t/ Do

Nt/NO) DO D DO D
dpy = d = —dS;” = —oS;dW,
" <Dt/DU Ny T N

where W) = W; — ¢t is a Brownian motion under Q.

Using p as a Radon—Nikodym derivative, it follows from Lemma 5.17 that
e =ow ([ eostav =y [ (Rost) )
=ex oS,/ dW,; — 3 oSy, | du
D,/Dy P\ Jy N 2 Jy \N,

¢ ¢ ¢
= exp (/ USfdeu — / U¢SuNdu — % / o’ (Sff)Qdu)
0 0 0

Remark: The identity in part (i) of the question also follows by solving the
SDE for D} found in part (i).

as required.

Solution 8 (i) Observe
dD; = S;'dD,; + D,;dS; ! + dD,dS;
and

dS;t = —S8;72dS; + S;73(dS)?
= (0} — p)S;tdt — 0yS; 1AW,

whence
dD = (o} + (r — p)) Didt — oy DFdW, . (20.7)
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(ii) If Q¥ is an EMM corresponding to numeraire S then, under Q°, D% is a
martingale. Using the SDE for D? from part (i), Girsanov’s theorem (Theorem
5.24) suggests we take

t 2 _ t 2 _ 2
— exp / qut =) gy —%/ i U R Y
FV 0 Oy 0 Oy

(20.8)

_ dQ®
pt = aP

Since oy is bounded above and below by a positive constant, clearly

E[exp <% /Ot (703+£:_”))2du)] <e < oo

for some constant ¢, and so, by Novikov (Theorem 5.16), p is an ({F"},P)
martingale with py = 1. Thus equation (20.8) with ¢ = T does indeed define
a measure Q° ~ P on F).

Girsanov’s theorem tells us that

W, =W, - (o r=mYy,, 20.9
[ (=) 09

Ou
is an ({#/"}, Q%) Brownian motion and, substituting (20.9) into (20.7),
dD? = —,DdW, .

Using Doléan’s exponential, this SDE has the unique solution

o ¢
Df = e*"Texp ( — / o, dW, — % / Uid’d) (2010)
0 0

and it follows by Novikov that D* is an ({F}"}, Q®) martingale. Since 5° = 1
is trivially a martingale we have established that Q° is an EMM corresponding
to the numeraire S.

To show that QF is unique, let Q* be some other EMM for the numeraire
S. Then by Girsanov’s theorem for Brownian motion (Theorem 5.24) there
exists an {F"}-predictable process v such that

¢
Wi =W, — / Yo du
0
is an ({7}, Q") Brownian motion. But then

dD? = —o, DY (dW; + v, dt).
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For D® to be a martingale under Q* we must have fg Jqu’yu du = 0 for all
0 <t < T. Noting that o; > 0 and Dy > 0 for 0 < ¢ < T, it follows that v = 0.
Thus by Girsanov’s theorem,

v

dQS =1

w
}—T

and hence Q* = Q° on }"}V.

(iii) Substituting for W in (20.10) yields

t t
Dts =e¢"Texp ( — / o, dW, + % / oldu+ (r — /L)t).
0 0

Solution 9 (i) Observe that

m3 = min {mf, min Su}.
u€lt,T]

From Solution 6(i) we have that
St = S() exp (UWt + (M — %UQ)t)
and so, for u > ¢, we may write
Su = St exp(—(Xu — Xt)>
Noting that !
min S, = StefM*)fT,
uelt, 1]

the result follows.

(ii) Working with the numeraire pair (D, Q), we have
V, = DiEg[Sr— m7 | F"]

= DfoD — .DfEQ {mln {m;g’ Ste*J\IfT} ‘ ﬁ/vi| .

Now set 7 =T —t and MY := max,c[o,] Xu- Noting that both my and S;
are F/V-measurable random variables and that the random variable MtXT is
independent of F}", we have

Eg {min {mf, StefMtXT} ‘ ]-',W] = L(S,, mf),
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where

L(s,m) :=Eq [min {m, seiMf}]

for s > m > 0. It remains to calculate a closed-form expression for L(s, m).
Recall that, under Q, X, = —oW, + (302 — r)t where W is a one-dimensional
Brownian motion with respect to ({}'W} Q). Define a measure Q* ~ Q on

.7-“}” via ,
—~ 17
‘= exp (— T—QWT— ——2T>
2 o2
f;v g

where ry =7 — 50 Then, by Girsanov’s theorem,

dQ
dQ

Wt* = Wt + T—Q
is an ({#'}, Q") Brownian motion and X; = —cW;.
By symmetry
Q' (- W; € da, MX)" € da) = Q" (W} € dz, M}"" € da)
= f(z,a)dzda

where, using Example 2.17,

a—x a—x)?
flz,a) = { % exp (—%) dx da if max{0,2} < a,

otherwise.

L(s,m) = m = Eq| (s —m)1 e oy

dQ Y
=k {d@* o i mﬂ{M&*Zl@g(%)}}
r? T2 1 e X/ﬂ
= exp (*%;T)EQ* {eo—w ( M- ) {]\ Xjos, 1 log—)}]
— exp (~157)

X /0 [m e of(se” 7 — m)ﬂ{aziélog(%)}f(x, a) dz da.

Evaluating the double integral (which is a little tedious but straightforward)
and substituting the resulting expression for L(s,m) leads to the required
result.
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Solution 10 (i) In order to be able to apply Girsanov’s theorem, we first
define a Brownian SDE for the S®-rebased assets. An application of It6’s
formula yields
dX; = SMa(sP T + (5P tasY + dsMa(s®)
= Xt(th(1> - de@) + X (1 — pg + €22 — &12) dt.
Similarly, setting U; := Dt/St@), we find that

AU, == —U,dM? + Uy(r — iy + &22) dt.

By Lévy’s theorem we have

( MO ) Ve 0 w,V

M®) e Veau(l—p2 ) \W? )’

where W' = (W<1),W(2>) is an {F} Brownian motion, and it then follows
that

d U, _ U 0 r— po + &2 &
Xy 0 Xy p1 — p2 + &2 — 12
(U0 (o 1) (Ve 0 awV
o x)\1 1)\ veaa) e )

which is our desired SDE.

Observe that {FA} = {.7:,@}, where {Fﬁ} is the natural augmented filtration
generated by W. In order to define an EMM Q corresponding to numeraire
S Girsanov’s theorem (Theorem 5.24) suggests we take

Cyi=— Ve 0 <0 —1)1 T — pi2 + a2
a pVEn  \/Exn(l —p?) L~ pr — p2 + &2 — &12

We can define Q via

dQ
dP

e (T 468+ )
I

which is clearly a martingale by Novikov’s condition.
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It then follows by Girsanov’s theorem that

()= (3 (e V) ()
X 0 Xe JAVEL—pVE —/En(l-p?) W)

where W/ = (W“), W(Z)) is a Brownian motion under Q.

To establish that Q is an EMM it remains to check that the solution to the
above SDE is a martingale. Solving for X, we have that

X = Xoexp(Y; — 3[V]i),
where Y; is defined as in the question and
Y], = (&1 — 2612 + &)t =: ot

Again it follows by Novikov’s condition that X is a martingale. That U is a
martingale follows similarly.

(ii) Taking (N,N) = (S, Q), we have that
Vo = S Eo[(Xr— 1
0 0o ~Q [( T )+]

Further, from (i),

1 2
XT ~ X0€7 ZUOt+Z

where Z ~ N(0, Ugt) under Q, and thus the required formula follows immedi-
ately from the Black—Scholes formula.

Solution 11 (i) By numeraire invariance (Theorem 7.13) the trading strat-
egy ¢ = (¢, ¢?) is self-inancing with respect to A if and only if it is
self-financing with respect to A°. Thus we seek ¢ satisfying

X T
& =D+ o’ + / o0dDS = ¢ DS 1 o2,
0

By Solution 8(ii), equation (20.9), it follows that W, =W, — o Yo +r—u)t

is a Brownian motion under Q°. Further, note that 7}V = F}V.
Define

X
Mt::EQs{—‘ftW} 0<t<T.
St
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Then M is an ({ftW}, Q° ) martingale and by Theorem 5.49 we can find some
{FV}-predictable H such that

t o~
Mt:M0+/ H,dW, .
0

In particular, taking t =T,

X X T —~
= Eps | =— H .
ST QS |:ST:| + /(; u qu

Noting that under Q° (see Exercise 8(ii))
AW, = —o~'(Df) 'dD?,
we have -
X -1(pS\1ips
M, =Egs| & | = | Huo™ (D) dDy. (20.11)
T 0

Using (20.11), we find ¢ satisfying

X t t
M, —E@s{] + / ¢\)dD} + / ¢Pdsy
St 0 0
=D + ¢/,
Take ) .
¢\ = —H,o~' (DY)

and , .
o) = M, — ¢ D},

Note that for replication it does not matter what ngQ) is taken to be. We must
make this choice for the self-financing property to hold.
(ii) Let (N,N) be some other numeraire pair. Then, in particular, S;/N; is a

martingale under N. Use this fact to form an equivalent measure Q via

dQ _ Si/So _
dN |z Ni/Ny

Pt-
We show that Q = QF, which establishes the result. Noting that D /Ny is an
({F"},N) martingale, it follows from part (i) of Lemma 5.19 that

D N _ D
Nt Stist
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is an ({F"}, Q) martingale. Trivially S° is also a ({F"}, Q) martingale and
SO Q is an EMM for the numeraire S. But the measure for which D° is a
martingale with respect to {F}'} is unique. Thus Q = Q on F}¥ and so

Q|
N |

as required.

(iii) Recall that an {F}"}-predictable process ¢ is admissible for the
Black—Scholes economy if it is self-financing and if, for all numeraire pairs
(N,N), the numeraire-rebased gain process G°/N is an ({#/'},N) martingale
(see Definition 7.25).

Using the result of Exercise 4(i), observe that, for any numeraire pair (N, N),
for 0 < u <t we have

; , A S,
N | W At W Pu
En[oe- AY | FY ] = E@S[¢t S, fu}m
S,
=g, - AS
N,”
= ¢, - AD
The second equality above follows since, by part (i), M; = ¢;- A7 is a
martingale. That #¢ - AN is adapted is clear and mtegrablhty follows from
that of ¢; - A7 under Q°. Thus G7/N; = — o+ A) is an ({F"},N)

martingale as required.

We have shown that the Black—Scholes economy is complete for the set

sl <)

S = {X : X is an F)'-measurable random variable with Egs {

Observe by (ii) that

dQ

EQUXH = EQS [XdTQé

.
So Dy
=—FE X|—=
D QS |:| | ST:|

and so S = S’ and we are done.
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Solution 12 (i) Set Z; = Nt’lz%’FA. Using the result of Exercise 4(i), it is

straightforward to check that Z is a pricing kernel (see the proof of part (i)
of Theorem 7.48). By equation (7.15) and Exercise 4(i) we have

Vi = N;Ex[Vr/Nr| F{]

Ee [Vi/Nrigp| s | 1)
— N, —
(%)
= Z;'Bp[ViZr| F{]
as required.
(ii) Using part (i) above, we can set
~1dQ
Zr = (SISQ)) ﬁ -7:,A.

The working in Solution 10 leads to an explicit expression for this pricing
kernel, as we now show.

Observe that the SDE for S can be written in exponential form
s = sax;”
With Xt(i) = it + Mt(i) and, by Example 4.36, this has the unique solution
Sél)é'(X(i))t. In particular, we have
SP = 5% exp (M) + (s — Lem)t). (20.12)

Set
| w0 van-o)
S \pv&r VEa(l-p?)

and recall from Solution 10 that
M = RW, (20.13)

where M' = (M(l),M(2>) and W' = (W(1)7W(2)). Let Q be an EMM corre-
sponding to numeraire S, Then, again using Solution 10, we have that
dQ

— |  =exp(C'R'M, — L|C*) (20.14)
dP |z
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where C' = (¢1,¢9), the components of the vector C' being defined as in
Solution 10.

Finally, combining (20.12) and (20.14), we have
— (g2t a7, — M@ _ (Lio)2 1
Zy=(S,")  exp(CR™'M; — M, (FICP 4 pa — $&2)1).

To establish completeness, first observe that the SDE for A’ = (D, S, §®?))
can, using (20.13), be written in the form (7.1). That pathwise uniqueness
and hence weak uniqueness holds for this SDE follows from the uniqueness of
the solution stated above. Since the economy has a finite variation asset D, it
then follows immediately from Theorem 7.43 that the economy is complete.

By Theorem 7.41 and part (iii) of Theorem 7.48, the pricing kernel 7 is
unique, and so if (M, M) is some other numeraire pair we have

dM
M1'—| =2.
ST PR
Thus, taking (M, M) = (D, QP), we have
dQP
I = DtZt
dP A

where Z; is as given above.

Solution 13 (i) Since 4 and B are absolutely continuous and decreasing to
7€ero, we may write

t t
At:/audu—l—Ao, Bt:/budu—i—Bo
0 0

where Ay, = By, = 0.

To see that a rational log-normal model is in (FH), define
Mg = —(ag + bSMt).
Then

/ MtgdS = —/ (GS + bSMt) ds
t t

= A, — A + (B — Bo) M,
=A; + B:Mr
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and N
_ fT M,gdS

D
T MysdS

as required.

(ii) From Theorem 8.25 it follows that for a model in (FH) we can take as
pricing kernel

Zt = / MtSdS.
t

Thus for a rational log-normal model we have the valuation formula

Vo = Zy "By Z1 V7]
= (4g+ Bo)ilEZ [(AT + BTMT)VT].

Noting that the value of the swaption at T is

n
VT = <1 — DTS,, - KZ OszT51>

j=1 +
where aj = S; — Sj_1, and that under the log-normal model

Agj + BSJMT

TS; — AT+BTMT ;

we have that the time-zero value of the swaption under the log-normal model
is given by

Vo = (Ag + By) 'Eg H(AT — (45, + K ﬁ: %‘Asj))

J=1

+ (BT — (Bg, + K i a]-BS_,)> MT] J .

j=1

Assuming My is of the form given, this reduces to

n

Vo= (Ay+ By)™ [(BT — (Bs, + KZ%BS_,)>N(d1)

J=1

j=1
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where
log (BT — (Bs, + K>}, a;Bs))
AT — (AS" + KZ;-I_l ajAs.)
dy = — ’ + l(J\/T
' ov/T 2
and

Ar— (As, + K377, ajAg)
oVT

Solution 14 (i) From the definition of an (SR) model it follows immediately
that the risk-neutral measure Q is an EMM corresponding to the numeraire
exp( fof rydu). The first valuation formula is just the martingale valuation
formula, equation (7.15), using this numeraire.

For 0 <t < T define a measure F equivalent to Q via

t DtT . T "
=exp| — [ r.du Do = DyiEg|exp | — rudu | | F{.
‘7_-[A 0 or 0

(20.15)

(BT —(Bs, + KX, a;Bg,)
log
do =

) i

dF
dQ

Setting p; := % ‘f4 and using the result of Exercise 4, we have
t

T
V.= p{lE]F [exp ( / rudu> Vrpr
¢

t t
= exp ( — / rudu) D1 Ep {VT exp </ rudu> ‘]-';4}
0 0

= Dy Ex [V | F].

f;“]

Note that D.g/D.r is a martingale under F and thus we have formed the
Radon—Nikodym derivative from the ratio of numeraires.

(ii) For the Ho—Lee model observe that

T T pu T
/ rodu = roT + / / 0, dsdu + / oW, du. (20.16)
0 0o Jo 0

Applying It0’s formula to tW; and integrating, we obtain

T T
TWr = / W, du + / udW,.
0 0
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Substituting into (20.16) and interchanging the order of integration, we have
T T T
/ rodu=nroT+ [ 0;(T —s)ds—+ / (T — w)odW,. (20.17)
0 0 0

Now, from Exercise 2 it follows that, under Q, fOT(T — u)o dW, has a normal

distribution with mean zero and variance fOTO'Q(T —u)’du = %0'2T3. Thence,
if the model is calibrated to the initial discount curve, we have

T
Dyr = Eq {exp ( — / rudu)}
0
T 5
= exp < —roT — / 0,(T — s)ds + éa2T">. (20.18)
0
Taking logarithms and differentiating twice with respect to T yields the

required equation for 6;.

Next observe from (20.15), (20.17) and (20.18) that

T
= exp <— %o’QT3 - / (T —u)o qu).
2 0

It then follows from Girsanov’s theorem (check!) that, under F,

dF
dQ

N t
0

is a Brownian motion. Substituting (20.19) into the SDE for r given in the
question yields the required result.

Solution 15 (i) Using the numeraire D%, the corresponding EMM Q? and
noting that
dQ?
dQ!

12

_ MtT
- 127

5 My

we have

Vi* (K) = DigBoe (X7 — K)4]
X12D1 .
= Dy Eq {L L(XP-K) ]
XPDiy -
— X' DlgEo [ X# (XF - K), |-

Noting that X}* = X13/X2 yields the required result.
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(ii) Observe that
= e [ 1), ]
= X' DBy [ X (X3 - K) ]

_ 21 1 -1 12

— KX} DiEq [(K™ = X1, |-
Thus from the prices of call options on X2! we can recover the prices of put
options on X1? and hence, via put—call parity, the prices of call options on X 2.
This means we can recover the implied marginal distribution of X1? under Q'.
Similarly, we can recover the implied marginal distribution of X1? under Q'.

However, no information concerning the dependence structure between X}
and X}" can be inferred from these prices.

(iii) Noting that the unique solution to the SDE for M}? is

¢ ¢
M7t = Myj exp (/ oWergw V) — %(U(l))Q/ e2audu>7
0 0
t t
= Xp </ Cu- dW: - %/ |C1u|2 du)y
-7:1 0 0
C'tza(1>eat 1—p? )
p

It then follows by Girsanov’s theorem that

(1)
—~ w, ¢ 1 — p?
W; = (J ) =W - (/ oWeo du) ( r ) (20.20)
0

w; p

we have
dQ*
dQ!

where

is an {F;} Brownian motion under Q2.
We now find the SDE for M% under Q2. By integration by parts,
13

M _ _ _
vt = a3 ) = MFAOME) " + (04) aM + RO
tT

By Itd’s formula,

1

d(ME) ™ = —oWe (M) awV + (o) e (M) dt
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and thus

thQj% = Mt2T3 ((52’”‘ ((0<1))2 - a<1>0<2)p) dt + e <0(2>dVVt(2) - a<1>th(1))>.

Substituting for th(l) and th<2> and using (20.20), we obtain
dMZ = MPdZ,,

where . .
dZ; = (0@ — aWp)edw;® — etaM\/T = p2 aw; .

Observe that

Setting
dw, == (o) " dz,,

it follows by Lévy’s theorem that W is an ({F},Q?) Brownian motion. It can
now easily be seen that ]\/[2T3 satisfies the given SDE.

Finally, noting that

T T
X2 = M2 = MZ exp (/ oD dw, — %/ (at<3>)2dt),
0 0
routine calculation yields

Vi (K) = X3 DN (di) — K DipN (d),

where
L loa(DiXF/DYK) |
1-— 5'0 2007
o los(DyXP/DYR)
2 = 5'0 2007
and
_ e?at -1 9 9
G2 = % ((0(1)) —2p0Wa® + (O’<2>) )

Solution 16 (i) Observe that

) Dyt
Li = LT, 8] = o' 2L — ;!
Dis

i
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will be a martingale under F'. From (17.5), for the Hull-White model we have
that the value at time ¢ of a pure discount bond is of the form

_ —Byrmy
Dy = Agpe™ 7,

where here
r 1
Bir = e”’"/ e "du = - (1 — e’”’(T"’)).
t a

Thence
dr; = ld{A exp ((Bis, — Bir,)re) |-
£5;

Applying Ito’s formula to the C*? function Li(t,r;) yields

9 B 0?
dLi = &Ll(t ) dt + a—tLl(t ,1r0) dry + §WLl(t,m) (dry)?.

Working in the measure F?, we can ignore finite variation terms (which must
be zero since L' is a martingale) and so

, LA e
dLi = a; ' (Bys, — Big)elPisi=Pa)rigqwi
Ass,

Dyr
(BtS — BfT)D—O'th
tS,

The result now follows by noting that

L amt) _ a(sit] _ € (ol _ s
stsztT,:a[ea' _ S ]:;(ea"—ea%),

(ii) The caplet which pays at S; has value ‘7§(K) =a;(L}, — K); at S; and
value f/f (K) = Drg, XN/SQL(K) at T;. Recalling

1

Dpg = —
ST Ly

it easily follows that

KN/ZA(K) = a;Drs (LY, — K)+
= (1= Drs, — K Drs,)+

1
— (14 wK) | ——— —Drg ) .
(I+a )<1+a,;K T’S‘)+
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Thus a caplet having payment date S; has the same value at time T; as
(14 oK) times the value of a put option on the discount bond Drg, with
strike (1 4+ a;K)~!. The required result now follows by summing over the
values of the individual caplets at time t < 7T7.

From the discussion and the martingale valuation formula, equation (7.15), it
also follows that
Vi) = KV (o7 K~ = o)

(2

— 0 Dus KB (X, — (i) ™), | 7],

where X} = L! + ;! and {F} is the augmented natural filtration generated
by W. (Note that here {FA} = {F}.)

For the Hull-White model in (i) we have

dX! = ol X dW},

—aT; —aS;

i at [ € '€ '

oy =o0e" | ——
a

and W is a Brownian motion under F?. Thus

¢ t
X! = X} exp (/ oldw, -1 / (Uz)Zdu)
0 0

and so, for t < T,

where

log X, = log X; — %/ (o!)2du —l—/ o, dW,.
¢ ¢

T, 1/2 1— efa(S,,fT,) o2
M= i Qd - - @@ \/_ 1 — e—2a(T;-1)) .
t (/t () u) a 2 (1—e )

Noting that, conditional on F;, log X}, has a N (log X; — $¥7, %7) distribution,
it follows by explicit calculation that

Set

Vi(K) = Dir, KN(dv) — Dys,N(da),

where
log(Dyr K/ Dyg
d = og( 1T / té,,) +%Et
X
and
log(Dyr K/ Dyg

2t
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Solution 17 (i) Recall from Chapter 11 that the time-zero value of a payers
swaption with strike K is given by

Vo(K) = PoEs|[(yr — K)+],

where S denotes an EMM corresponding to numeraire P.

Differentiating both sides with respect to K and appealing to Fubini’s theorem
yields

IVo(K 0
30;( ) - P[)&‘_KES[(yT— K)+] = RBEs[ = 1ymrg] = —PS(yr > K).

Assuming Vj(K) is given by Black’s formula, we also have
IVo(K) ( —Yo 1
=P, dy) — N(dy) +
oK 0 50\/TK¢( 1) ( 2) &Oﬁ
= —PyN(dy),

¢(d2)>

where ¢(z) denotes the standard normal density.

Thus S(yr > K) = N(dz) and so
log(K/yo) | 1 - )
S(yr < K) = N(—dp) = N —=—== + 150VT ).
(v < ) = N(oa) = (B2 4
Hence, under S, logyr ~ N(logyy — %53T, 52T).
(ii) Let S denote the EMM corresponding to the numeraire P. Recall that

Dy — Dys,

Yt iz

and so y; must be a martingale under S. We can write
dys = o1y dWh, (20.21)

where
Wt = Wt — / — du.
0

Oy

Let {#;} denote the augmented natural filtration generated by W. In order
for W to be a Brownian motion under S, Girsanov’s theorem suggests we take
ds t I t#Z
—| = —dW, — 3 | Sdu). 20.22
2, ~ow ([ sraw [ G (20:22)
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This is an ({F},P) martingale by Novikov since, for all ¢t > 0,

b2
E[exp (%/ —Qdu>] < 00,
0 Ou
and so, by Girsanov’s theorem, equation (20.22) defines a measure with the
required properties.

The SDE (20.21) has a unique solution

t t
Yt = Yo €Xp </ Judm/. - %/ Ugdu) .
0 0

To establish that the model is consistent with Black’s formula given in (i), it
is sufficient to prove that

T o~
/ oudW, ~ N(0, 52T).
0

This follows immediately by Exercise 2 and we are done.

Solution 18 (i) Let F’ denote an EMM corresponding to numeraire D.g,.
Then the value of the ith caplet having strike K at time zero is given by

Vi (K) = Dos,Ep [ (LY

i

“ ).
Differentiating both sides with respect to K yields

oV
0K

= a; Dos, Ep: | — ]1{L%,>K'}] = —a;Dos,F' (LY, > K).

Assuming Vj(K) is given by Black’s formula, as given in the question, we

obtain ) (L /)
ovy log(L{/K 1.
= —a; Dy N| ———=—= — 50'VT; ).
oK irs ( oi/T, VT

Equating terms yields

Fi(L, < K) = N(% _ %G’Vﬁ)

and thus, under F?,

log L% ~ N(log Lé — %(ai)QTi, (ai)ZTi).
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(ii) We know from Section 18.2 that the y have been chosen so that the model
is arbitrage-free. If F' denotes an EMM corresponding to numeraire D.g, then,

recalling
Dyr, — Dy,

L=
t
a;Dys,

we see that L’ must be a martingale under F*. Proceeding as in Exercise 15(ii),
we can show that _ L
dL; = o' LidW,,

where Wt is a Brownian motion under F?. The solution to this SDE is
L = Ljexp (int — 1(0")).

Thus, for each i, under F' the random variable L} has the same log-normal
distribution as found in (i) and so the model is consistent with Black’s formula.

Remark 1: The LIBOR market model in (ii) above will of course be consistent
with Black’s formula for all 0 < ¢t < .S,,.

is
Fi

Remark 2: Setting D! := Dyr,,,/Dys,, the Radon—Nikodym derlvatlve

given by
w2tz
'7:t

J=i+1

dF*
dF

siaw, ).
1—|—aJL] u)

where {F;} denotes the augmented natural filtration generated by W.

Solution 19 Observe that, fori =1,...,n,

~i-1) Dy
! Dys,
n
= H(l + oy Ly)
=i

=D} + ;L D],
Taking expectations and using the model assumptions, we have
Dy + i Ly Dy = Dy
— Ey [ D(z 1>]
= Er[D] + a; L D}]
= D} + a;Ep [L;f);]
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For this to hold we require
Ex[LiDj] = LyD,
which is equivalent to
exp(n})Ex| exp(o' W) Dj] = Dy,

Taking logarithms yields the required result. .
For the model to be arbitrage-free we require DU~ to be a martingale
under . Noting that, under F,

dL; = o' LijdW, + L(dn; + 1(o")%dt),

we would need ‘ . ‘ .
Li(dn; + 1(0")%dt) = pidt,

where p! is as in Exercise 18(ii). But then 7 would not be deterministic. Thus
the model described is not arbitrage-free.
The model is easy to implement in practice: write

i

vl =0o'/o"

and observe that _ _
Ly = (L))" B,

where ) .
/Bi _ Ly exp(n;) .
(Lg exp(n;'))"

In practice we need to find L7, 1 < k < i < n. Observe that

For the other n’s, work back from ¢ = n inductively: suppose we know 77%_,

j > 1, then we know ﬁ%ﬁl), j > 1, so we can find niTk.

Solution 20 (i) Under F* each D_'T" is a martingale. Noting that

D,

DtTk - DtSk

Lf =
t
o Dyg,

we see that LF is a martingale under F¥ and so the drift in the SDE for L*
must be zero, i.e. u* = 0.
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(ii) For 1 <4 < k,
DI, H 1+ a;L)) (20.23)
and so . ' o
D™V = Di + o, LI D!

Since DUV and D' are both martingales, so is LD,

d(LiD}) = LidD; + DidL; + dDjdL}

and equating finite variation terms to zero yields
Diyidt + o' LidDidW; = 0. (20.24)

From (20.23), ignoring finite variation terms which must combine to give zero,

k A
. Di
dbi =Y 9D ipsaws
J
j=i+1 8L7’

Substituting into (20.24) yields

Dl i dt + DZ - ola' Lip;idt =0
Dy sz;ll*'@jLi tPij

and thus the formula for pi, for 1 <14 < k, follows as required.

(iif) Fori=k+2,...,n+1,

-y D, 17 Dis,
DY = - H i H (1+ a,L} (20.25)
Dis, j=k+1 TJ’ J=k+1

and so

DIV = T (4 o) (1 + au L)),
j=k+1

ie. D"V = Di + oy LiDi as before.
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Equation (20.24) follows as before for i = k + 1,...,n, but now, from (20.25),
we have

dD; = Z 8D ol LjdW

j=k+1 :

R L

=D Y W iawy.
farwt} 14 oL

The formula for pt, i = k+1,...,n, follows by substituting into (20.24).

Solution 21 Calibrating to vanilla cap prices is equivalent to calibrating to
the inferred prices of digital caplets. For the Hull-White model specified in
Exercise 16, the value of the ith digital caplet of strike K is given, after a
little calculation, by

Vi (K) = DysEs: []l{L;} ~K})
= Dys,®(dy)

where ® denotes the standard cumulative normal distribution,

Dor
log (—OT" (1+ oziK)1>
DOS,, o 12
o 270

dy =

and
e—aT,v _ e—aS,v
o= | ——— | Jvarzr.
a :

Consider the problem of how to specify the Markov-functional model which
calibrates to these digital caplet prices. The boundary curve for this problem
is exactly that of (19.1). The only functional forms needed on the boundary
are Dpr.(27), 4 =1,2,...,n, which are trivially the unit map, and Dy, g, (x7,).
To complete the specification of the Markov-functional model it is sufficient to
find the functional forms for the numeraire bond Drg, (z1),i=1,...,n — 1.
(Compare (P.ii’) and (P.iii’) in Section 19.3.)

Thus to establish that the Markov-functional model coincides with the
Hull-White model on the grid it is sufficient to show that the functional
forms Drg, (z1.), 1 =1,...,n, agree for the two models.

For the Hull-White model, it follows from equation (17.13) that, for
1=1,...,n,

Dys,

Dz, (xr1,) = Dor

exp( — g, + 3¢} var(zy)), (20.26)



Exercises and solutions 415

where

—aT; —aS,

e
C; =

— €
a

We now show that the same expression is obtained for the Markov-functional
model.

The form Dy, s, can be recovered directly from the closed-form expression
available for Ly for the Hull-White model. From the working in Solution 16
it follows that

-1

Ly, = (Lg + o5 ") exp (enzr, — 5 var(ar,)) — oy

and so

1 Dygs
Dpg = = »exp( — epzr + 22 var(zr
1S 1—|—Oan% Dor p( ndT, T 5Cp ( n))

n

as required.

To determine the remaining functional forms we work back iteratively from
the terminal time 7,,. Consider the ith step in this procedure. Assume that
Drs,, j=1i+1,...,n, have already been determined. We can also assume

that
Drs, (1) _ Dos,
Drs,(zr,)  Dos,

n?

exp (¢ip12r, — %sz+1 var(zz)),

having been determined via (19.2) and the known (conditional) distribution
of x7,, given x7;.
For some x* € R, define
; Dr,s,(21,)
J} *::D‘EH#HT z*
) 0o {DT,SH(%) tor >y

= Dyg, exp (%cﬁrl var(zr, ))ES[ exp(Cip1 2T )l{fff, >a,*}]

¢y var(zy) — ot )

— Dos @
' /vVarrr,

From (19.5) we have
Drs\ ! :
DTS = 2} (1+OéiLZT.)_1,
ion DT,S" i

and so to determine Drg, it is sufficient to find L7, (2*). From (19.6) and
(19.8), | |
Ly (z%) = K'(z")
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where K'(z*) solves o
0(z") = Vg (K" (27)).

It follows that

. - Dygs, ¢ var(zp) — x*
(1 +athTl(x*)) 1 _ ‘DOSl exp (ZO( +1 ( Tz) ) 4 %Zg)
oT; var(zr,)

and thus, after some algebra, we obtain equation (20.26) and we are done.



Appendix 1

The Usual Conditions

When working with continuous time processes, it is common to work on a
filtered probability space (€2, {F;}, F,P) which satisfies the usual conditions.
We do this throughout most of this book and it is needed, for example, to
ensure that the stochastic integral (defined in Chapter 4) is adapted. Here we
briefly describe these conditions and how to augment a probability space to
make them hold.

A filtered probability space (2, {F},F,P) is said to satisfy the usual
conditions if the following three conditions hold:
(i) F is P-complete: if B C A € F and P(A) =0 then B € F.
(ii) Fo contains all P-null sets.
(ii) {F; : ¢ > 0} is right-continuous: for all ¢ > 0,

Fi=Fu=[F

5>1

Let (2, 7°,P) be a probability triple. The P-completion (Q,F,P) of
(Q, F°,P) is the probability triple defined by

F=0c(F°UN),

where
N:={ACQ:AC B for some B € F with P(B) = 0}.

The usual P-augmentation (Q,{F:}, F,P) of the filtered probability space
(Q, {F?}, F°,P) is produced by taking F to be the P-completion of F° and
by defining

Fii=0(F UN) =[o(FLUN)

s>t

for all ¢ > 0. Clearly the usual P-augmentation satisfies the usual conditions.
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Appendix 2

L?* Spaces

The study of L? spaces, and more generally LP spaces for p > 1, is a standard
part of functional analysis covered by many books. See, for example, the
treatments of Priestley (1997) and Rudin (1987). Here we present a few of the
basic facts used in this book. We omit all proofs, which can be found in the
aforementioned references.

Definition A.1 Let (S,X) be a measurable space and let p be a finite
measure on (S,X). Then, for p>1,LP(S, X, u) (or just LP when the context
is clear) is the space of Y-measurable functions f: S — R such that

[ 1s1du< .

Define an equivalence relation on LP by
f~g if and only if f =g, u almost everywhere,

and denote by [f] the equivalence class containing the function f. The space
LP(S,%, 1) (abbreviated to LP) is defined to be the space of equivalence classes
of LP,
LP(S, 8, p) = {[f]: f € L7(S, 2, )}
Notationally it is common practice to drop the [-] notation to denote an
equivalence class and write, for example, f € LP rather than [f] € LP. We
shall adopt this convention.

That the relation ~ is an equivalence relation is easily verified, as are the
following simple lemmas.

Lemma A.2 For a finite measure p and any p > q,

Lr Lt LPC L.
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Lemma A.3 For any f in either L£P or LP, define

1/p
£l = ( / fl”du) .

Then || - ||, defines a semi-norm on the space LP and a norm on the space LP.

It is the identification of functions which are almost everywhere equal that
turns || - ||, from a semi-norm into a norm: for all f,g € L7,

fr~g o lf=glp=0.
The normed space (L7, || - ||,) has one very important property, completeness.

Theorem A.4 For p > 1, the space LP is a complete normed space, i.e. a
Banach space.

This is all we shall say about general L” spaces.

The space L? has extra structure not present in a general L” space, namely
it supports an inner product. The existence of an inner product means we can
talk about the idea of orthogonality, and this is crucial for the development
of the stochastic integral.

Theorem A.5 Forf, gc L*(S,>, ), let

(f,g) = ( / fgdu> .

Then (-,-) defines an inner product on L*(S,>., ) (with corresponding norm
Ifll3 = (f, f)). Thus (L?,{-,-)) is a Hilbert space (i.e. an inner product space
which is also a Banach space).

Remark A.6: Note that in the main text we denote the L? norm described
above by || - || and reserve the notation | - ||2 for the corresponding (semi-)norm
on the space of square-integrable martingales.
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Gaussian Calculations

Here we gather together some simple Gaussian integrals that arise frequently
in applications. Throughout X ~ N(u,0?), ¢(x,u,0?) is the corresponding
Gaussian density, ¢(z) is the standard Gaussian density function and ® is the
corresponding distribution function.

Polynomial integrals

We derive expressions for

Ly(L, by, 0%) = B[X L xan)]
h
- / .’L‘"’(ﬁ(l‘, Hy 02) de.
1

We will abbreviate this to I,,(I, h) when no confusion can arise.
For m > 0,

d m m— T — m
%(JT l(b(xuuﬂo-z)) =mx" 1¢(£7M502) - O_qu ,¢(x,u702).

Integrating this over the interval [I, h] gives

1
hmd)(hv s 02) - lmd)(la Ky 02) = mImfl(lv h) + %Im(lv h) B ;Ierl(lv h)

Rearranging and substituting m = n — 1 yields
Ly(l,h) = 0*(n = 1) Lya(l, k) + ply-1 (1, )

+ ("ol 0%) = B G (h, p, 07))
=0%(n— 1)1, (1, h) + pl, 1 (1, h)

(o) wol(5)
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It remains to calculate Iy and I;. Ij is obtained by direct evaluation:

1 h 1 /x—p 2
Io(l7h):0 27T/z exp<—§< > ))daj
h—
_ 1 o Lo
7 e ()
o

To calculate I (I, h) note that

d S 2
%qs(xv,uaaz) = - 02 (b(:c,,u,a )

and so

Il(la h) = ﬂIO(la h) + 02(¢(17 Hs 02) - d)(h? Hs 02))

st (o(55) - (55))

which gives

Ezponential integrals

These are commonly used in Black-Scholes-type calculations.

h 2
1 /x—
E[e"Xﬂ{lsxgh}] = / exp (ozx ~3 ( M) ) dx
1 g
L 2
= e“’”%aw2 /} exp L (putad?) dx
1 2 g

L Lo2o2
_ ea#+2a o I[)(l,]%/i, —‘rOzUQ,UQ)

2 _ 2
:60u+%0202 (<I> <h—(u+aa )> _q><l (u+ ao?)

g g

)
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